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Let Z¢ be a d-dimensional lattice, and each site on Z? is occupied by either one of the two
species. At each random time, a particle dies and is replaced by a new one, but the random
time and the type chosen of the species are assumed to be determined by the environment
conditions around the particle. The random function 7; : Z% — {0,1} denotes the state at
time ¢, and each number of {0, 1} denotes the label of the type chosen of the two species. When
we set ||[y|loo := max; y;, we define N := x4+ {y: 0<||ylloc <r}. Fori=0,1, let f;(x,n) be
a frequency of type ¢ in the neighborhood N, of = for 1. For non-negative parameters «;; > 0,

the dynamics of 7, is defined as follows. The state 1 makes transition

Ai(fo + o1 f1)
A1+ fo

0—1 atrate

, (1)

and it makes transition

o(f1 + a10f0)
A+ fo

The exchange of particles after death is described in the form being proportional to the

1—0 atrate f

(2)

weighted density between the two species, expressed by a parameter A. For brevity’s sake we
shall treat a simple case A = 1 only in what follows. For N = 1,2,..., let my € N, and we put
(n :=myVN, and Sy := Z%/ly. While, Wy = (W4,...,WE) € (Z¢/my) \ {0} is defined
as a random vector satisfying

(i) LWn) = L(-Wn); (it) B(WAWYR) = 6;0°(> 0)  (as N — o00);

(iii) {|Wn|?}(N € N) is uniformly integrable.

Here £(Y) indicates the law of a random variable Y. For the kernel py () := P(Wy/VN =
z), * € Sy and 1 € {0,1}5~, we define the scaled frequency f as

N (x,n) = Z PN (Y — 7)1 =i} (i=0,1). (3)
yESN

We denote by ¥ the state determined by the scaled frequency depending on o and py. On

this account, we may define the associated measure-valued process as

XY= 2 3 @) (4)

IESN
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For the initial value XV, we assume that supy(XJ',1) < oo and X — X, in Mp(R?) as
N — oo, where Mp(R?) is the totality of all the finite measures on R¢, equipped with the
topology of weak convergence. Let {7} be a continuous time random walk with rate N and
step distribution py starting at a point z € Sy, and {éf} be a continuous time coalescing
random walk with rate N and step distribution py starting at a point x. For a finite set
A C Sy, we denote by 7(A) the time when all the particles starting from A finally coalesce
into a single particle, that is to say, we define 7(A) := inf{t > 0: #{ff; x € A} = 1}. Take a
sequence {ey} of positive numbers such that ey — 0 and Ney — oo as N — co. Moreover,

we suppose that when N — oo,
N-P@E =0)—0 and Z pn(e,z) - P(7({0,e}) € (en,t]) =0 (Vt>0). (5)
eeESN

We also assume now that the following limits exist :
3((4) = Jim P (7(A/ty) < =x) (6)
— 00
holds for any finite subset A C Z¢.

THEOREM. Assume that there exists a sequence {e} } of positive numbers such that 3 — 0

and N -ejy — oo (as N — 00), and

i)=Y pnle,x)- P(EN({0,e}) > e}),  n(z) = (@) (N —o0).
eESN
Here 77V (A) denotes the time at which all particles starting from a set A C Sy have coalesced
into a single particle. When Py denotes the law of a stochastic process XV on the path space

Qp, then the convergence
Py — ‘PXO (Af—éoo) (7)

holds, where X = {X,} = {Xﬂ(m)}, t > 0is an Fi-adapted Mp(R?)-valued continuous stochas-
tic process defined on the filtered complete probability space (Q,F, (F;)i>0, P), and X =
{X;, P} solves the (£, Dom(£;))-martingale problem. Namely, Xo = 1 € Mp(R?) holds P,
a.s. and .

F(X) — P(Xo) - / LiF(X,)ds (Y = F() € Dom(£1)) (8)

is a P,-martingale with respect to (Q, F, Fi, P). Here 8 = 6'(3,0(-)) — 6%(8,9,0(-)) and

0'(B,0()) == Y B(Aa(A),  6*(B.8,0() = Y (B(A)+5(A)a(AU{0}).

AESF AeSFr

Moreover, PXO is the law of a superprocess X{Y(x) with initial measure X,. Here £1F (1) =
[A® Fdp + [ ~y(z)®2Fdu for VF = F(p € Dom(Ly), p € Mp(R?), where A = (02/2)A +

0, @, (resp. @) denotes the first (second) variational derivative w.r.t. p respectively.
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Stability of heat kernel estimates and parabolic
Harnack inequalities for jump processes on
metric measure spaces
Takashi Kumagai (RIMS, Kyoto)

XFR 2R BOEA B LT, Y AR O BRI 23 Harnack A5 & FETH D,
& 51T volume doubling %4 Poincaré A EX & BFETH 5 Z T XS5 T 5,
— IR BIHERB RS B\ T, SHUCHYS T 2 RIEDIIE I L5 K 9 124 - D51
KA T 5 TH D, BOFIEED b £ T[1),[3] KB THESEDEZ ShiTniz, K
FHE T, volume doubling % i 7z M DHIEE D X FREEZZRIC 8 W TEMZEHG % Harnack
AEADRESEMN 2 5 2 72 Z.-Q. Chen K., J. Wang K & OHLFEDIZE [2] OWE 21T,

1. Framework and definition
Let (M,d) be a locally compact separable metric space, and let p be a positive Radon
measure on M with full support. We assume diam M = oo for simplicity.

Assume that (£, F) is a conservative regular Dirichlet form on L?(M, ) such that

E(f.9) = / () - F()(g(x) — gly))n(de, dy) = / (), VfgeF.
MxM\d M

Let {X;}+>0 be the corresponding pure jump process. Assume further that for p-a.a.
x € M there exists N(z,-) on M such that

n(A, B) :/Au(d:c)/BN(a:,dy), VA,B € B(M), AnB =.

Volume and time scale
Set V(x,r) := u(B(z,r)). Assume that there exist ¢1,co > 0, do > di > 0 such that

d d
1 (g) ' < “//((?,]j)) < @(%) ’ for every 0 < r < R < oo,z € M. (1)

Let ¢ : Ry — R, be a strictly increasing continuous function with ¢(0) = 0, ¢(1) =1
and there exist constants cg,cq4 > 0 and B2 > 31 > 0 such that

R\5 R R\ 5
Cg(—) 1§M < C4<—) ’ for every 0 <7 < R < o0. (2)
r (r) T
Definition/Condition:
e HK(¢): There exists a jointly continuous heat kernel p;(x,y) such that
1 t

)= B o @) Wty edw ) SO

We write UHK(¢) if < holds and write UHKD(¢) if p;(z,x) < ¢/u(B(x, $71(t))).
e Jy: For pra.a. © € M, N(z,-) is absolutely continuous w.r.t. u, and for for p-a.a.
(x,y) € M x M \ d, the Radon-Nikodym derivative J(-,-) satisfies

c1 Cc2
Vi, d(z,y))p(d(z,y)) V(x,d(z,y))¢(d(z,y))
We write Jy < (resp. Jp >) if the upper (resp. lower) bound in (3) holds.
e Faber-Krahn inequality FK(¢): 3Cy, v > 0 such that VB(z,r), VD C B(z,r),

E(f, 1)
1£113

< J(z,y) <

(3)

feFp.f#0) > C—M(%’DS))”.

A (D) := int { o



e CSJ(¢): 3Cy € (0,1], C1,Cy > 0 such that VR > r > 0 and p-a.a. € M, 3 a cut-off
function ¢ € Fy, for B(x, R) C B(z, R+ 1) (ie. ¢|lp@,r) =1, ¢|B(z,rtr)e = 0) so that

Cy
2dl (g, p) < C — n(dx, d — 2dp,
/B(m,R+(1+CO)r) fdl(e.9) < O /U><U*(f(x) f@)) nide, dy) + o(r) /B(a;,R-i—(l-i—Co)r) £ au

for all f € F where U = B(z, R+7)\ B(z,R), U* = B(z, R+ (14 Cy)r)\ B(x, R— Cyr).
e Parabolic Harnack inequality PHI(¢): VA € (0, 1], 3C > 0 such that Yu(¢,z) caloric
function (i.e. satisfies 2 5¢ (t, ) = Lu(t, z) in the weak sense) in (o, to+A@(R)) x B(xo, R),

supu < C) inf u,
Q Q+

where Q_ = (to + AG(R)/4,to + AG(R)/2) x Blxo, R/2), Q4 = (to + 3\G(R) /4,10 +
AP(R)) x B(zo, R/2).
e UJS: p-a.a. x € M, VA € B(M) with d(x, A) > 0, it holds that

1
N(z,du) u(d Vr < —d(z, A).
xr/xT/ (z,du) p(dz), r_z(x,)
e NDL(¢): Je € (0,1), ¢ > 0 such that Vag € M, r > 0, t < ¢(er) and B = B(zo, 1),

C 2 0. £ -1 )
V(xo,gb_l(t))’ Y GB( 05 ¢ (t))

e PI(¢) (Poincaré inequality): 3Cp such that VB = B(z,r) and f € F,

[ (= [ ram) aw= coot) [ [ ()= F@)PN ) i),

e Ey: Jey > 1 such that Vr > 0, pa.a. x € M, ¢ ¢(r) < E*[75(z,m] < c16(r), where
=inf{t >0: X; € A°} for A C M.

N(z,A) <

P y) >

2. Main theorems
Assume that M satisfies (1) and ¢ satisfies (2).

Theorem 1 The following are equivalent:
(1) HK(¢) (i1) Jg+ Ey (i13) Jy + CSI(o).
Theorem 2 The following are equivalent:

(i) UHK(9) (it) UHKD(9®) + Jg < + Eg  (iit) FK(¢) + Jg < + CSI(¢).

Theorem 3 The following are equivalent:
(i) PHI(¢) (i1) UHK(¢)+NDL(¢)+UJS (iii) PI(¢)+Jy<+UJS (iv) EHI+E4+UJS.

Corollary 4 HK(¢) <= PHI(¢) + Jy >.
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[3] A. Grigor’yan, J. Hu and K.-S. Lau. Estimates of heat kernels for non-local regular Dirichlet
forms. Trans. Amer. Math. Soc. 366 (2014), 6397-6441.



Moduli of continuity of local times
of random walks on graphs

D. A. Croydon (University of Warwick)

I will discuss results from the article Moduli of continuity of local times of random walks
on graphs in terms of the resistance metric (Transactions of the London Mathematical
Society 2 (2015), no. 1, 57-79). This establishes universal concentration estimates for the
local times of random walks on weighted graphs. As a particular application of these, a
modulus of continuity for local times is provided in the case when the graphs in question
satisfy a certain volume growth condition with respect to the resistance metric. Moreover,
it is explained how these results can be applied to self-similar fractals, for which they are
shown to be useful for deriving scaling limits for local times and asymptotic bounds for
the cover time distribution.

In order to provide more detail, the framework will now be introduced. In particular,
let G = (V(G), E(G)) be a finite connected graph, where V(G) denotes the vertex set and
E(G) the edge set of G. To avoid trivialities, we always assume that G has at least two
vertices. Let u“ : V(G)? — R be a weight function that is symmetric, i.e. uf, = uf,, and
satisfies u$ > 0 if and only if {z,y} € E(G). The associated discrete time simple random
walk is then the Markov chain ((XE);s0, PS¢, 2 € V(G)) with transition probabilities
(P (7, Y))eyev(c) defined by

e
P, G ([L’ ) y) = _xéi’
ILLSC

where p& = Zer(G) ,ufy. We note that the invariant probability measure of this process
is a multiple of the measure version of u“ obtained by setting u©({z}) := u¢ for z € V(G).
The process X ¢ has corresponding local times (LY ()),ev(@)>0, given by L§ (x) = 0 and,
fort > 1,

t—1
I9@) = 25 3 Lxomsy.
It is providing a modulus of continuity of these random functions in the spatial variable
x that is the focus here.
For the statement of the local time bounds, as two important measures of the scale
of a graph G, let

m(G) = u(V(G)),  r(G):= ,max Re(x,y),

be its total mass with respect to the measure u®, and its diameter in the resistance
metric (assuming edge {z,y} € E(G) is assigned conductance p,), respectively. Note
that the product m(G)r(G) gives the maximal commute time of the random walk, and so

1



gives a natural time-scaling. We also introduce the rescaled resistance metric ég(z, y) =
r(G) "' Ra(z,y).

The main result that will be presented is that, if a family of graphs (G;);c; satisfy the
following volume growth condition, Rg, (z,y)"/?(1+1n Re, (x,y)~")/? provides, with uni-
formly high probability, a modulus of continuity for the rescaled local times r(G;) "' L ()
in the spatial variable (uniformly over the appropriate time interval). Observe that the
particular form of volume growth function that appears in the volume growth condition
does not affect the modulus of continuity.

Definition 1. A collection of finite connected weighted graphs (G;)ies is said to satisfy
uniform volume growth with volume doubling (UVD) if there exist constants ¢y, ca,c3 €
(0,00) such that

crv(r) < p% (Bg,(z, 7))

for every x € Gy, r € [ro(G;),r(Gy)], i € I, where
Bo(x,r) = {y € V(G) : Ra(x,y) <r}
is the open ball in the resistance metric, and ro(GQ) := ming yev(Gyazy Ra(x,y). Moreover,
m(G;) < cv(r(Gh))

for every i € I, where v : Ry — R, is non-decreasing function with v(2r) < czv(r) for
every r € R;.

Theorem 2. If (G;)ics is a collection of graphs that satisfies UVD, then, for each T > 0,

G, -1 LGi _ LGi
lim sup max P& max max r(G:) ‘ (@) i (y)‘ >\ =0.

Aooo jeg 2eV(Gy) © | ayevi(Gy) 0<t<Tm(Gi)r(G; - -
=00 jef 2€V(Gi) yev(Gi) (Gir( )\/Rci(a:,y) (1+1nRGi(x,y)‘1>

After explaining the proof of this result, a number of examples will be presented. I
will also discuss an application to the study of cover times of random walks on graphs.
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[1] P. Salminen and M. Yor. Tanaka formula for symmetric Lévy processes. Séminaire de Probabilités,
XL, Lecture Notes in Math., No. 1899, pp. 265-285. Springer, 2007.
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PARACONTROLLED CALCULUS AND FUNAKI-QUASTEL
APPROXIMATION FOR KPZ EQUATION

MASATO HOSHINO (UNIV. TOKYO)

KPZ equation is the stochastic PDE
1 1
Duh(t, ) = SORh(t,) + 5 (Deh(t, 2))? + E(t, )
for (t,z) € [0,00) x T. Here & is the space-time white noise, which is a family of
Gaussian random variables such that

E[g(t, 2)&(s,y)] = 0(t — 5)d(x — y).
KPZ equation is ill-posed because it contains the square of the distribution 0,h.
Usually the Cole-Hopf solution of KPZ equation is defined by hcy = log Z, where
Z is the solution of

1
&Z:§%Z+Zg

The simplest approximation to the Cole-Hopf solution is
1 1
Othe = 507he + 5{(0xhe)* = Cc} + &c(t, @),

where £.(t,2) = (£(t) * ne)(x) is a smeared noise with a mollifier 7., and C. =
J (ne(z))?dz. Then the solution he converges to the Cole-Hopf solution hcp.

To consider the invariant measures, the following approximation is more conve-
nient:

1 1
(1) Orhe = 50%he + 5{(0he)? = Cc} s s e + Eclt, ).

Funaki and Quastel ([1]) shows that the ”stationary” solution h. converges to
hcu(t,z) + it by using the following complicated transform:

2 2
&&zi%&+1&{<%&)*m*m—<@i)}+2&.

2 Ze Ze

We consider the equation (1) by the paracontrolled calculus [2], without Cole-
Hopf transform. Then the result in [1] can be extended to non-stationary solutions.

Theorem 1. For every initial condition hg, the maximal solution he to (1) con-
verses to hou(t, ) + 5t

REFERENCES

[1] Funaki, T., Quastel, J.: KPZ equation, its renormalization and invariant measures. Stoch.
Partial Differ. Equ. Anal. Comput. 3 (2015), no. 2, 159—220.

[2] Gubinelli, M., Imkeller, Peter., Perkowski, N.: Paracontrolled distributions and singular PDEs.
Forum Math. Pi 3 (2015), €6, 75 pp.






Error analysis for approximations to one-dimensional SDEs
via perturbation method *

Nobuaki Naganuma (Mathematical Institute, Tohoku University)

1 Introduction and main result

For a one-dimensional fractional Brownian motion (fBm) B with the Hurst 1/3 < H < 1, we
consider a one-dimensional stochastic differential equation (SDE)

t t
(1) Xt:x0+/ b(Xs)ds+/ o(X,)d°B,, te0,1],
0 0

where zy € R is a deterministic initial value and d° B stands for the symmetric integral in the sense
of Russo-Vallois. In order to approximate the solution to (), we consider the Crank-Nicholson
scheme as real-valued stochastic process on the interval [0,1]. In this talk, we study asymptotic
error distributions of the scheme.

In what follows, we assume that the coefficients b and ¢ in (I) are smooth and they are bounded
together with all their derivatives. We give the definition of the Crank-Nicholson scheme for the
m-th dyadic partition {r]* = k2=™}3
Definition 1.1 (The Crank-Nicholson scheme). For every m € N, the Crank-Nicholson scheme
XCON() 1 10,1] — R is defined by a solution to an equation

XSJN(m) —

b

m m 1 m m
XN = X = Lo ) + b N ) (¢ - i)

m m
Tk—1 Tk—1

1 CN(m CN(m m m
—|—§{0(X m(l ))+U(Xt ( ))}(Bt—BT,;’gl) for ;" <t <"

ka

Since the Crank-Nicholson scheme is an implicit scheme, we need to restrict the domain of it
and assure the existence of a solution to the equation above. Roughly speaking, the existence of
the solution is ensured for large m.

In order to state our main result concisely, we set w = ob’ — o’b and

¢ ¢
J; = exp </ b (X,) du +/ o' (Xy) doBu> .
0 0

We assume the following hypothesis in order to obtain an expression of the error of the scheme:

*This talk is based on a joint work with Professor Shigeki Aida.



Hypothesis 1.2. info > 0.
The following is our main result:

Theorem 1.3. Assume that Hypothesis T2 is satisfied. For 1/3 < H < 1/2, we have

lim 2mGH-I/2)fxCNm) _ X\ — 5(X)U + J/ J7 (XU, ds
0

m—r o0

weakly with respect to the uniform norm. Here U a stochastic process defined by

¢
(2) Ui = US,H/ fo,3(Xy) dW,,
0

where o3 1 is a positive constant, foz = (02)"/24 and W is a standard Brownian motion indepen-
dent of B.

2 Sketch of proof

We explain the concept of perturbation method and give a sketch of proof of our main theorem.
The idea of perturbation method is to find a piecewise linear stochastic process h = h("™) :

[0,1] — R such that Xf]:%’3+h = X%y(m) for every k = 1,...,2™, where X®0:B+% is a solution to

an SDE with the same initial value xy and a perturbed driver B + iL, that is,
- t . t y R
X7oPth = g +/ b(X TP ds +/ o(X7P) d°(B + h)s.
0 0

Under Hypothesis [, we see unique existence of h and obtain an expression of it.

From the expression of h(™) and the Lipschitz continuity of the solution map B +— X708 we
construct a piecewise linear function h = ™) : [0,1] — R such that (a) 2mGH=1/2) (M) converges
to U defined by (8) and (b) h(™ —h("™) is negligible. We can show Assertion (a) by using the fourth
moment theorem. Assertion (b) is a nontrivial part in our proof. In order to justify Assertion (b),
we need the following step:

D1) estimate 6(™) = max;<p<om

X%\,I(m) - X%‘%’B| from the definition of the scheme,

(
(H1) estimate [|A(™ —h("™) || by a quantity involving 6™ from the construction of 2(™ and h(™),
(D2) estimate 6™ by a quantity involving 6™ itself from (H1),

(D3
(

H2

show a sharp estimate of §(™) by using (D2) repeatedly and (D1),

)
)
)
) show Assertion (b) from (D3) and (H1).

For simplicity, we explain how to see the asymptotic error distribution of X 1C Nom) _ x e 0.8, By
using the properties of h("™) and the decomposition

CN R(m)
Xl (m) _Xme — X1I07B+h _ X1I07B

7, (m)

z0,B zo,B+ zo,B+h{™ zo,B+h(™) zo,B zo,B
= Vi X777 +{X7° X7° F+{XT° — X777 = Ve X777}

we see Theorem 3. In fact, Assertion (a) implies that the first term converges to a nontrivial
process, that is, Qm(SH’l/z)Vh(m)Xlz"’B = Vzm(gH_uz)h(m)Xf"’B — VUXTO’B as m — oo. The
convergences of the second and third term to 0 follow from Assertion (a) and (b), respectively.



Feynman-Kac penalization problem for critical measure

of symmetric stable processes
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ON DOUBLY FELLER PROPERTY OF RESOLVENT

MILA KURNIAWATY, KAZUHIRO KUWAE AND KANEHARU TSUCHIDA
KUMAMOTO UNIVERSITY, FUKUOKA UNIVERSITY AND NATIONAL DEFENSE ACADEMY

1. PRELIMINARY

Let (E, d) be alocally compact separable metric space, Ey := EU{J} its one point compactification,
B(FE) its Borel o-field on E, and B(Ey) Borel o-field on Ey. It is well-known that B(Ey) =
B(E)U{BU{0} | B € B(E)}. Any function f defined on F is extended to Ey by setting
f(0) = 0. Denote by By(E) (resp. by Cp(E)), the family of bounded Borel functions on E
(resp. the family of bounded continuous functions on E), and by Cy(E) (resp. by C(FE)), the
family of continuous functions on E with compact support (resp. the family of continuous functions
on E vanishing at infinity). Consider a Hunt process X = (Q, i, Foo, X1, (, Py)aer, defined on
Ey and denote by (P;)¢>0 (resp. (Ra)a>0) its transition semigroup (resp. its resolvent kernel), that
is, Pf(z) = Eo[f(X0)] = [ [(Xi(w))Py(dw) (vesp. Rof(z) = [J° e P, f(x)dt) for f € By(Es).
Here ¢ :=inf{t > 0 | X; = 9} is the life time of X and 9 is a cemetery point of X, that is, X; = 0
for all ¢ > ¢ under P, for z € E. The resolvent (Ry)a>0 of X is said to have the Feller property
if the following two conditions are satisfied:
(i) For each oo > 0 and f € C(F), we have R f € Coo(E).

(ii)’ For each f € Co(F) and z € E, we have lim,_,o0 R f(x) = f(2).
It is known that (i)’ and (ii)’ together imply

(iii)’ For each f € Coo(E), we have limy_,¢ ||P.f — f]lo = 0.
The resolvent (Ry)a>0 is said to have the strong Feller property if

(iv)’ For each f € By(F) and o > 0, we have R, f € Cy(E).
The Hunt process X is said to have the doubly resolvent Feller property if its resolvent enjoys the
both of Feller property and strong Feller property. X is said to be a doubly resolvent Feller process
if it enjoys the doubly resolvent Feller property.
For each B € B(FE), denote by op the hitting time to B; op := inf{t > 0| X; € B} and by 75 the
first exit time from B; 7p := inf{t > 0| X; ¢ B}. Note that 7 = op\p A (.
Let 0*B be the boundary of B in Ey. We set Coo(B) := {f € C(B) | limy—,co+5 f(x) = 0}. The
open set B is said to be regular if for each z € 0*"B N E, we have P (og\p =0) = 1.

2. DOUBLY RESOLVENT FELLER PROPERTY WITH MULTIPLICATIVE FUNCTIONALS

Let (Z;)¢>0 be a multiplicative functional associated with X. Namely, for each x € E, P -a.s.:
Zo=1,0<7Z; <00, Zy € Fpfort >0; and Zyys = Zs - (Zy 06,), for all t,s > 0. Fix a non-empty
open set B. We now impose a set of special conditions to (Z;);>¢ as follows:

(a)p For some t > 0, aP :=sup,.p SUPgeo,4 Bx[Zs 1 8 < TB] < 0.

(a)% There exists p > 1 such that a?(p) := sup sup E,[ZP : s < 75] < oo for some ¢ > 0.
z€B s€[0,t]
1



(b)¥% For each ¢t > 0 and any compact subset K of B, there exists a number p = p(K,t) > 1

such that sup E, [ZF] < cc.
reK

(b)% For each t > 0, there exists a number p = p(t) > 1 such that sup E, [Z7] < oco.
zeB

(c)% For any relatively compact open subset D of B, we have 2lgir% supE,[|Z; — 1| : t < 7p] =0.
—YzeD

(©)% th—%ilelEEmHZt —1]:t< 1] =0.

Theorem 2.1 (Compare [1, Theorem 1.4]). Let X be a doubly resolvent Feller process and B
an open subset of E. Under (a)p, (b)% and (c)%,for any o > af = infse]o’oo[log(af)l/s >0,
SBf(x) =B, [[;° e ' Z,f(Xy)dt] satisfies SE f € Cy(B) for f € By(B).

Theorem 2.2 (Compare [1, Theorem 1.4]). Let X be a doubly resolvent Feller process and B an
open subset of E. Suppose that B is regular. Under (a)p, (b)% and (c)%, for any a > of =
iIlfse]Q(X,[log(af)l/S > 0, we have SBf € Coo(B) and limy 00 aSBf(x) = f(x) for f € Cx(B)
and x € B. Suppose further that B is relatively compact and assume (a)5; or there exists an open
set C with B C C such that (c){, holds. Then SEf € Co(B) for f € By(B).

3. DOUBLY RESOLVENT FELLER PROPERTY OF TIME CHANGED PROCESS

Assume that X is an m-symmetric Markov process on E whose Dirichlet form (€, F) on L?*(E;m)

is regular. Let S1(X) be the family of positive smooth measures in the strict sense, that is, any v €

S1(X) is a Revuz measure of a PCAF By in the strict sense: [, f(z)v(dz) =1 limy o %Em [fot f(X,)dB,

A measure v € S1(X) is said to be in the Kato class of X if limg—so0 Sup,cp Rav(z) = 0 and
v € S1(X) is said to be in the local Kato class of X if 1gv is of Kato class for any relatively
compact open set G. Denote by Sk (X) (resp. S} (X)) the family of measures of Kato class
(resp. local Kato class).

For v € S;(X) and its associated PCAF B in the strict sense, let (X, ) be the time changed process
defined by (X,v) := (2, X+, Py) ey, where 74 := inf{s > 0 | By > t} is the right continuous
inverse of the PCAF B, and Y is the fine support of v defined by Y := {z € E | P,(R =0) = 1}
with R := inf{t > 0 | B, > 0}. It is known that (X,v) is a v-symmetric right process on ¥ and it

can be realized as a Hunt process on Y := supp[v] (consequently on Y) (see [2, 3]).

Theorem 3.1. Suppose that X enjoys the doubly Feller property of resolvent. Assumev € S}y (X).
Then the time changed process (X, v) enjoys the doubly Feller property of resolvent. More strongly,
Rpp(z) = E, [JoT e PPro(Xy)dBy| satisfies Rpp € Cyo(E) (resp. Rgp € Coo(E)) for ¢ € By(E)
(resp. ¢ € Byp(E) having compact support) and 8 > 0.
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A REFINEMENT OF ANALYTIC CHARACTERIZATIONS
OF GAUGEABILITY FOR GENERALIZED FEYNMAN-KAC
FUNCTIONALS

0000 (K. Kuwae) 0000000

1. STATEMENT OF RESULT

00000000000 MilaKurniawaty 0000000 [210000,0
00000 (8000000000000 0000000. (E,d) 0000
0000000000, E 0000000000000, m0O suppm]=F
0000 FO0OO0O0 Radon 00000, B(E)O EODDODOOOODDOO,
B(E)O EODOOO0O0ODOOO,B(E)0 E0DOOOODOOOOODO
00. X=(,X,({Pslzer) 0 EOO0 m-O000000 (transient) 0 00
000000,000000 (I)000000000 (AC)00O000 (00
000000D00O0DOO00). (6,7 0X000000000000000
ooooag.

A'00000000000000000000000 p=m—-p0000
0000 smoothO OO0, Af =, F(X,—,X,) 00000 ExEOOO
00000000000000000000 F,/ARO000000O0F=F-F
DDDDDDDDDDDDDDDDD (NH)DDOODOO X O Lévy
0D000. Ra = [y e “p(z,y)dt0 o-0000000000,0-00
DDDDDDDDDDDDDDDDDDDDDDDDDD.

SL(X)(resp. SH(X))DOODOO0O (resp. 00DO0D0DOD)0O00DODOO
gd:

def ;.
o p€ SE(X) S limg_yeo Sup,ep [ Ra(z,y)p(dy) = 0.
e 1€ SH(X) C<1:e>fsupgc€E [z Ra(z, y)u(dy) < oo for V/3a > 0.
-Ubddbbooboobbooboboobboobbo,booooo S}DO(X)

ooQ: ueSbO(X)ﬁsuperfE Ly )u(dy) < oo.
u€ FNCox(E)D py € SHX )DDDDDDDDD NAO u(Xy) — u(Xo)
O000000 () 00000000000000000000000:

(1.1)  w(Xy) —u(Xo) = M+ Ny tel0,+o0] Pgas. forall z € E.

000 MfOODOD (1.1)0000000000000000000000O
00000.000000 A4:=N:+A+AFooO,

(1.2) ea(t) :==exp(Ay), t>0

000.000000 (1.2)0000000000000000000 (PA)eso
0ooo:

(1.3) PAf(z) :=Eglea(t) f(X1)], fe€By(E), t>0.

[y + 11+ p2+ N(FL+ F)pg € Sp(X)000. (Q,F)0 (1.3)0000
0 L*(E;m)0000000000.000«w00000000 g 0 Lévy
1



0 (N,H)0ODODOOOOO0OO0O0O:

(14) Q(f>g) :g(f,g)+5(u,fg)—7—[(f,g) [LgeF.
ogoad

(u, fg) : /fdu u,9) /gdmuf),

- / F(@)g(@)p(dz) + / / F(@)g(w) ("D — )Nz, dy)ps(da).
E FEJE

00 nesSp(X)OODO,

(1.5)  A9(x) :=inf {Q(f, ) ‘ feFNCYE / F2dy = 1}

00 fu, pf 0 = NV~ (F+U) =1+ Fo)pn + 1+ 545, B =
NV — (B +U) = 1+ Fi)pg +m + 300, 0000. 000 Ulz,y) :

u(z) —u(y) 000, pf, 0 w00000000 pu, 00000000,

Sy, (X)00OO0O0O00000000000000000000, Sk, (X)

0000000000000 0000oO0O0O000oO0O0 (Doboooooood
oooooooo).

00 1.1 (000000000000). & € Sk, (X), ) € Sk(X) O pa+
N(Fy)py € S, (X)00000. 000000000000, (1) A9(m) >
0. (2) supyepEzlea()]<oco (DODODO).

St,(X)000000000000000000000000, Sgg_(X)
0000000000000000000000, Sh,((X)0o0o0o0000
0DO00000000,,00semi-Sx(X)0000000000000000
00 (0D0O000O000Ooooooooooo).

00 1.2(00000000000). i} € Sk, (X), puy € Sk (X)Nsemi-Sj(X)
0 po+ N(F)pum € Shg,(X)0OOO00. RYx,y) 0 PAO0000000O0O
O0000. 0000000000004,

(1) A9() > 0. (2) sup,epEalea(()) <oco (00DDODO).

(2) RA(z,y) < oo for (z,y) e Ex E\d (0DDOO0O).
000d:={(z,9) | R(z,y) =+oc}. 0000000000 O0DO (1)-(3) 0
RAOD ROODDOOOOOOOO0OOO0ODD sup,,)epngEflea((?)] < oo
oooooog.
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AT, ZFEEOMERNBEBRDOERIZ O WTOKFEAFRIEE2E X 5. & 2 HEREFED KiFEFHI %
FEIAS 5 72D DA kL U T Girtner-Ellis O [2, Theorem 2.3.6) 2% 5. % OEHIL,

[Z DS BEREITN T 20 BE — A > DR OM FTREME L, £ ORESRERE TN 9 2 KiF A FELA L D
SED T DDV EMETH B
ZeHEFRLTVWS., UL, ZTHEH2EME2DOTHEE— A > NEBEBEOMS /TREMED R L < T
HREEFEDRK D LD Z e WH B, T I TlE, BEEMIZIE Girtner-Ellis OFEHIZEZ 0D, ZOEMH
ZHRHAT S Z 2K 0 IERPREEO K 2F B ZFFHTE 2 Z L 2k R 5.

AGEE TIE, Lusin 22 B OB CTEERLGEE M = (P, X, () 2% Z (¢ & M OAA£KHH), M
BT 2H 5o RHE & EXx E LOFFNMBEE F(z,y) (20 2 IIERPLEIE D K iR 2 5 % %
A%. TI27T, Al 1F p T Revuz WSS 2 dfe RIS e U, A =3 o, F(X,, X,) £95%. C
ZTIEZ DER (A, AF) 2 ERINERNBEBE BRI 212 L, ZORFAFRIIZOWTEER 2N T
5. m% E L full support 72 o-AREIE L L, MIEm-AMHTHIEDELTB. (£, F) % (M, X,() I
B9 2 #E[EHI Dirichlet XA &35, 2L T, UND &S 2IERATNES Z £ DXL Schrodinger BUAF
HA#EEEZ5:

HOO2E = 4 01+ pgF%2, 01,00 € R. (1)

ZIT, HiIZM OAEKIEME L L, (1) OIFEFHIEEIE I

pE% f(z) = / (%P0 1) f(y)N(z,dy), x € E
E

eRINS. 72 (N(z,), Hy) ld M IZBT % Lévy system & U, pg l& H D Revuz JlEE 3 5.

2 U5RK.. I,
TR ENENE L BB F DI I AR EET 5.
puro) = ( [ Ple.y)Ne.d) ) () @)
E
B,

EE 2.1 (1) phr7 7 AK, BT DL, EEDe>0120U, |u|- G725 2 Borel 84 K = K(e)
CEBS=0(e) > 0MPFLELT, |u|(B) <6 2T RTOAHIEAS BC KIZHLT,

1G(1xeunlp)lloe <€

(2) FPEXxE FEOERNIEBTERD 2 e EXHUT F(r,2) =035, up & (2) LEHLZL E,
M F| EK THhHdEIE, FIZILIIZETD LWV,

pEKo, FEJDEE, ue FIZHULTHIrT:E O RIER (—HO W2 y ) DEHTE,
N2 F (y ) = E(u,u) — b /

[wwPutan) ~ [ @ ([ (70 1) M) ) (e

ERINBZEVPHIOENTWS., IRTH, pecKy, Fel, DHEEETREZS.
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3 NMEE—XV MR
Schrodinger B3 HAE 1253 5 Feynman-Kac E#E% THF v <k
T/ f () = Bq [exp (AF + AF) £(X0)]

L0, ZHIZLP(E;m) (1 <p<oo) ETEHEI NIREFAIFRER L 0D, ZTLUTED LP-AXZ FILD
TRMFEL, Tz )
Ap(M, i, F) i= — tliglo n log ||TtH7F||p7p

eELZEITT B, EREINERPEIE (ALY, AP 16T 25 80E — A v M REESCE
C(61,02) = tllglo % logE, [exp (91Af + GQAf) it < C]

LEERTD.

4 FEiE
C*(A1, A2) Z C(61,02) D Fenchel-Legendre 241, D% D,

C*(Al, )\2) = sup ()\191 + A292 — 0(91, 92))
(91,02)€]R2

95,

EIE 4.1 (ERMINERSAEBOKRRERIE). M 2 4#fE e U, £ O¥EEH] Dirichlet T (€, F) 1T/ LT,
TARTDE>1IZHLUTm(EL) <o THD EDEPEENSR5 NI Mo E-nest {Ey bi>1 DAL
205, /2, MiEbhdt=t) LIERD k> 11ZBWT B, x By EARTH 2 & 5 R HERK
pt,z,y) ZHED2EDET D, TLTITRTD (01,0) € RZIZXHUT, A(M;01p,02F) = Moo (M; 011, 02 F)
DO DERET D, ZDLE, $RTD e E L TRTD Borel 5 BC R? ITH L,

inf  C*(A\,\2) < liminf ! logP A A7 € B%t<
- i iminf = | | —, — ;
Cudayepe ~ )= AR08 t
1 Al AP _
< limsup —logP, Lt ) eBit<(
t—o00 t t t
§ — inf 70*(>\1,>\2)
()\1,)\2)63

HER D 3L,

AR 4.1, (1) ZOEHDFEHOBZEILFEH TR B A%, BT AT & 5 ITEEERIC Gértner-Ellis O 52 B
ZHWSZ I TER.

(2) [1, Theorem 5.4] &0, X\o(M;0,0) <0 THDEE, EH A1 DIGE Ao (M; 0111, 02F ) = Moo (M; 0111, 02 F)
PO DZ PR NT WS,
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Free probabilistic analysis of random matrices
converging to compact operators

Takahiro Hasebe (Hokkaido University)

Joint work with
Benoit Collins (Kyoto University)
Noriyoshi Sakuma (Aichi University of Education)

Free probability theory was originally developed to attack a problem in operator algebras,
but in 1991 Voiculescu has found an unexpected application of free probability to eigenvalues
of large random matrices [6]. Among random matrices, the most famous one is the GUE
(Gaussian Unitary Ensemble) G, = (Gij(n))},;—;, that is, an n xn Hermitian matrices whose
entries are i.i.d. complex Gaussian random variables. A lot of research has been done on
how the random eigenvalues of GG,, behave as n — 0o. A recent progress is a deformation of
GUE by a finite-rank perturbation:

Xn = G’I’L + An; (*)

where (G, is a normalized A,, is an n X n matrix whose rank is bounded as n — oco. The
eigenvalues of this model has been studied extensively in the last 10 years, e.g. in [1, 2, 3, 5].

In a recent preprint in 2015 [4], Shlyakhtenko found a free probabilistic method to analyze
the above deformation of GUE. We will strengthen Shlyakhtenko’s result and allow the rank
of the perturbation A, in () to be unbounded. Then we analyze purely discrete eigenvalues
of random matrices, e.g. of the form

Zn = GnA%Gn + An7

where A,,, A!, are deterministic matrices converging to compact operators as n — 0o. Since
A,, Al converge to compact operators, we show that the eigenvalues of Z,, converge almost
surely to a purely discrete spectrum as n — oco. We establish a basic free probabilistic
method to analyze this kind of purely discrete eigenvalues and then compute explicitly the
limiting eigenvalues.

References
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1 B -B=E
R ED R VOVHEKHIEE " DHIETHD LIEIH D cc RDBDEMLEL T
p(dt) = p({c})da(dt) + f(t) dt, (1.1)

ThHsrIEzV). 2ITf:R—[0,00) F (—00,¢) BIEWED, (c,00) FIEHWMTHZ LT E. ZDLEE clF
E—FLEFENS. MERBREPHIETH 2 L IZTXRTORASHEPHIETH S Z L ET 5. AHEFRRmICEY
THIBEMEDHIYEIE Biane (1999) IS & D §XTOREDTMDBHRIETH S Z L2RINLIENLIKED, 2D
#, Haagerup and Thorbjgrnsen (2014) IZ & h HHA Y 2 a3 g TH 5 2 LR I iz, Z gz i
v, Hasebe and Thorbjgrnsen (2015) 12 & D T XTOHMEH O MEREAMAHIETH 2 2 L2 2IRIN
7o, GEDOFHETIIRD & 2 EHT 2

(U1) WFREH Lévy R HIETH 2 2 & &2 DDA HE Jurek 7 7 AC A2 2 EHDFAETH %
(U2) $XRCOAM Lévy METHERLZEZ DLV 4 WEEFO D DIE+5KE IR T2 B354 %
FokHicnms.

CDOZEZRTITHID TELDHH Lévy B D A0 OME bR 72

(At) HH Lévy—Khintchine 8l %z H\v>ToAi2s atom 2 HiOR 2 KD 5
(De) HH Lévy—Khintchine 8% H > Tl 22 045 12 72 2 W 2 RO %

2 BHRERDEFTEES T

G, %2 R LOWMERMEE 4 & Cauchy £l § 5

Gu(2) ;:/ L (z), scct (2.1)
RR—T
F, % G, DU ET %:
1
F,(z):= , z€Ct, 2.2
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23U p D reciprocal Cauchy transform & W-EtL 5.

Caai={2€C"|Im(z) > M, |Re(2)| < AIm(2)}. (2.3)
(Zxf L T, Bercovici and Voiculescu (1993) TERD A > 01 LTH S a, B, M > 0 BHEEL T F, B Tap
T univalent T F, (T ) D Tan THZZ LRSI NI 2 LTHBISHT 24T GHR 71 Ty — CF,

ThbbTay L F,oF ' =1dTH2bDOMMND 2R 7.
free cumulant transform (% 721 R-transform & WP %) Z T TEREINS:

Cu(z) = 2F; 1 (1/2) — 1, 1/z €Ty um. (2.4)
Z 4 Voiculescu transform O TH &b %
ou(z) = F, '(2) — 2 = 2C,(1/2), z€ly . (2.5)
C, \Z A HHERRICE T 2 log o DXIEYCTH HIEEAIAA B Z#ELT %:
Cum (2) = Cu(z) + Cu(2) (2.6)

22Tz BT DOERROILEIRIrZ LS.

R EOHERMEED FID (HHER D EHES 1) Th % L IFEEDO n € NI L THHBIAAICET
2 nh ERPEET L L TH S, HHRERIMBEESM 1 O free cumulant transform (<% L < H i
Lévy-Khintchine ¥ 5.2 51 5.

—— 1t (t))uu(dt), zeC, (2.7)

Cule) =+ a2+ [
R

ZZTnueRa,>0,v, 3R EOMUETUT Z2HTH0:

v,({0}) =0, /Rmin{l,t?} v, (dt) < 0. (2.8)

E& 2.1 uBFID Tri3ZOHM Lévy ME LT 5. 4 2YHH s-selfdecomposable TH 5 &k v IE—F 0
ZHOHIERMETH 5 L E LT 5. HH s-selfdecomposable Th 2 i 2k0EA% UB) Lild. Iz
B Jurek 7 9 A & k5.

B H @ nlag il U(B) OMaEAaTH 5.
EIE 2.2, u ZXFR»O FID £ 5%, UTFREAMTHS:

(1) pB 13TXNTD s > 0 THiE.

(2) plF UMD KET 3.

EE 2.3. % FID THHMLV Y 4 Lévy WEE v ¥ supp(v) C [-M, M| %H % M > 01 LTz LT3
LSS pld—EoTanETs. ZorE B ixs > f{”({:) IKBWTHIETH 5. EH 4 1% optimal T
bH5.

FEICBOTRIORRZEZICH o Tn 2 8, B#T 2022582 € Lid 2 EHZ AL 72w,
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R n CRE 2 127 4 =0 —=DBHII NS TEAEW, 525,

o IRIEDEIRI |V, 1(2) = P, (z+1)+QV, (v —1)|,
UL (x)|  |aVi(z+1)+bPE(z+1)
Wi ()| T e — 1) + dwio - 1)
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1000000 ESCAPE RATEODODOOOOOOO

gobooog

This is an excerpt from the paper [8] in preparation.

We are concerned with open systems, i.e., systems with orbits that escape from a bounded region
of phase space in finite time. Open systems are often used as mathematical models of nonequilibrium
processes.

Let M be a compact C*° Riemannian manifold equipped with a Lebesgue measure m, and f: M O
a continuous map. For a Borel subset B of M define

E(B) = hgllnf—logm (ﬂ fk >
and

E(B) = limsup — logm (ﬂ " ) .

n
n—-4o0o k=0

Obviously, E(B) < E(B) < 0. If f satisfies Axiom A and U C M a small neighborhood of a basic
set A, Bowen and Ruelle [2, 3] proved a formula for escape rate

EU)=E(U) = sup {h(,u) — Z A (w): pis an ergodic measure with supp(u) C U} ,

where h(u) denotes the entropy, > Af (1) the sum of positive Lyapunov exponents of u counted with
multiplicity, and supp(u) denotes the support of p. This number gives the rate of escape from U.
In the case where A is an Axiom A attractor, no mass can escape and this number is zero. For
non-attracting basic sets such as horseshoes, masses escape at exponential rate and this number is
negative.

Eckmann and Ruelle [6] conjectured that this type of formula for escape rate still holds for a
large class of dynamical systems which do not satisfy Axiom A. Up to present, however, the formula
is known to hold only for a handful of such systems: rational maps or C'°° maps on the interval
with preperiodic critical points [5]; uniformly partially hyperbolic systems [9]; uniformly hyperbolic,
Anosov or some Billiard systems with small holes (see e.g., [4, 7] and the references therein). On
the other hand, a counterexample of C'*° non-uniformly hyperbolic surface diffeomorphisms was
constructed in [1] in which the conjectured formula does not hold.

The aim of this paper is to prove a formula for escape rate for a certain class of real one-dimensional
maps. Let X = [0,1]. A differentiable map f: X — X is called of class C® with non-flat critical
points if it satisfies the following properties:

e the critical set Crit(f) = {x € X: Df(z) = 0} is nonempty, and f is C® on X \ Crit(f);
e cach critical point ¢ € Crit(f) is non-flat, i.e., there exist a number ¢ > 1, called the order of

f at ¢, and C? diffeomorphisms ¢, ¥ of R such that ¢(c) = ¢(f(c)) = 0 and for every z in a
small neighborhood of ¢,

[0 f(z)| = |g()|"

Partially supported by the Grant-in-Aid for Young Scientists (A) of the JSPS, Grant No.15H05435.
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Let M(f) denote the set of f-invariant Borel probability measures. For p € M(f) let h(u) denote
the entropy of u, and define the Lyapunov exponent A(u) by

A = [max{ i tog107"(0)],0} duo)

which is a nonnegative finite number.
Let K be a closed subinterval of X. We consider an open dynamical system f|x: K — X. Define

+o00
AK) = () f(K).
n=0

This is a compact, forward f-invariant set unless empty. We assume A(K) # (), and consider
a dynamical system f| A(K) A(K) ©. In addition, we assume that any connected component of
KN f~Y(K) is not a singleton. We say flacxy is topologically evact if for any nonempty (relatively)
open subset V' of A(K) there exists an integer n > 1 such that (V) = A(K).

Define a pressure function t € R +— P(K,t) by

P(K,t) = sup{h(u) — tA(n): p € M(f), supp(n) C K}.

Theorem A. Let f: X — X be a map of class C? with non-flat critical points. Let K be a closed
subinterval of X such that f|x(xy is topologically evact and all critical points of f in K are extrema.
Then

E(K)=E(K)=P(K,1).

A proof of Theorem A is briefly outlined as follows. We first show that E(K) = E(K) = P(K,1) =
0, provided there exists a periodic point in K which is not hyperbolic repelling, or A(K) contains an
interval. We then treat the case where all periodic points are hyperbolic repelling and A(K) contains
no interval. The result of Young [9, Theorem 4(1)] gives a lower estimate E(K) > P(K,1). A key
ingredient for an upper estimate E(K) < P(K,1) is to construct a certain horseshoe at each large
inducing time, by way of diffeomorphic pull-backs of intervals. We then use a Gibbs measure on the
horseshoe to estimate from above the Lebesgue measure of the set of points which remain in K up
to the inducing time.

If time permits, I will talk about Theorem B on the Hausdorff dimension of A(K).
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RISK-SENSITIVE ASSET MANAGEMENT WITH GENERAL
FACTOR MODELS.
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Local risk-minimization for
Barndorff-Nielsen and Shephard models
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On the Euler-Maruyama approximation for one-dimensional
SDEs with irregular coefficients

Dai Taguchi (Ritsumeikan University)
joint work with
Hoang-Long Ngo (Hanoi National University of Education)

In this talk, we consider the Euler-Maruyama approximation for one-dimensional stochastic
differential equations. We provide the strong rate of convergence when the drift coefficient is the
sum of a bounded variation function on compact sets and a Holder continuous function, and the
diffusion coefficient is a Holder continuous function.

Let X = (X¢)o<t<r be a one-dimensional stochastic differential equation (SDE)
¢ ¢
Xt =0 +/ b(X,)ds +/ o(Xs)dWs, zo € R, t €[0,T], (1)
0 0

where W := (W;)o<i<7 is a standard one-dimensional Brownian motion on a probability space
(Q, F,P). Veretennikov [6] show that if the drift coeflicient b is bounded measurable and the
diffusion coefficient ¢ is bounded, uniformly elliptic and 1/2 + a-Holder continuous for some « €
[0,1/2], then the equation (1) has a unique strong solution.

One often approximates X by using the Euler-Maruyama scheme which is defined by

t t
() _ (n) (n)
X _x0+/0 b(X%(s)) ds+/0 a(X%(s)) dW,, t € [0,T],

where n,(s) = kT /n if s € [kT/n, (k4 1)T/n). It is well-known that if the coefficients b and o are
Lipschitz continuous functions, then the Euler-Maruyama scheme has strong rate of convergence
1/2, that is for any p > 0, there exists C' > 0 such that

E[ sup |X, — X""] <
0<t<T

C
ne/2’

Recently, Yan [7] and Gyongy and Rédsonyi [1] have shown that the strong rate in one-
dimensional setting with Holder continuous diffusion coefficient. Ngo and Taguchi [4] extended
the results in [1, 7] for multi-dimensional SDEs with discontinuous drift coefficient (but it is one-
sided Lipschitz function).

Halidias and Kloeden [2] prove that if b is increasing, continuous from bellow and o is a
Lipschitz continuous, then X (" converges to X in L?-norm. Their proof is based on upper and
lower solutions of the SDE and its Euler-Maruyama approximation, so it is difficult to get any



rate of convergence by using their approach. Leobacher and Szdlgyenyi [3] introduce a clever way
to transfer equation (1) with piecewise Lipschitz drift coefficient with finite number of discontin-
uous points, and Lipschitz continuous diffusion coefficient. Using their transformation technique,
the equation (1) is equivalent to SDE with Lipschitz continuous coefficients. Therefore, the new
equation can be approximated by its Euler-Maruyama scheme with the standard strong rate of
convergence 1/2.

In this talk, we provide the rates of strong convergence of the Euler-Maruyama approximation
for SDE (1) when the coefficients b and ¢ may have a very low regularity which includes every
cases of [1, 2, 3, 4, 7]. More preciously, we suppose that the drift coefficient b = b + by € L*(R)
is bounded measurable, b4 is a function of bounded variation on compact sets and by is a Holder
continuous with 8 € (0, 1], and the diffusion coefficient ¢ is bounded, uniformly elliptic and 1/24«-
Holder continuous with o € [0,1/2]. Under these assumptions for the coefficients b and o, we obtain
that the L'-convergence rate for the Euler-Maruyama scheme is g Aaif a € (0,1/2] and logn if
a =0 (Theorem 2.3 of [5]). For the case b ¢ L*(R), we also get the L!-convergence rate, by using
localization arguments, (Theorem 2.4 of [5]). Moerover, we obtain the LP-sup convergence rate for
any p > 1 (Theorem 2.6, 2.7, 2.8 of [5]).

The idea of proof is to use the Yamada-Watanabe approximation technique, the removal drift
method and the Gaussian upper bounded for the density of the Euler-Maruyama approximation.
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Martingale problems for diffusions on metric graphs

TOMOYUKI ICHIBA !

We shall extend martingale problems for the Walsh Brownian motion ([1], [3], [4]) on a star
graph to those for diffusions on a metric graph (&,0) with a finite number of vertices (cf. [2]).

Here the metric graph (&,9) is a collection of finite or semi-infinite edges {e € €} with N
vertices U := {vg, k = 1,...,N} forsome N < +oo and metric 9. We assume that the
graph is imbedded in the Euclidian space R? and that any two edges can only meet at a vertex.
The metric 0 is defined in the canonical way as the length of a shortest path between two points
in & along the edges and the length along each edge is measured with the usual Euclidian metric.

The semi-infinite edges isomorphic to R, = [0, 00) are called external, while the finite edges
isomorphic to a finite open interval are called internal. We assign the initial vertex and the terminal
vertex for each edge e € € viaamap §. The map & associates each internal edge e to a pair
(61(e),d2(e)) € U x UV with its initial vertex ;(e) and its terminal vertex Ja(e). An external
edge e has only the initial vertex d1(e) € U and we define dz(e) = +oo formally. We call
di(e), i = 1,2 the end points of e € . We write v ~ e, if v € U is one of the end points of
e € €, and define the set &(v) := {e € € : v ~ e} foreach v € L. We also assume that for
each point x € & \ U there exist unique e € €, v € ¥ and r € R, such that = belongs to the
edge e(x) with the initial vertex v(z), the terminal vertex d2(e(z)), and the length between x
and the initial vertex is r(x) defined by

v(z) = d(e(x)), r(x):=020v(x),z); €. (1)

Thus we identify the point € & in terms of such triplet (e,v,r) € € x U x Ry, and define
each function g : & — R with this coordinate, i.e., g(x) = g(e,v,7), x € &.

We consider the class ® of BOREL-measurable functions g : & — R with the following
properties: (i) they are continuous in the topology induced by the metric 9 ; (ii) for every e, v, the
function r — ge () := g(e,v,r) is twice continuously differentiable on (0, c0) and has finite
first and second right-derivatives at the origin; (iii) the resulting functions (e,v,r) + g ,(r) and
(e;v,7) = g¢,(r) are BOREL measurable; and (iv) SUPoc, < cce(v)vewl e ()] + 196, ()] <
+o00 holds for all finite K . For notational simplicity we write

G'(x) == g.,(r), G"(z):=g.,(r) forz=(ev,r) withr>0 (2)
and for each vertex v € U with e € €(v) we define

G'(e,v,04+) :== lim (=1)"'G'(z), if v=2die), i = 1,2. 3)

z—v,z€E(v)

Let us consider the canonical space 2 := C([0,00); R?) of R?-valued continuous functions
on [0,00) endowed with the o -algebra F of its BOREL sets. We consider also its coordinate
mapping w(-) and the natural filtration F := {F(¢),0 < ¢ < oo} with F(t) := o(w(s),0 <
s <t), 0 <t < oo. Foreach vertex v € U we shall consider a probability measure v, (de),
e € €(v) on the set E(v) of edges. For example, if the total number of edges at v is finite, the
measure v, (-) is a discrete probability measure (cf. [2]). In the following we shall construct the
diffusion on & with drifts b := {b(z),z € &}, dispersions o := {o(z),x € &} and the
vertex measures v = {v,(-),v € U} via the martingale problem associated with (b, o, v).
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Given the vertex measures v and BOREL measurable functions b : & — R, o : & —
R\ {0} we define for every g € © the process

MI(5w) = g(w(-) — g(w2(0)) —/0 Lg(w(t)) - Lppyeerdt , ©)
where with a(-) := o?(-) and the derivatives in (2) we define the infinitesimal generator

1
Lg(z) = b(z)G'(x) + §a(x)G//(J:); reB.
Local Martingale Problem: For every fixed x € & to find a probability measure P on the
canonical space (€2, F), such that w(0) = x holds P-a.e.; (ii) [y~ 1{#ewydt = 0 holds P-
a.e.; (iii) for every function g € © (respectively, D ), the process MY(-) in (4) is a continuous
local submartingale (resp., martingale) with respect to the filtration F* := {F(t+),0 <t < o0},
where

D (resp., Dp) = {g €D : / G'(e,v,04+)v,(de) > 0 (resp.,, = 0), v € ‘B} .
€(v)

Proposition. Suppose that the drifts are identically zero and the reciprocal of the dispersion coeffi-
cient 7 — o ,(r) := o(e,v,r) = o(x) is locally square integrable, i.e., [,-(1/02,(r))dr <
+oo for every compact subset K of € := eU {d1(e)} U{da(e)}, e € €(v), v € V. Then the
local martingale problem associated with the triplet (0, o, v) is well-posed.

More generally, under appropriate conditions, by the method of time-change and the scale
functions we may construct the diffusion on the graph & associated with the triplet (b, o, v).

For a fixed initial vertex v, € U and its neighborhood B (as a subset of &(v,)), the local be-
havior of the resulting coordinate process X (-,w) := w(-) in B is characterized by the distance
R(-) := r(X(-)) (defined as in (1)) from the vertex v, which satisfies

dR(t) = b(X(t))dt + o (X (t))dB(t) + dLE(t); t>0 (5)
locally for some Brownian motion (3(-) and the local time growths
AL (t) = v, (A)-dLE(t); t>0, (6)

where L%(-) is the semimartingale local time at the origin for the generic semimartingale &(-)
and RA(-) := R(-)1{¢(x(.))eay for every BOREL subset A of &(v,).

This is an extension of the results in [2] from the graph with a finite number of edges to that with
possibly uncountable number of edges but still with a finite number N of vertices. We shall also

discuss some examples (including the WALSH diffusions with N = 1) and further extensions.
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On fluctuations of eigenvalues of Gaussian beta ensembles at
high temperature

Trinh Khanh Duy
Institute of Mathematics for Industry, Kyushu University

1 Introduction

Gaussian beta ensembles, as generalizations of Gaussian orthogonal ensembles, Gaussian
unitary ensembles and Gaussian symplectic ensembles, were initially defined as eigenvalues
ensembles with the joint density,

(AL An) o JA(N)Pe PEEm VA g) = exp 6<Zln =Xl =>v (m) dA,
1

1<j =

where V(\) = A\2/4 and A()\) = [Tic;(A; — Ai) denotes the Vandermonde determinant.
They can be also viewed as the equilibrium measure of a one dimensional Coulomb log-gas
at the inverse temperature [.

Let

1 n
Lng=— 0\/ym
j=1

be the empirical distributions of the scaled Gaussian beta ensembles. Then for fixed
B, it is well known that the empirical measures L, g converge weakly to the semicircle
distribution, where the semicircle distribution, denoted by sc, is a probability measure
supported on [—2,2] with the density v/4 — 22/(27). This means that for any bounded
continuous function f,

n 2
(Lng, f) = % E F\j/V/n) = (sc, f) = /2f(a:)217r\/mm: a.s. as m — 00.
Jj=1 -

The fluctuations around the semicircle distribution were also investigated. More precisely,
it was shown in [7] that for a sufficiently nice function f with (sc, f) =0,

Zf()\j/\/ﬁ)ﬂ/\/’((],a]%) as n — 0o.

Jj=1

Here —% denotes the convergence in distribution. Note that beta ensembles with general
potential V' were considered in [7].

Matrix models for Gaussian beta ensembles were introduced by Dumitriu and Edel-
man [4]. They are symmetric tridiagonal matrices, also called Jacobi matrices, whose
components are independent and are distributed as

N(0,1) X(n-1)8

T V2 [ Xm-ng N(01) Xn-2)s
=3 -

Xs  N(0,1)



Here Yy, for k > 0, denotes the (1/4/2)-chi distribution with k degrees of freedom or the
square root of the gamma distribution I'(k,1). By those matrix models, Dumitriu and
Edelman [5] established the above central limit theorem for polynomials f by different
methods.

The limiting behaviour of Gaussian beta ensembles in the regime where n — co with
B =2a/n — 0 («a being a positive constant) has been considered recently. It was shown
first in [1, 6] that the mean empirical distribution (also the mean spectral measure) con-
verges weakly to a deterministic distribution i, and then in [3] that the empirical distri-
butions L, g themselves converge weakly to the same limit. Namely, for any polynomial
p, as n — oo with ng8 = 2a;,

(Ln,,p) = {(Ha,p) in probability.

The probability measure p,, here is the (scaled) measure of associated Hermite polynomial
[2]. Note that the support u, is the whole real line and the measure p, is determined by
its moments.

It is the purpose of this talk to investigate the fluctuations of the empirical distributions
around p,. The main result is as follows.

Theorem 1.1. For a polynomial p of positive degree, as n — oo with nf = 2a,

(Ln,p) \/I;KLn,pﬂiw

The main tool used here is the martingale difference central limit theorem. It is
expected that the central limit theorem should hold for a larger class of ‘nice’ function f.

(0,67).
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CONCENTRATION FOR FIRST PASSAGE PERCOLATION
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Theorem 1 (concentration around the mean). For any x < 1/2, there exist Cy,Ca, A > 0 inde-

pendent of p such that for any n € N,
P(|n =Ty, (wp) — n 'E[T) (w,)]| > n™X) < Cy exp{—Can’}.

Theorem 2 (rate of convergence). For any vy € (0, 3), there exists C > 0 independent of p such

that for any n € N,
iy — BT (wp)]| < Cn.

Theorem 3 (continuity). p, is continuous in p € [0, 1].

Theorem 1 0 Concentration J 000000000 First Passage Percolation 00000 OO0
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Parametrix method for simulation of stochastic differential
equations

Tomooki Yuasa *

Abstract
In this talk, we introduce an exact simulation method for stochastic differential equations
(SDE’s) via Parametrix method with localization. This method can be expressed as two
methods: the Forward method and the Backward method. In particular, the Backward method
does not require the regularity of the coefficients of the SDE. Although the method has no
bias, the error will be big because the variance is not generally finite. Accordingly, we consider
an important sampling method together with and a new idea called the localization technique.

1 Preparation

Here, we simply explain the 1-dimensional SDE with the Forward method only. The general case
can be obtained similarly. Let X; = X;(z) be the weak solution of 1-dimensional SDE

dXt = O'(Xt)th + b(Xt)dt, te [O,T], (1)
X() =,

where W; is a 1-dimensional Wiener process. Let §;,7 € Z~( be a sequence of i.i.d. random variables
with common density fe which satisfies fe|(—oo,0)(2) = 0 dv — a.e. and fe|[g,00)(z) > 0 dx — a.e.
Also, let 79 = 0,7 = Y 5, &j,i € Zso be a point process and let N; = inf{n € Zxo;7, <t <
Tnt1},t € [0,T] be its associated renewal process. X7 ,i € Zxo denotes the Euler-Maruyama
scheme of (1) with XJ = = and the random partition 7 = {0 =70 <71 < ... < 75, < T}. We
define gn,n € Zsq, for every n € Zsg and so = 0 < 51 < -+ < 8 < T, qn(S0,51,---,50) =

Jre, dzfe() 17 fe(siv1 — s:) and go(s0) = 1.
2 Basic form of Parametrix method

Theorem 2.1 (P. Andersson, V. Bally and A. Kohatsu-Higa (2015)). Suppose that the coefficients
of (1) satisfy o € CZ(R), b € C}(R) and a := 02 is uniformly elliptic. Then, for every f € C°(R),

Nr—1
f(XT)
E[f(Xr) =E [T 00— (X7 XT,
[f( T)] QNT(7'077'1,-~-77'NT) p it ( i z+1)

*Dept. of Mathematics, Ritsumeikan University, 1-1-1 Nojihigashi, Kusatsu, Shiga 525-8577, Japan, E-mail:
ra0019ff@ed.ritsumei.ac.jp



where for every t € [0,T] and z,y € R,

1
buley) = 3 (a(0) + () — ) (2.9) + 20 WD (2.9)) ~ (B(0) + (bla) ~ b (2.9))
Y (z,y) = f%xb)gm and WP (z,y) = (yfz&t)’im)t)Q - a(;)t. Also, if there exists w such that
Nr(w) =0, then we understand HZ]-V:TO(M)_I Orii1—7(XT, (w), X7 (W) = 1.

3 Samplings of the sequence ¢;

Once one defines f¢, we can obtain the concrete Parametrix method.

3.1 Exponential sampling

We arbitrarily choose A > 0. Let &,i € Z-¢ be a sequence of i.i.d. random variables with
common density fe(x) = )\e’/\xl[om) (z),z € R. Namely, the common distribution of ; is the
Exponential distribution with parameter A and Ny is a Poisson process. Also, for every n € Zsq
and 0 =59 < 81 < -+ <8y <T, qn(50,51,--,8n) = e ANT,

3.2 Beta sampling

We arbitrarily choose 7 > T and v € (0,1). Let &;,¢ € Z~¢ be a sequence of i.i.d. random variables
with common density fe(z) = %1(0,?) (z),z € R. Then, the common distribution Fe¢(z) =
(2)'"" 7107 (2) + L o0y (2), 2 € R. Also, for every n € Zsg and 0 = s < 51 < -+ < s, < T,

—s _ — -1
Qn(30781a .. -7Sn> = (1 - (%)1 T)(%)TL H?:O (si+1lfsi)“f :

3.3 Gamma sampling

We arbitrarily choose v € (1 — «, 1) and ¥ > 0. Now, we need to choose o € (0,1) in Forward
method, too. Let &,i € Z-g be a sequence of i.i.d. random variables with common density
fe(z) = W%e*% 1(0,00)(2), 2 € R. Namely, the common distribution of §; is the Gamma
distribution with parameter 1 —~ and 9. Also, for every n € Zsgand 0 =sg < s1 < --- < 8, < 7T,

_ I(1—,I5em) 1 n,—sn ppn—1 1
Gn (80,81, 8n) = =) — (ra—yer=s)"¢” ¥ llico G-

Here, Beta sampling and Gamma sampling are two example of importance samplings which
lead to methods with finite variance. Note that we must choose parameters for smaller variance
and shorter trial time. However, the variance is still big even if we use importance sampling
and its application although successful has some limitations. Thus, we suggest a new localization
technique and give their theoretical properties in this talk. This technique can theoretically improve
the importance sampling methods proposed above. In some sense, it becomes a space importance
sampling method while the ones described above are time importance sampling methods.
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An operational characterization of the notion of probability by
algorithmic randomness
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MRS, RIEEMDIz e A2 TO T CEHELRLEH 2 72T, b?b‘bfa\i)‘b BB
IZBWT, MERmEITHERDO Z & TH O, “ MR " OBRIENRRFEM T X, K72 WL X
NTWZRW, BB, “HER” S I3EBERIZIZED XS BERLon? @,ﬁfﬁxﬁﬁﬁﬁﬁii\ Bt
FHAM O % 28T, BICHERETIVOMAZEL T, BEMSVLESHVWONTVWEDTH
5, AFEKTIE, 7VIVALNT VX LFADESEEICEDVT, RSO BIENR AT
I ERRT S, 7TV XL VX LA (Algorithmic Randomness) 1. BUFEMER D —52
BThbh, GR2oNMH%DIEERINZDONT, TV XLANEPOSEEATHIZT 2HRARTH
% (2, 3, 1], AFETIX, Bernoulli {IEIZEET 5 Martin-Lof 7 > & A MEIZHED W THERBE R DO #
TERR AT T 2 RS 5,

RS D EAER Az DWW T, BTHEAC DR, von Mises AVAFER 72k A % R L 72
9, 10]o Bld. TEBRBLR DERIFERREUT 7‘8 LT, 2V 27+ 7 (Kollektiv) &IEIHER%ZEA
U, ZAUTENTHERGR E MG A2 HRER L X5 & Lz, UL, Ville 8] D#fFE%E L T, von
Mises WEAUZZDEEDIAL I T 1 7120 T, 7V X AHICEL THAREE 2R 200
ZEMHOPII R 5Tz, 72, TEXFHL AL I T 1 712k, HERE O OHEZXIR Z 5 vl fetk % HE
BRTERVE WS NTEEN BRI D 572, ZDH, 7V X LMEDERIZBEIL TlE. Martin-Lof [2]
23 Martin-Lof 7 v X LMEOHEGEZEA L, T, ZOROTIVITY ZLKT V& L3 ZADFERE
D—DODKERMEL IR > 7,

Martin-Lof 1&, &3 [2] T Martin-Lof 7 > X AEOBEEZEA U 2B IZ. Bernoulli #IlE 2B 4
% Martin-Lof 7 > Z LMEOBER B FERFIZE A L2, LT, IEIZZNI ZH von Mises 3“2 L 2
T47 7 HMNI BRI BT 2HDTHS, LBRNTWVWE, UL2UAASZDEE, Martin-Lof
HE X, §wC [2] T Bernoulli JIfEIZRE 3 % Martin-Lof 7 > X AR W THERm OB Z1TH
LI LEnr o7z, SHIZBWTH, 7»:U1A%7/9A%X®!%i Hobkala s v &

LEBEROEBEAE ZNSDRBEIZH D, TUTY RALKT VX LAEBERIZH T, BRSO
TERIR LT T 2 5 A, 2 K DR Z EMER L X5 &k, BHiE b’CL\EL\J: SRR B, %
LT, EBE 2D &5 Ligid R 5700,

2&%2@( i%. Bernoulli I 289 % Martin-Lof 7 > X LPEIZEEDWT, von Mises D EAUZHE

. TERBESOBIENRIEAMN T 21813 T 5, RO I D7D, KFERTIIRIZ, ARAmHERE
FEﬁ\ Bis, AP EREG L5682 K 5, TLT, FMOMNESHEY, FLB L THERE
BUZBAT 2 MNIVEDORER DS, Z OEEIREANT I K o TED K S ITEfIzRBEI N D %25,

*AREFFEIE. JSPS BHFE 15K04981 DK, M ITHIAZE Bl E (A DD OBkz2ZF250THS, %
LT, AWFgEi. K& D National University of Singapore @ Institute for Mathematical Sciences (2 i 7EH1Z F&
BLUEZHDTH D, BRSAIZEH#T 2,
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ERORKLS 2 DOMNSN-HCHEBREN SR DRT VY vIL e DIRIBRE
WA mkd (BKE)

W % R EOB# w TULTFD (I)-(1il) 272902k ET5. (1) w(0) =0, (i) w ik [0,0) E
A CAEMRZ E D, (i) w 1E (—o0,0] LAEM THMIREZ D, aj,as > 01U, Pya, &
W EOMRRETTD ()-(ili) 27235 0E 35, (1) {w(—2),2 > 0,Pa; 0} g™t -HCH
BUERETH 5, (i) {w(z),r > 0, Pa, 0, } 1d o™t -HOHLLERETH 2, (iii) (1) & (ii) D 2 DDEFE
B THB. 0<c<min{l/(201),1/(2a2)} 20, MFINEEESTS. we W & A > 012
U, wy €W % wy(z) = e Pw(x),r €R, IZXDEHT S, [0,00) LOEFEBEKRE Q &L,
weQITHL X(t) = X(t,w) = w(t) ta%3<. weW & axy e RIZHL, Q EOMRHIE P %
{X(t),t >0,Pz0} BERIEAFE L, = $ev@ L (ew@ L)y 235 50 25 TS 2 ILHGETL L 725
LEDELUTERTD. THIZWXQ L@Eﬁﬂfﬁiﬁﬂfg Py° & Py (dwdw) = P, 0, (dw)Po (dw) 12X D
EHRT D, ARHEHTIE, {X(1),t>0,P)} DLt = e* TOZEB (A — 00) IZDOWVWTHET 5.

a;=cai(<1/2),i=1,2, L BE, weW L A>S0IZHLnweW 2L RTEHRT 5.

(ryw) () A lw(e®Ar), 2 <0,

mw) (z) = _

A A tw(e¥rr), x> 0.

T2 {Tawx, Payas} = {w, Pay oy} DT 5. w e WIZH U, w*(2) = w(z—) Vw(z+), w,(z) =
w(z—)A\w(z+) LEFTSH. we W DHTlimsup,_, {w(z)—infocy<, w(y)} =limsup,_, _ {w(x)
—inficy<ow(y)} = oo Zii7=THDORMAE WH LT, we W e>0ICHULUTE2ERT 5.

¢ = CG(w) =sup{z <0:w"(z) — ﬂEir;f«)w(y) >1-2a1},

G =C(w) =inf{z >0:w"(z) — Ogigixw(y) >1—2as},

Vi=Vi(w) =inf{w(z) : (1 <z <0}, Vo=Vo(w)=inf{w,(z):0 <z <},

by = by (1) = {{<1<x<0 we(z) =W}, w(G

)= = =mi

{G <z <0:w(z) =V}, w(Q)# Vi DA, b1 = b1(w) = min by (w),
)
)

(2)

b2 — bQ('lU) _ {0 <x< <2 : ’w*(l') = ‘/2}7 w(CQ = ‘/2 @i%éy bQ _ bg(w) _ maxbz(w)
{0<z <G rwile) =Va}, w((e) # Ve DA, ’

b b b DIGE

b = byo(w) = 1wl > wlbe) OBE,

b1 — ¢, w(bl) < w(b1+) @i?’gjé,

bQ, ’UJ(bQ) > ’LU(bQ*) @i%’é’

b25*b25(w): N

b2 +e, w(bg) < ’LU(bQ—) o)iﬁm,

w) = sup{w*(z) : by <z <0} (b =0 DHEIE M =0)
w) = sup{w*(z) : 0 <z < by} ( by =0 DHEIE My =0)
K; = K;(w) = M;(w) vV (Vi(w) + 1 —2a;), i=1,2.

ZZT,A= {w c W# . Ki+a < Kg-i-ag}, B = {w e W# . Ki+a; > KQ"’&Q} (‘ijb\%,
THITA>01TL, Ay = {w € W# : nwy, € A}, By = {w € W# : nywy, € B} &L,
POéhOéz{A/\} = POéthz {A}’ POéhOlz {BA} = PCK170<2{]B} MRALT 5.

BEIL. Py o, {WH=1IRET DL, LD e >0 1T LTEATD (1)-(ii) AT 5.
(1) lim Pal,l)ég{El,)\,€|A>\} =1. (11) lim Pal’a2{E2’,\’€‘B)\} =1.

A—00 A—00
ZZTC Eipne={weW# p\.(w)>1-¢}i=12,



Prae(w) = P {em®2X(e) € Ue(bi(mawn)) N (bre(Tawn), 0)},
p2ae(w) = PO {em 22X (e*) € Us(ba(mawy)) N (0,boc(mawn))}, Us(a) ik a(C R) @ e-iEf%.
F2. Py, {AUB} =1 EIET B &, limy oo PHY () € U-(b(rywy))} =1. 2T,

D¢ X(t,w) <0 DY b A
Yt = Yitw) = | TOXEw), X(tw) <0 G, b(w) = | P v EA
t_OQX(t,w), X( ,w) >0 DIGE, by, w € B.
WIZw e QIZHL X(t) = X(t,w) = ming<s<t X (s,w), X(t) = X(t,w) = maxo<s<; X(s,w) &
BE, Bx OO BU/MEBERE {X (t),t > 0,PY} L ERAMEERE (X (t),t > 0,P)} Dt = TOEH
(A= 00) IEDVWTHRS. weW# yeR,e>0 I UTUTZERT 5.

G =Gy,w) =sup{e <0:w™(z) - inf w(y)>1-2a1+7} ((1(0) =G THD),

r<y<0

G() = Glyw) =itz 2 0:w(z) = inf w(y) 21-20 +} (GO0) =G THE),

0<y<zx
e = 1) = { G w(Gle) S w(Ge)+) OB,
o Gle) —e w(Gi(e) > w(Ci(e)+) PBE,
o = G () = { GE) w(Gle) < w(G(e)-) DB,
o Gale) +e, w(Ca(e) > w(Ca(e)-) DHE,
p1(7) = p1(v,w) =sup{z < 0:w(z) > Ky —ay +az + 7}, p1 = p1(0),
p2(7) = p2(y,w) = inf{x > 0:w(x) > Ky +a1 —az +v},  p2 = p2(0),
p1(e), w(pi(e)) = wlpi(e)+) 22 pi(e) # 0 DA,
pre=pre(w) =14 pi(e) —e, wlpi(e)) > w(pi(e)+) DEHA,
—¢, pi(e) = 0 DHZE,
p2(e)s  w(pa(e)) = wlpa(e)—) D pale) # 0 DB,
pre=pac(w) =14 pa(e) +e, wlpa(e)) > w(pa(e)—) DHA,
g, pQ(E) =0 DGE

I, Al={weA:Vi+1-2a; > M}, A2={weA:Vi+1-2a; < M}, B! ={we
B:Vo+1—20> M}, B2={weB:Vo+1—-20ay < M} £BE 512X >0,i =121
U, AL ={w € Ay : mawy € A}, B = {w € By : nnwy € B} &BL. T2& P, 0,{AL} =
Poy oo {A™}, Poy ap{Bi} = Payan{B'}, A >0, i =1,2, BT 5.
T, e(X) > 0,2 >0, & limy_y00 £(A) = 0, im0 Ae(\) = 00, Z{ifi 7z TAER OB L T 5.
T3, Py, o, (WHY =1 2ET 2L AERED e > 0 1S L TR D (i)-(iii) 2L T .
(i) Jim Po, o, {Esnclr} =1. (i) Hm Po, o, {Esxc[By} =1 (i) lim Po, o, {Esc[B3} = 1.
ZZTC,Epe={weW# :p .(w)>1—-e},3<i<5,
Pane(w) = P) {Cc(mawy) < emPrX(e?) < Gi(—e(N), mwa)},
Paxe(w) = P {p1c(mawy) < e 2 X(e}) < pi(—e(N), mawx)},
Psne(w) = P) {pre(mwy) < e X (e}) < pi(—e, mawy)}-
B4 Pyl o, {WH =1 EIRET DL, ERD e > 016 LT, BATFD (i)-(iii) 2T B.
<i> ,\h—>H;o Pal,az {EG,A7E|A§\} =1 (ii) /\H_)H;o Pahaz{Eﬂx\,slAi} =1 (iii) /\h_fgo Pahaz{ES,)\,slB)\} =1
ZZTC Ene={weW# p\.(w)>1-¢},6<i<8§,
P (w) = P) {pa(—e(N), mawa) < e” @ X (e}) < pac(mawn)},
prae(w) = PY {pa(—£, mawy) < e7¥22X(e}) < pac(mawn)},
Psae(w) = PO {Co(—e(N), awy) < e7%22 X (e}) < (o.c(Tawn)}-

(-
SEH : [1] Brox, T. (1986) [2] Kawazu, K.-Tamura, Y.-Tanaka, H. (1989) [3] Suzuki, Y. (2008)



Lamplighter random walks on fractals

R 525 (BRI K OHLFEIFL)
AR B AR R AT K
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1 B RITHRR

TVTIAR=T T T EEDT T TDOEERIICT VT ({0,1}) 2B E, EOTHED T Y THRDO0T W5
MEBIMK LT T 7 THD. T, HEBDSZHEAREIWMKRT 777 EOT VX LY 4 — 0 & ffiid 5—
RN TFIED LI N D DB 2D, —HTY 7 7 DHEMBMPRBIER T2 L5777 EOIF VR AT =0 %
fRMr S 2 — MR FIRIZVEZ RV E VS THIWRILTH S, TLTT VT T4 X =27 7 OIESBUSFREN
KTBTITT7TH5. ZRIRBEDT T 712 SREDIEMD T > THRDONT VB 20 WLDIERINR X
NTVWC, IV T IA4R=TITTDANREIDELLD” FHE" 2F->T0d7d, LHIHTES. ZOXIRHE
RBPEBMAT 5757 EOIT VY RLY =2 OWEON 2T 5 Z L, ZOMEOEHETH 5.

SUTIAR=TSTEDSVRLT A —2IZ20VWT, G = 7% DBEITIZWL OhDEGHEND S.
7o 28 ED T Y R LY+ —2 @ On-diagonal BaEaHli 12 DWTIE [2]. Zo1Z EDT Y X LY % — 2 DEEN
BMOBEANZOWTIH B] I& > THLNT VWS, (ZNSOFEROFEMILHEETICHET2.) A% G % &
D—N T 7ICBEMA - E, INODERNVED I SIZEAT 202 ZRHNTHS.

2 BREELEHER

777 G = (V,E) X HER, #E —FRER (DFD sup degv<oo) £95. GOIVTIAR—=
veV(G)

V(Z21G) = {(f.v) € (Z2) x V(G) | §Supp f < oo}

THAONET7T7T7TH5. (f,v) € V(ZNG)IZTRHL v BEIR (FVTT7148—=) DWBEFEXEL f T
GOEDEMD T Y TWOVWTVWENRERLTVWS. £/, DEHMAZEFEOX T x,y, - THEL Z1G DT
AT ¢y, - TRITIELIZTS.

{(Xp}nso & G EOBMT VXL =295, G L {X,} TROEMLERET .

RE 2.1. (o) (WRERME) EEM G OhDL e V(G), FEr OFOHEEE Vo(x,r) & L&,
Ve l(z,r) &

cer® < Va(z,r) < cor®s



ELERDOzeV(G) &r >0 LTHRT.
(b) (Sub-Gauss BIBWEFHI) G EOFMT > X Lo +—2 {X,} I,

1
a c3 do(z,y)dw\ 7T
Py (2,y) < iy /dy &P l—04 (n

| S

] |

ZOZEMEHRZT G e {X, L, RERMIZTVTEZEBVWTC IV T IARX—T T T 731G 2FERAIDT Y
TIAR—=TITTDLEDTVRELT =2 {Y, = (N, Xn) o 2FZD. THIE G 2T VX LIZEHE, D
FWZGLEDF Y TH2T VA LT on, off DEER TS, LW EERZREVKE LTS EDTH S, ERFITRDE
DTh5.

cs dG(l’,y>dw dow—1
pS (@, y) + 05y (2, y) > iy &P l—% (n

EEED 2,y e V(G) £ n>0Tdg(z,y) <nkddbDITx L THz7.

EI 2.2 (On-diagonal ZU%iTfli; Kumagai, N(2015)). K& 2.1 DK iDL T 5. ZDL &,

df
P2 (x, @) ~ exp[—n T |

BRETD x = (n,x) € L L GITH UMD TD.

T 2.3 (EHENEHOEA; Kumagai, N(2015)). KE 2.1 KDDL T 5.
([),' df/dw <1D&E. EOTEH c11,€12,C13,¢14 > 0 W > TIRHR D ﬁo;

c11 < limsup dzc(Yo, Yn)
11 = B 70 log log n) 070
im i dZ ?G(Y07 Yn)
3 < 2
€13 = l!nrr—l)gf ndf/dw (log log n)fdf/dw

<c1g, Pg-as. foralxeV(Z1G),

<cua, Pg-as foralxeV(Z1G).

(I1); dg/dy > 1 DEE. EDE ca1, Ca2, Co3,C24 > 0 D3 > TRV D LD ;

deZG(Ym Yn)

co1 < limsup < Ca9, Py-a.s.  forallx € V(Z21G),
n— 00 n
d Yo,Y,
co3 < liminf M < oy, Py-a.s.  foralx e V(Z21G).

n—00 n

£ 3Rk
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The quenched critical point for self-avoiding walk
on random conductors

Yuki Chino* and Akira Sakaif
Department of Mathematics
Hokkaido University

Self-avoiding walk (SAW) is a statistical-mechanical model for linear
polymers. We have many rigorous results on SAW, especially in d > 4
[1, 5]. However in two or three dimensions, there still remain open problems
[6]. In 1981, B. K. Chakrabarti and J. Kartész first introduced the random
environment to SAW [2]. Our interest is to understand how the random
environment affects the behavior of the observables concerning SAW around
the critical point. In this talk, we show the quenched critical point is almost
surely a constant and estimate upper and lower bounds.

Let B? denote the set of nearest-neighbor bonds in Z¢, let Q(z) be the set
of nearest-neighbor self-avoiding paths on Z? from z, and let X = {X}},cpd
be a collection of i.i.d. bounded random variables whose law and expectation
are denoted Px and Ex, respectively. Given the energy cost of the bond
h € R and the random environment X and the strength of randomness
B >0, we define the quenched susceptibility at « € Z%:

Xnox (@) = Z e*Z‘f:‘ﬂthBij)’
weQ(x)

where |w]| is the length of w and b; is the j-th bond of w. Because of the
inhomogeneity of X, the quenched susceptibility is not translation invariant
and does depend on the location of the reference point x. We also define
the number of SAWs in random environment:

[wl

tox(mn)= Y e P g, o

we(z)
Therefore, we have
o0
Xh,3,X (z) = Z e_h"éﬂyx(x; n).
n=0

Since xp,8,x () is monotonic in h, we can define the quenched critical point:

E%,X(x) = inf{h € R: Xp3x(z) < 00}

*chino@math.sci.hokudai.ac.jp
Tsakai@math.sci.hokudai.ac. jp



We denote ¢(n) be the number of the homogeneous SAWs. By virtue
of the self-avoidance constraint on w and the i.i.d. property of X, we can
directly compute the annealed susceptibility Ex x5 x ()]

Ex[{ns.x ()] =Y e "loge)mc(n),
n=0

where A\g = Ex[e~#%?]. Then the annealed critical point must be defined:
h% = log pu + log Ag,
so that Ex [Xn 5 x ()] < oo if and only if h > h%. By Jensen’s inequality,
hy > log p — BEx [X].
The following theorem is the main result of this talk.

Theorem 1. Let d > 1 and § > 0. The quenched critical point ilqﬁx(l‘)
is Px -almost surely a constant that does not depend on the location of the
reference point x € Z*. Moreover, by abbreviating hg x () as hg, we have

log u — BEx [Xp] < iLg < h%, Px -almost surely.
For d =1, in particular, the lower bound is an equality.

The key elements for the proof are the following:

e To prove that the quenched critical point is Px-a.s. a constant we show
translation invariance and ergodicity by following similar analysis to
that in H. Lacoin [4].

e The upper bound (generally called the annealed bound) is trivial. On
the other hand, the lower bound is derived from the second moment
estimate by using the Paley-Zygmund inequality.
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Enlargement of subgraphs of infinite graphs by
Bernoulli percolation

Kazuki Okamura*

We consider changes of properties of a subgraph of an infinite graph if we
add open edges of Bernoulli percolation on the infinite graph to the subgraph.
We give a triplet of an infinite graph, a subgraph of it, and, a property for
graphs. Then, in a manner similar to the way that Hammersley’s critical
probability is defined, we can define two values associated with the triplet.
We regard the two values as certain critical probabilities and compare them
with Hammersley’s one.

In this talk we will focus on the following cases that a property for graphs
is being a transient subgraph, having infinitely many cut points, having no
cut points, being a recurrent subset, and, being connected. Our results de-
pend heavily on choices of the triplet.

*Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502,
JAPAN. e-mail : kazukio@kurims.kyoto-u.ac.jp



Continuum Cascade Model of Directed Random Graphs

Yoshiaki Itoh

Institute of Statistical Mathematics, Tachikawa, Tokyo
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In the cascade model by Cohen and Newman, the random directed
graph has vertex set {1, ...,n} in which the directed edges (i, 7) occur inde-
pendently with probability ¢ for i < j and probability zero for ¢ > j. Let
L,, denote the length of the longest path starting from vertex 1. We apply
the Poisson approximation to the binomial distribution of the number of
directed edges at each vertex and consider the continuum cascade model.
We study the asymptotic behavior of L,, as n tends to infinity.

At step 1 we generate N, points by the Poisson distribution Pr(N =
k) = %e‘“’ on [0,z]. Each point is mutually independently distributed
uniformly at random on [0,z]. At step j(> 1), for each generated point
at x — y, generated at the step j — 1, generate /N, points by the Poisson

distribution Pr(N = k) = %e‘y uniformly at random on the interval
[ — y, ], independently from the points on other intervals at step j and
independently from the points of previously generated intervals. We call
the terminal interval any interval which did not generate any point. The
terminal interval, which appeared at a step, remains a terminal interval
after the step. We continue the steps as long as we have at least one interval
which is not a terminal interval. For each terminal interval generated by
the above procedure, we count the number of steps to get the interval and
call it the height of the interval. Let us call the maximum of the numbers,
H(xz), the height of the tree generated by the continuum cascade model on
[0, z].

When k points, x—y1, z—ys, ..., T—Yyj, are generated at step 1, the proba-
bility, that the height is not larger than n—1, is P,—1(y1)Prn—1(y2) - - - Pn—1(yx),
since each y; is distributed uniformly at random on [0, z] and k is distributed
by the Poisson distribution. We have the recursion for the probability
P,(x) =P(H(z) <n). For n=0,

P,(x)=e"", (1)

while for n > 1,

P = oot [P, 2)

We apply a theorem by E. Aidekon for branching random walk to study
the above numerical traveling wave solution of equation (2) mathematically.
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Figure 1: Traveling waves, the distribution P,(x) versus z obtained by
iterating the recursion. P,(x) is shown for n = 20,40, 60,80, 100 (left to
right).

We consider the derivative martingale D,, for our continuum cascade model.
We know the martingale converges almost surely to some limit D, which
is strictly positive on the set of non extinction of the genealogical tree for
our continuum cascade model. We see that there exists a constant C* > 0
such that for any real z,

: n 3 _ * _exr
nh_}ngo Po_1(x+ s Inn)) = Elexp(—C*e**Dy)], (3)

which gives the asymptotic probability on the longest chain length (on the
position of wave front).

References

[1] Ttoh, Y and Krapivsky , P L 2012. ”Continuum cascade model of di-
rected random graphs: traveling wave analysis.” Journal of Physics A:
Mathematical and Theoretical 45, 455002.

[2] Ttoh, Y 2015 Continuum Cascade Model: Branching Random Walk for
Traveling Wave. arXiv preprint arXiv:1507.04379.



Geometric structures of favorite points and late points of simple

random walk and high points of Gaussian free field in two dimensions
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AFHHEHTIE, Z2 Lo simple random walk(SRW) DR, UEH)E S % Gaussian free field(GFF) 122V T D
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Z5FEZ, 0<a<lITRL, Z2 ED o-High points DEAZRD X HICEHRT S :

Vo) :={zcZ?: %(;S(IE)Q > 470[(10g n)?}.

(IT) a-Late points
(3] ® Z2 D SRW O cover time 120 $ 25Hliz 5 F 2, 0<a<1IZANL, Z2 Ed a-Late points DA% XK
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— 2. d >
Ly(a):={ze€Z;: (nlog ) = 7 1.
(III) a-Favorite points
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U, (a) = {z: K(1,,2) > —(logn)?}.

FEo (DAD)II) O¥MIEEEZ B2 27010, M CZ?2E0<pf<1&jeNIZHLTROEGHREEERT S !

Hyjp(M) := [{(z1, ..., x;) € M7 d(2s,2;) < nP for any 1 <i,1 < j}|.



(7] TE Hp2p(Vnle)) ZaHli L TED, [4, 8] TiE Hpop(Ln(e)) ICBIL THUGHZFTW7. 20k ) GFF &
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3 ERREFXTHEREDLLE
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EE 3.1. (0. 2015)
EED j e NIZWHLTRIPEILT S in -0 DL E,
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logn logn logn

ZIT, pila,B) & pila,B) BRORICERT 5 :

o B) = 2420 - VB - gt (B< 7501 -Va)
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Lp(a) Z VU, (a) ICEZ T ZICAUFHERRO NS I L2 PRLTED, INEM 3.1 X ) EEWICHIRTE
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AT, AR b-ary tree L TREADFIRERL LD X2 0 ICEVWRFEE S BB T X 4
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