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Abstract

Population aging may be an opportunity in a sense that it creates a
demand for less durable goods (services) and that it creates a job for skilled
older workers in the service sector. In this changing demographic and
economic environment, we show that public pensions effectively achieve a
social optimum by reallocating unskilled labor from a manufacturing to
the service sector.
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1 Introduction

The purpose of the paper is to give an answer to the question of whether aging
society is opportunity or challenge (Cutler et al. (1990)). Some people may
have a negative opinion in that an increase in the dependency ratio imposes
financial burdens on young workers, which discourages work incentives. Others
may believe that an increase in the political power of older people makes public
expenditures in favor of older rather than younger people. Such discussions
depend on whether older people are economically inactive or not. In fact many
OECD countries have experienced a rise in the proportion of older people aged
50-64 who are working since the mid-1990s (OECD (2006)).! If older people
continue to work in the labor market, then they contribute to an expansion of
production possibility set, which not only improves their own welfare but also
may improve the welfare of younger people.

We interpret population aging as a continuous decline in an adult mortality
rate in a two-period overlapping generations model. It is assumed that one
period is 40 years, and that each individual in each generation enters the model
economy when he becomes 20 years old. Thus, supposed life expectancy at birth
varies from 60 years to 100 years.?

In our model population aging affects economic outcomes through three
channels. First, it encourages capital accumulation because young people save
more than before for their prolonged second period of life. Since capital deep-
ening attracts labor from a labor intensive sector to a capital intensive sector,
the capital deepening effect changes the allocation of labor. Second, population
aging changes demand components. Older people would like to consume less
durable goods (say, services) because their longevity is shorter than younger
people. The increased demand for services attracts the demand for labor in
service production sectors. Assuming that the service sectors are more labor
intensive than good production sectors, the demand effect reallocates labor in
the opposite direction of the capital deepening effect.

Finally, and most importantly, population aging increases an opportunity
for older people to work in the emerging service sectors. One of the reasons is
that older people have an advantage over younger counterparts in management
jobs because they have experienced longer time in the workplace and accumu-
lated skills for management. Second, some kind of service sectors may well be
more flexible and less physically demanding than manufacturing sectors, which
improves employability for older workers. We assume that old-age labor and
young-age labor are not substitutes but complements.? In this setting, an in-
crease in the employment of old-age labor attracts young-age labor from good

IThere are large differences between OECD countries in both the level of and the increase
in the labor force participation rates among older people. In 2004, the level varies from over
80 per cent (Iceland) to 40 per cent (Turkey). In a decade from 1994 to 2004, Netherlands,
New Zealand, and Belgium have experienced over 10 percentage point increase, but the rate
is almost constant in Japan, Korea, and Austria (ibid, p.29).

2There are also large differences between OECD countries in life expectancy at birth. In
2000, it varies from 81.2 (Japan) to 68.1 (Turkey). The avearge among OECD countries is
77.0. In 2050, it is expected that the average is 83.4 and that the difference shrinks (from 87.7
(France) to 78.5 (Turkey)) (ibid. p.18).

30ECD (2006) suggests a countercharge against the lump of labor fallacy, which implies
there are a fixed number of jobs to go around and workers are perfectly substitutable for each
other. Across OECD countries, there is a positive rather than negative correlation between
changes in employment rates for younger and older people (Figure 7.1, p.140).



production sectors to service sectors. Thus, the labor supply effect enhances the
demand effect mentioned above.

We introduce a pay-as-you-go public pension into the model economy, and
analyze whether the public pension is a useful device to achieve a social opti-
mum. We show (1) when the average longevity exceeds a threshold (about 63
years old), the public pension effectively achieves a socially optimal allocation
by reallocating young-age (unskilled) labor from manufacturing to service sec-
tors, and that (2) the optimal contribution rate increases almost linearly with
average longevity. For example, it is about 8 per cent when the longevity is
77.0, and about 20 per cent when the longevity is 83.4.

Our model is relevant to some economic and policy debates. First, our
model explains the Petty-Clark’s law in a demographic point of view. In terms
of employment as well as value-added, the share of service sector increases in a
process of population aging. Acemoglu and Guerrieri (2008) presents an alter-
native model to explain the scenario. Assuming a complementarity between a
capital intensive sector and a labor intensive sector and different rates of tech-
nical progress between sectors, it shows both capital and labor move from the
former to the latter sector in a process of capital deepening. The reason is sim-
ple. Suppose that the rate of technical progress in the capital intensive sector
is higher than the labor intensive sector. Since two goods are complements, an
aggregate steady growth requires more resources in the labor intensive sector.
We admit our model also depends on the complementarity, but the mechanism
is fairly different. We assume a complementarity between old-age skilled labor
and young-age unskilled labor. Further our result fits more for the reallocation
of labor.*

Second, our model gives some insights into the field of research on service
economy. In a growth model in which a good is produced by capital and labor,
a service is produced by labor only, and the preference to service increases with
age, van Groezen et al. (2005) shows that population aging enhances economic
growth in a closed economy if the elasticity of substitution between capital and
labor in the production sector is less than one. The fundamental mechanism is
similar to Acemoglu and Guerrieri (2008). The paper assumes the service sector
employs young-age labor only, so that the labor supply effect in our model is
not examined. The paper incorporates a pay-as-you-go public pension scheme,
but the optimality is not discussed. In a similar model, van Groezen et al.
(2007) shows that the golden rule capital stock in a two-sector model is lower
than in a one-sector model. The paper gives a numerical example that, when
the elasticity of substitution between goods and services is relatively small, the
market economy is dynamically inefficient for a large set of parameter values
(Fig.1, p.157). It suggests the rate of contribution to public pensions that
achieves the golden rule is positive, and that an increase in the dependency
ratio increases the contribution rate. However, the rates indicated in the paper
are fairly small (Table 2, p.162). Further the golden rule criterion is necessary
but not sufficient for optimality considerations. To discuss the optimality, we
need examine whether the allocation of labor and consumption are also optimal.
Our model shows that there exists a unique optimal contribution rate in some
circumstances.

4 Acemoglu and Guerrieri (2008) indicates the ratio of employment in the labor intensive
sector to that in the capital intensive sector is 1.03 in 1948 and 0.80 in 2005. The decline is
about 33 per cent. The basic model in the paper explains only 5 per cent (p.491).



Third, our model presents income components for older people on an opti-
mality basis.® It predicts that the share of labor income is 20 per cent regardless
of longevity, and that pension benefits crowd out capital income as the average
longevity increases. For example, the share of pension benefits is 20 per cent
when the longevity is 77.0, and about 37 per cent when the longevity is 83.4.

Finally, some argue that the government should reform the existing public
pension scheme because it discourages work incentives for old-age workers and
induces early retirement. In an extended model which incorporates a retirement
decision into the basic model, we show the labor participation rate of old-age
workers indeed decreases with longevity and the contribution rate. Our model
suggests that the rate of suspension related to work at an older age should be
lowered gradually in a process of population aging.

The structure of the paper is as follows. In section 2 we introduce a basic
model. In section 3 we first derive the equilibrium and then examine whether
and to what extent pay-as-you-go public pensions are effective in achieving a
socially optimal allocation. In section 4 we extends the basic model to deal
with early retirement and employability for older workers. The final section
concludes the paper.

2 The basic model

2.1 Setup

We use a two-period overlapping generations model with an adult mortality risk.
In each period newly born individuals enter the economy. The population size is
normalized to unity. They live for two period at most. They face a mortality risk
when they enter the second period of life. The survival probability is denoted by
6 € (0,1]. In the first period of life, each individual supplies one unit of unskilled
labor either in the good production sector or in the service production sector
to earn wage income. He consumes a (durable) good, purchases actuarially
fair private annuities, and contributes to a pay-as-you-go public pension. If he
survives into the second period, he works as a manager in the service sector to
earn management income. He also receives the return of private annuities and
the public pension benefit to consume the service provided. Our model contrasts
with usual two-period overlapping generations models in that individuals that
survive into the second period are economically active. They have not only a
chance to enjoy consuming services but also a chance to get money as managers
in their later stage of life.
The utility of an individual who is born at period ¢ is specified by

u =Inc, +vy0Indigq (1)

where ¢; and dyy; stand for the good consumption in the first period and the
service consumption in the second period, respectively. 0 < v < 1 is a private
discount factor.

5OECD (2009) shows the share of public transfers, labor income, and capital income in
some OECD countries. The share of public transfers is higher in France (85%), Belgium
(81%), and Austria (80%). The share of labor income is higher in Korea (59%), Japan (44%),
and United States (34%).



The budget constraints are

(1 — T)wt = Ct + St (2)
Ripisi+mpi +Ppn = qeeadita (3)

Equation (2) stands for the budget constraint in the first period. w; is a
wage rate and 7 € [0,1) is a rate of contribution to the public pension. s;
stands for the purchase of private annuities. Equation (3) stands for the budget
constraint in the second period. R:i; is a rate of return of private annuities
and P;1; is a public pension benefit. 7,1 stands for the management income,
and ¢4, stands for a price of the service.

Each individual chooses ¢, diy1, and s; to maximize equation (1) subject to
equations (2) and (3). Solving the problem, we have

1
“ 1+~0 K )
~0 Ry 1y
d = N 5
o 1+90 g (5)
~0 1 w1+ P
= 1-— - 6
5t 1+ ’YH( T)wt 1+ ’Ya Rt+1 ( )
where I; stands for lifetime full income,
P
L= (1 — ryuw, 4 ZL e
Riq

From equation (6), the purchase of private annuities is positive when

Ter1 + P

0(1 — )ws >
i Jur Riq

(7)

Hereafter, we assume equation (7) is satisfied’.

In the good production sector, competitive firms employ capital and un-
skilled labor to produce a homogeneous good. The technology is specified by a
Cobb-Douglas production function,

yie = [ ke, i) = AR (8)

where y1;, k¢, and l1; stand for the output, capital, and unskilled labor employed
in the good sector, respectively. 0 < a < 1 is a share of capital income, and
A > 0 is a productivity parameter.

Competition in the factor market requires

we = (1—a)AkR" 9)
L+r, = adkP e (10)

We assume capital is fully depreciated in one period.

6We assume all individuals that survive into the second period of life continue to work as
managers. The problem of early retirement is discussed in Section 4.1.
"We verify it is true in equilibrium below.



In the service production sector, competitive firms employ managers and
unskilled labor to produce a homogeneous service®. The technology is specified
by a Cobb-Douglas production function,

yor = g(he, lor) = BRI (11)

where yo¢, hy, and ly; stand for the output, the number of managers, and un-
skilled labor employed in the service sector, respectively. 0 < 3 < 1 is a share
of management income, and B > 0 is a productivity parameter.

Competition in the factor market requires

wy = q(1- BB’ (12)
T = qBBR (13)

where ¢; is a price of the service, and 7; is the management income.
In our model, there are 6 markets, that is, markets of unskilled labor, man-

agers, capital, private annuities, goods and services. The following equations
stand for the corresponding market clearing conditions.

g+l = 1 (14)
kty1 = s (16)
1
Ro= —n (7)
yie = ¢+ ki (18)
y2r = 0Ody (19)

Finally, the balanced budget condition for the public pension is given by
Tw, = 0P, (20)

The Walras law tells us one of the conditions is redundant. It can be shown
that both the good market and the service market clear if and only if®

(14 7))k = wiloy — Twy (21)

2.2 Equilibrium

In this section we derive the equilibrium and examine the characteristics of key
variables.

Since the income share is constant, the capital income is proportional to the
labor income: (1 + r¢)k; = 79— wylq;. Substituting this into equation (21), we

11—«
have
«

los = lig+71

11—«

81t may be possible that managers are employed in the good production sector. We discuss
it in Section 4.2.

9Substituting equations (2) and (16) into equation (18), we have yi1: = (1 — 7)w¢. From
equation (14), the capital income is given by (1 + r¢)kt = (1 — T)w — welie = wilor — Twt.

Substituting equation (3) into equation (19), and using equations (12), (13), (17), and (20),
we have the same equation.



which implies the public pension moves unskilled labor from the good sector
to the service sector. From the labor market condition (14), the allocation of
unskilled labor is given by

ho= (1-a)(1-7) (22)
lo = al=7)+71 (23)
From equations (9), (10), and (22), we know

W41 _ kg1
1+ryg1  aol—7)

(24)

From equations (17), (20), and (24), the present value of the pension benefit
is given by
Pt+1 o T
Rt+1 Oé(]. —
From equations (12), (13), (17), and (24), the present value of the manage-
ment income is given by

7 K1 (25)

7Tt+1 5 T
= 1 k
Ry 1-p [ * a(l_T)} s

Substituting equations (25) and (26) into equation (6), and using equation
(16), we have

(26)

ayf(1 — T)wy
avyl + ﬁ (a + ﬁ)
which regulates the law of motion of k; (with equation (9)).

Since y1; = (1 — 7)wy, equation (27) tells us the investment ratio is constant
over time,

ki1 = (27)

ki1 _ ayl
e ettty (ot o)

(28)

The dynamics is simple. Given that 7 and  are constant over time, the allo-
cation of unskilled labor is constant (equations (22) and (23)). The investment
ratio is also constant (equation (28)). Given an initial capital stock, the capital
stock converges monotonically to a unique and stable steady state (equations
(9) and (27)). In a process of capital accumulation, the wage rate increases,
which induces both the price of the service, ¢;, and the management income,
7, t0 increase (equations (12) and (13)).

Proposition 1 The share of capital income, pension benefits, and labor income
of old-age workers are respectively given by

Risi—q _ (1-B8)a(l—7)
q:dy a(l=7)+7
P (-8
@dy  a(l—T1)+T
Tt -
ad B

The income shares are independent of the survival rate, 8. The capital share
is decreasing in T, and the labor share is independent of T.



Proof. Straightforward from equations (3), (25), and (26). m

At the end of this section, we briefly prove the interior condition (7) is
satisfied in equilibrium. From equations (25), (26), and (27), we know

Tl + Pryr

_ 1y a(l+~0)

Y01 — 7)w;
Ry avyl + ﬁ (a + 1TTT)

which is smaller than v6(1 — 7)w; for V7 € [0,1) and V6 € (0,1].

3 An optimal pension scheme

In the previous section we treat the rate of contribution to the public pension,

7, as if it is independent of demographic factors. It seems more insightful to

relate the pension scheme to a demographic factor in a meaning way.
Appendix A shows the optimal employment in the good sector is given by

p(l—a)
p(1—a)+ (1= pa)(l —B)y0

and the optimal capital-output ratio is given by

(@> = pa (30)

Y1t

I =

(29)

where 0 < p < 1 is a social discount factor. An asterisk is used for the optimal
variables.

Comparing equations (22) and (29), we have a contribution rate that achieves
the optimal allocation of unskilled labor. Comparing equations (28) and (30),
we have a contribution rate that achieves the optimal resource allocation. If
the both rates coincide with each other, the public pension could achieve the
optimal allocation. The following proposition tells us it is the case.

Proposition 2 The decentralized economy is optimal if and only if the rate of
contribution to the public pension is
R (1 — pa)(1 — B)0 — pa

TSt (I pa) I BB 51

Proof. Straight calculation shows, under the contribution rate 7* in equation
(31), equation (22) is equal to equation (29), and equation (28) is equal to
equation (30). m

The reason is simple. Let us define the industry ratio by

IR, = qty2t
Y1t




In our model, the industry ratio in the competitive equilibrium is constant

over time,
1 T
IR=——
R 1—ﬂ<a+1—r>

Appendix A shows the optimal industry ratio is given by
(1 — pa)yb
p

It can be easily shown that IR = IR* is equivalent to {; = [} and that the
Euler equation,

IR =

1
Ct

is satisfied if TR = I R*. Therefore, the adjustment of the industry ratio makes

both intratemporal and intertemporal allocation optimal in our model.

From equation (31), we know 7% > 0 < 6 > § where

pa
V(L= pa)(1-5)

A pay-as-you-go public pension effectively achieves the optimal allocation if
the survival probability exceeds the threshold in equation (32). The reason is
simple. Equation (29) tells us, for a larger 0, the optimal employment in the
good sector is smaller because a larger 6 makes the optimal size of the service
sector larger. Public pensions serve the purpose by reallocating unskilled labor
from the good sector to the service sector. Roughly speaking, public pensions
assist industrial restructuring induced by population aging.

From equation (32), we know 0 is increasing in p, a, and (3, and decreasing in
~. In our model public pensions are more likely to be effective when 6 is smaller.
It is the case when society attaches more importance to current generations
rather than future generations, the income share of unskilled labor is larger, or
individuals are more patient. The following proposition summarizes the results.

=p(L+7e41)

é:

(32)

Proposition 3 In an aging economy (0 > @), pay-as-you-go public pensions
effectively achieve an optimal allocation. The threshold survival rate 0 is lower
when the social discount factor is smaller, when the income share of unskilled
labor is larger, or when the private discount factor is larger.

[Figure 1 is here]

Let us provide a numerical example. Suppose that individuals start their
economic activity at 20 years old, and that one period is 40 years. Assuming
that an annual rate of time preference is one per cent, we have v = 1.01740 =
0.67. The income shares are a« = 0.3 and 3 = 0.2, which implies the service
sector uses unskilled labor more intensively than the good production sector.
The social discount factor is p = 0.5. Equation (32) gives § = 0.33, which
implies the average longevity is 20 4+ 40 x 1.33 = 73.2. Figure 1 illustrates the
optimal contribution rate which is given by equation (31). The horizontal axis
is measured by the average longevity instead of §. We know the optimal rate
increases almost linearly and reaches to 38 per cent when the longevity is 100.
The effect of public pension is fairly sizable.



[Figure 2, 3, and 4 are here]

Figure 2 illustrates the optimal allocation of unskilled labor which is given
by equations (29) and (31). At a starting point where the average longevity is
73.2, the labor share in the good sector is 70 per cent. In a process of population
aging, it decreases gradually to the bottom of 45 per cent when the longevity
is 100. Our model generates a fairly sizable reallocation of labor compared to
Acemoglu and Guerrieri (2008).

Figure 3 illustrates the industry share in terms of value-added. When the
average longevity is 73.2, we have qyor/y1: = /(1 — 8) = 0.375. Thus, the
share of good production sector is y1;/(y1t + qeyor) = 0.73. The share decreases
gradually to the bottom of 48 per cent when the longevity is 100. Our model
suggests demographic changes and the related public policy account for the
Petty-Clark’s law in terms of both employment and value-added.

Figure 4 illustrates the optimal income components of old-age workers which
is given by equations in Proposition 1 and 2. Without public pensions, the
income share of labor is 8 = 0.2 and that of capital is 1 — 8 = 0.8. The labor
share is independent of population aging. In a process of population aging,
however, public pension benefits crowd-out capital income. The pension share
reaches to 50 per cent when the average longevity is 95.

4 Discussions

4.1 A decision on retirement

In the basic model, we assumed that every survivor works in the service sector.
It seems restrictive because someone may well choose early retirement. In this
subsection, we introduce an opportunity to retire into the basic model in a
simplest way.

Suppose that a fraction o; € (0, 1] of individuals born at period ¢ would like
to work in the service sector if they survive into the second period of life and
that a fraction (1 — o¢) of individuals would not.

The budget constraints for a candidate to be a old-age worker are

(I=7)ws = ct+ 8¢
Riisi+ 1+ (1 —n)P1 = qeadi

where 0 < 7 <1 stands for a suspension rate for old-age workers.
Utility maximization gives

e If
T T + 0
e 00 BRIy
LT 1490 i
o = 8l (1= 1)y — 1 mp+ (1L —n)Py
1+~6 14+~6 Riy1

where I} stands for lifetime full income,

T+ (1 —n) P
Ry

If:(l—T)thr



A superscript e denotes the variables of old-age workers.
The budget constrains for a candidate to be a retiree are

(I-=7Twy = ct+ st
Ritist +Piy1 = q1disa

Utility maximization gives

w I
| + 0
" 0 Ry
T 1490 g
s = 1 1979 (=7 - 1 +179 12:11
where P
I = (1—r)w, + R:

A superscript u denotes the variables of retirees.

It If > I}*, everyone would like to work. Otherwise everyone would like
to retire. In equilibrium, the fraction o; is endogenously determined where
Ie =1 ie.,

Tip1 = NP (33)
Aggregation gives
e = o+ (1— o)t
1 1-— P,
_ (1= ) + o1 + (L —noy) P
1+~0 Ry
div1 = owdig +(1—o04)diyy
0 R 1-— P
Y t+1 [(1 )y 4 T + (1 —noy) t+1:|
14790 g1 Ry
st = o018y + (1 —oy)sy
0 1 1-— P,
Y (1= 7w — o1 + (1 —noe) P (34)
1+~0 1+~6 Riiq

Conditions for the market of managers and the budget of public pension are
modified as follows,
hy = fOos_1 (35)
Twy = (1—no1)0F (36)
The allocation of unskilled labor is given by equations (22) and (23).

In the same way as the basic model, the present value of pension benefits
and the present value of management income are respectively given by

Pt+1 T k‘t+1
i S 37
Rt+1 Oé(].—T)l—??O’t ( )
Tt41 5 T kt+1

= i+ —— 38
Rt+1 l—ﬂ |: 04(1—7'):| g¢ ( )

10



Substituting equations (37) and (38) into equation (34), and using equation
(16), we have
ket1 ayl

bt a’y@+ﬁ(a+ﬁ>

which is the same as equation (28).
Finally, substituting equations (37) and (38) into equation (33), we have

_1Ba+B(1—a)r

- nBa+(1-Ba)r (39)

gt

for Vt. Equation (39) shows the fraction of old-age workers is decreasing in 7 and
7, as expected. The pension scheme (7,7) is restricted from the lower bound
in order to ensure the interior condition (0 < o; < 1), that is, the contribution
rate and the suspension rate have to satisfy

y o> =2
- L (1 —n)Ba

n(1 - Ba) - B(1 - a)

When a = 0.3 and 8 = 0.2, we have = 0.15. Assuming that the suspension
rate is 50 per cent, we have 7 = 0.09. The opportunity of early retirement rises
the threshold longevity that a public pension becomes effective.

[Figure 5 is here]

Figure 5 illustrates the rate of labor force participation of old-age workers
when the contribution rate is set to be optimal (equation (31)). The suspension
rate is set to be n = 0.5. The model works well when the average longevity
exceeds 77.5 years old. Our model suggests the suspension rate should be lower
when longevity is higher because a higher contribution rate induces more old-age
workers to leave labor market.

4.2 A chance to work in the good sector

In the basic model we assumed that old-age workers are employed only in the
service sector. It may be restrictive because some kind of management abili-
ties would be useful in the good production sector. It can be shown that this
generalization does not change the main result qualitatively.

Let us assume that the production functions in the good and the service
sector are given by

Y1t = f(kta h1t7 llt) = Ak?K h‘lltHl}t—OtK—aH
Yar = g(has,lae) = Bh’gtl%;ﬁ

where hi; and ho; stand for the employment of skilled labor in the good and
the service sector, respectively. ax and ay are the income share of capital and
skilled labor in the good sector.

11



The factor prices are given by

wy = (1*041(*041{)&:%(1*5)&
L1t lot
T = aglt—gp¥%
t tht qt hiot
I+r = QK%
The industry ratio is given by
(1—ax —ag)lay  aghy
IR, = = 40
' (1= B)h Bha 40)

Equation (40) implies the allocation of skilled labor is determined by the
allocation of unskilled labor in order to adjust the marginal productivity between
the good sector and the service sector.

The market of skilled labor is modified as

hit + hoy =0 (41)

In the same way as the basic model, the allocation of unskilled labor is given
by
lltZ(l—aK—OéH)(l—T) (42)

and lo; = 1 — l3;. Substituting equations (41) and (42) into equation (40), we

have
aHG

hlt:
OJH‘F%(QK‘FO&H—FTTT)

(43)

which is decreasing in 7. Public pensions reallocate skilled labor from the good
sector to the service sector.

Finally, we derive the investment ratio as follows. The present value of
pension benefits and that of management income are given by

P Tl—aK_aH ki1
Ry B aK lig1
41 o CV_H 0 k

Rivi aghig

Substituting them into the capital market clearing condition, and using equa-
tions (42) and (43), we have

k:tJrl _ OéKVQ (44)
Yt aK79+ﬁ (ozK-i-aH-i-ﬁ)

Appendix B shows the optimal solutions are

]C *
(ﬂ) = pax (45)
Y1t
1

ro= _ (46)
14 =2 —1IR"
0
S — 47
N 47

12



where the industry ratio is given by

(1 = pax)vd
P
Comparing equations (44), (42), and (43) with equations (45), (46), and (47),
respectively, we know there exists a unique contribution rate which achieves the
optimal allocation. Specifically, we have the following proposition.

IR* = (48)

Proposition 4 The optimal contribution rate is given by

o (A= pag)(L = B)10 — plak +an)
p(l—ag —ag)+ (1 —ax)(1—5)70

which is increasing in 0. Public pensions effectively achieve the social optimum
when 6 > 0 where

(49)

plak +an)
(1 —par)(1—B)y

0 is increasing in p, ag, ap, and B, and decreasing in .

é:

(50)

5 Conclusions

In this paper we construct a theoretical model to examine whether and to what
extent pay-as-you-go public pensions achieve a socially optimal allocation. In
contrast to the existing literature we assume older people are economically ac-
tive. They demand services more than younger people, and supply their labor
resource in the emerging service sector. In a process of population aging, it is
socially desirable to reallocate young-age unskilled labor from manufacturing to
service sectors. We show that public pensions serve the purpose and that the
positive role of public pensions increases with population aging.

The title of OECD (2006) cited in Introduction is “Live longer, work longer.”
The foreword reads as below. We hope our research gives an answer to at least
one of the questions.

‘Employment and social policies and practices that discourage work at an
older age effectively deny older workers choice in when and how they retire.
Moreover, in an era of rapid population ageing, they result in a waste of valuable
resources that business, the economy and society can ill-afford. This has to stop.
Policy reforms are needed to reverse the trend towards ever-earlier retirement.
But what can governments do to bring about changes that are often unpopular
with many voters? How can workers, employers and governments work together
to guide our ageing society to a prosperous future?’
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Appendix A [Social optimum|]
The social optimum is characterized by solving the following problem

ax Z'O [ (cf, df) + v0u’(cfyy, diy)]
subject to
yie = ¢ +0c] + ke (A1)
yor = di +0d] (A2)
llt + th =1 (Ag)
hy = 0
where
w(cf,d!) = (1—p)lne + plnd!
u’(cfiq,diy) = (1—=A)Incfy, +Alndy,
yie = Ak
yar = Bhly "

and 0 < p < 1 stands for a social discount factor. p and A stand for the relative
preference to service consumption when young and when old, respectively. We
assume \ > u, i.e., the preference to service consumption increases with age. In
a case where A =1 and p = 0, the structure is reduced to the basic model.

Let us set up the Lagrangian,

ZP [w¥(cf, dY) +vOu(cyy, dfq) + mie(yie — ¢f — 0cf — kigr)

+7T2t(92t —df —0d}) + w3 (1 — 14 — o))

where 714, o, and 73 stand for multipliers attached to equations (A1), (A2),
and (A3), respectively.
The first-order conditions require

ou?

8—Cty—ﬂ'1t = O (A4)
ouY
8_(1‘?_7721‘/ = 0 (A5)
g0 6 — 0 (A6)
" ey prnt =
102 i = 0 (A7)
adt+1 PT2t41 =
Oy
=Tt + P41 akltﬂ =0 (A8)
0
—T3¢ + T1¢ yut =0 (Ag)
Oly;
I (A10)
Olay
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and the transversality condition is lim;_,.o ptm1¢kiy1 = 0.
From equations (A9) and (A10),

marly = (1 — )Ty (A11)
marlay = (1 — B)maryor (A12)

Substituting equations (A1l) and (A12) into equation (A3), we have the
optimal allocation of unskilled labor,

1
. — Al13
Y4 OgR, (A13)

where I R; stands for the industry ratio of the service sector to the good sector,

T2tY2t
T1tY1t

IR, =
Substituting equations (A5) and (A7) into equation (A2), we know, for V¢,
0
TotY2t = b+ /\% (A14)
Substituting equations (A4) and (A6) into equations (A1), we have
0
Ty =1 —p+ (1 - )\)7 + Ttk (A15)

Equation (A8) gives
Ttk = POT141Y1t41 (A16)

From equations (A15) and (A16), we have a first-order difference equation
of A1y,

0
Ty =1—p+ (1 - /\)% + paT1t41Y 141
From the transversality condition, we know, for V¢,

1
1 —pa

T1tY1t =

6
{1 —p+(1- A)H (A17)
Equations (A14) and (A17) tell us the industry ratio is constant over time,

(1—pa) (u + /\Jp—G)

IR = 5 (A18)
L—p+(1-X2)2
Substituting equation (A18) into equation (A13), we have
1-a) [1—u+<1—x)3ﬂ
;= (A19)

(A=) [L o (=N (=90 o) (5427

Assuming that A = 1 and p = 0, equation (A19) is equal to equation (29).
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Equation (A14) gives the allocation of services,

di p
Yot w+ )\V—pe
oa; N
Yot A+ )\yp—g

Equation (A17) gives the allocation of goods,

o _ _(A-pa)(l—p)

Yt L—p+(1-12

0c; (1= pa)(1 -\

we  1op+(1-NZ

LS pa (A20)
Y1t

Assuming A = 1 and p = 0, we have d} = ¢ = 0, which corresponds to the
basic model. Equation (A20) is equation (30) in the main body.
Let us denote the preference distance by

e=A—p>0 (A21)
Eliminating 4 in equation (A18) by equation (A20), we have
0
(1 - pa) [/\(1+:pL) —€:|

= (=3 (1+2) +e

When ¢ = 0, i.e., the preference of individuals does not change, the industry

ratio is independent of 6,

IR = L _PYA
R 1—A

When ¢ > 0, i.e., the preference to service consumption increases with age,
the industry ratio is increasing in 6.
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Appendix B [Social optimum in Section 4.2]
The social optimum is characterized by solving the following problem

max Z pt(Inc; +v0Indyq)

t=0
subject to
Yie = ¢+ ki
yor = 0d;
g+l = 1
hit +hoy = 60
where
m = AR
Y2t = Bhgtl;t_ﬁ

Let us set up the Lagrangian,

e’}
Lo = Zpt [111 Ct + 70 In dt+1 + /\1t(y1t — Ct — kt+1)
t=0

ot (Y2r — 0dF) + Ape(1 — lig — log) + A (0 — hay — hot)]

where A1y, Aat, A, and Agyy stand for multipliers attached to equations (B1),

(B2), (B3), and (B4), respectively.
The first-order conditions require

1
— X = 0
Ct
0
d”)/ — progp10 = 0
t41
0
—Ait + pArest 8?21:11 =0
Oy1
-2 A = 0
Lt + ltalu
Oyat
-2 A = 0
Lt + A2t Bl
Oyt
—A AMi— = 0
Ht + u@hlt
3y2t
—-A A =0
Ht t+ Qtahgt

and the transversality condition is lims oo ptA1tksr1 = O.
From equations (B8) and (B9),

Artliy = (1 —ax —amp) iy
Artlay = (1 - 5))\%92:&
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Substituting them into equation (B3), we have the optimal allocation of

unskilled labor,
1
i3, = B12
1t 1+ 1-8 IRt ( )

1704}(7011-1

where I R; stands for the industry ratio of the service sector to the good sector,

A2tY2t
IR = —— B13
CT A (B13)

Equation (B12) is equation (46) in the main body.
From equations (B10) and (B11),

Aathiy = oAy
Amthor = Bty

Substituting them into equation (B4), we have the optimal allocation of

skilled labor,
0

1+ IR,

*
1t

which is equation (47) in the main body.
From equations (B2) and (B6), we have

6
Aotyar = % (B14)

Substituting equations (B5) and (BT7) into (B1), we have
Aeyie = 1+ pakAte+1y1e41

Since 0 < pag < 1, the transversality condition requires, for Vi,

1
MiY1g = ———— B15
= (B15)
From equation (B15), we have
k
caa
Ye

which is equation (45) in the main body.
Finally, substituting equations (B14) and (B15) into equation (B13), we have

(1 — pax)v0
p

IRt:

which is equation (48) in the main body.
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Figure 1. Optimal contribution rate
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Figure 2. Industry share, Unskilled labor
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Figure 3. Industry share, Value-added
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Figure 4. Income components of old-age workers
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Figure 5. Participation rate of old-age workers
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