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1. Introduction

Our objective in this talk:

Upper bound of the bottom of the essential spectrum in terms

of the and

E: locally compact separable metric space

m: positive Radon measure on FE with full support

(€, F): regular Dirichlet form on L? (= L?(E;m))

(L, D(L)): L*-generator of (£,F) (E(u,v) = (—Lu,v)2)
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T: = e~ Lt (¢t > 0): Markovian semigroup on L?

(0< f<1=0<Tf <1 (t>0))

The Dirichlet form (£, F) on L?(E;m) is characterized by

e Beurling-Deny expression (with no killing part):

£(uyw) = Juy (B)+ [ v, @) () I (A2, )

e Underlying measure m

Question. How these factors determine the properties of

Markovian semigroups?
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T} is compact on L?

— VB C L? (bdd.), T;B is relatively compact in L?
€

oess(—L): essential spectrum of —L

T; is compact for some/any t > 0
<= 0Oess(—L) = 0, i.e., the spectrum of —L is discrete

<

Ae := inf oegs(—L): bottom of the essential spectrum

~+ characteristic quantity of noncompactness
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Brooks (1981/1984): Volume growth and upper bound of )\
(M, g): complete and noncompact Riemannian manifold

L = A: Laplace-Beltrami operator on M

1
s E(u,u) = /M(Vu, Vu)gdv = §M?U>(M)

Bo(r) ={x € M :d(o,x) <r} (o € M: areference point)

Ae <

(1 | 1 2

< " <1171£1i>so1<1>p;10g fv(Bo(r))> 2 (v(M) = o0)
\% <li7gso%p_7llog v(M \ Bg("“))) (v(M) < oo)
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Brooks (1981/1984): Volume growth and upper bound of )\
(M, g): complete and noncompact Riemannian manifold

L = A: Laplace-Beltrami operator on M

1
s E(u,u) = /M(Vu, Vu)gdv = §M?U>(M)

Improvement by Kumura (2007):

Ae <

E (lim inf - log v(Bo(r))>2 (v(M) = o)

r—oo 7

T—00

4
. 2
% (lim inlelog’v(M \ Bo(r))) (v(M) < o)

6/28



Generalizations of Brook’s results to regular Dirichlet forms

Notarantonio (1998):

Strongly local regular Dirichlet form (intrinsic metric)

Folz (2014):

Dirichlet forms on weighted graphs (adapted length)

Haeseler-Keller-Wojciechowski (2013):
Regular Dirichlet forms with no killing part

(intrinsic metric in the sense of Frank-Lenz-Wingert (2014))
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Applications: Strong locality or graph structure only

Intrinsic metric conditions may force

sup/ d(z,y)*J(z,dy) < oo --- (%)
xcE JE\{x}

provided that J(dxz,dy) = J(x,dy)m(dx).
(%) fails for the fractional Laplacian —(—A)®/2 (a € (0, 2)).

A natural substitute for (x) is

)
Sup/ d(z,y)*J (z,dy) < oo,
recFk

\

SUP/ J(x,dy) < oo.

\ recFk
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S.-J. Wang (2023), S. (2023):
Necessary and sufficient condition for compactness/transience

in terms of the coefficient growth for and jumps

Purpose in this talk:

To understand how the big jump affects the spectral structure.

Approach:

e to apply the previous argument to the small jump part

e to dominate the big jump part by the L?-norm
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2. Result

(€, F): regular Dirichlet form on L? = L?(E;m)

Co(FE): totality of conti. functions with compact support in E

Assumption 2.1 (S. (2015/2016))
(i) Yu e FnCy(E),

— U\NL) — U 2 4 5 ™m 4 5
£ (u, u) = //E g )~ (@) I (@ dy)maz)

J(x,dy): positive measurable kernel on (E,B(FE)) s.t.

J(z,dy)m(dz) = J(y, dx)m(dy)
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(i) H{prtr>0 C FrocNC(E), IH{Fr}r>0 C C(E X E) with

oV(x,y) e EX E,Vr >0, Fr(x,y) = Fr(y,x) >0
oV(x,y) € E X E, Fr(z,y) S~ asr ~

s.t. the following are finite for each » > 0.

M (r) = ess sup / (r(x) — pr(y)) 2T (x, dy)
Ms(r) := eswsesgp/ J(x,dy)

(iii)) Vr > 0, VR > 0, K, (R) := {z € E | pr(z) < R} is

compact, and for each r > 0, K, (R) /" E as R ~ co.
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Theorem 2.2
(1) If m(FE) = oo, then

2
. (n
Ae < inf (Zer("“) + 2M2("‘)>

. o]
with gy = liminf —log m(K),,.(R)).
R— o0

(2) If m(FE) < oo and (€, F) is recurrent (~~ 1 € F), then

2
Ae < inf (Zer(T‘) + 2M2("°))

1
ith — liminf —1 EF\ K, (R)).
with v = lim inf — ogm(E \ Ky, (R))
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3. Sketch of the proof of Theorem 2.2 (1)

Proposition 3.1 (Persson’s formula)

If I{fn} C F with ||full;zz2 =1 (Vn > 1) sit. fr, = O

L?-weakly, then
Xe < liminf E(fn, fn).

n—oo

Haeseler-Keller-Wojciechowski (2013)
Keller-Lenz-Wojciechowski (2021)
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In what follows, we suppose that m(FE) = oc.

1
Recall p = lim inf —log m(K),, (R)) (r > 0)
R— o0

= Vr > 0, EI{fzn} s.t.
1
pr = lim —logm(K),(Ry))

n—oo R,

For » > 0 and a > u, /2, we define

2

f R, /2 Ry,
eFn/2 (ospr(a»s—),

2

f,,(f)(w) = ( e(Bn—pr(z)) _ 1 (ﬁ < pr(z) < Rn) ?

\

0 (pr(x) > Rpy).
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Lemma 3.2

(7)

For each » > 0, {f(r)} C FNCy(FE) and (:}) > 0
| frn |l p2
L?-weakly. In particular,
Ae < lim inf (Tl) e\, girh.
" fa ||
— / / D (@) — 15 ()2 I (@, dy)m(dz)
E x E\diag
-/l F (@) — 15 (@))? I (@, dy)m(dz)
+ / / F(@) — £57(y))? I (2, dy)m(dz)
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g (@) = (f1) (@) + 21, (R,)(®@)

Using
2
(1 @ =5 W) < —-(pr(@)—pr @) (g1 (@) *+g1 (1)),

and the symmetry of J(x,dy)m(dx), we have

/ / D (@) — 15 @) T (@, dy)m(de)
< a2 / / (pr(@) — pr(y))?
x g\ ()2 J (, dy)m (da)

< ale(r)/ ()2 m(de) = ale(r)llg(r)lle
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Since

/ / (@) — £ ())? T (2, dy)ym(dz)
< 2M(r) || 177112,
we obtain

), ) < Mi(r)lgn 132 + 2M2(r) 1 £ 132
As we can show ||f(r)||L2/||g(r)||Lz — 1 (n — oo), we have

("“) 2

e, 1)) < @My (r) ?,r) 52 - 2M(r)

1737112,
— o®? My (7) + 2M> (7).
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Hence by Proposition 3.1 (Persson’s formula),

Ae < lim sup 8(f(r) (r)) < &My (r) + 2M>(r).

oo || £ |2,

As r > 0 and o > u,-/2 are arbitrary, we get

2
I
Ae < inf (ZTM1("°) + 2M2("°)> :

The proof is complete.
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4. Applications (1)

In what follows, we assume that
o J(z,dy) = J(x,y) m(dy);
edo € E, do(x) := d(x,0) € Fioes

e Any closed ball in E is compact.

— U\NL) — U 2 4 & ™m r)m
£ (u, u) = //E i@~ w0 I @ yymdaym(dy
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Example 4.1 (Exponential volume growth)

Suppose that m(FE) = oo, 31 > 0, 3= > 0, o € (0, 2) s.t.

R’ (0<R<1),

m(Ba(R) 50 (z € E)
e (R>1)
and
d(x, y) T o (0 <d(z,y) < 1),
T@y) S0 @)

(d(z,y) > 1).

L d(z,y)1T/2

20/28



For » > 0, we take p,(x) = do(x) and F,(x,y) = r. Then

My(r) =esssup [ (do() — do(y))2T (2, y) m(dy)
xcE Jd(xz,y)<r
22—
< r 0<r<1),

r2=2 (r > 1),

M>(r) = esssup / J(z,y) m(dy)
xcE Jd(xz,y)>r

r— & 0<r<1),
N

r=®/2  (r>1).
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r r
ri-a 0<r<1), r— @ 0<r<1),
M (r) S « My(r) < 4
ri/2  (r > 1), r=2  (r > 1).

\ \
We thus have for some ¢ > 0O,

2
de < inf (K—Ml('r) + 2M2('r)> < cr“.
r>0\ 4

Remark. (Comparison with the n-dim. hyperbolic space H")
(i) A: Laplace-Beltrami operator on H"

For —(—A)%/2 (a € (0, 2)), all the conditions in Example 4.1
are fulfilled with n = n and kK = n — 1.

Grigor'yan-Huang-Masamune (2012), Ryznar-Zak (2016)
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oinf oegs <_(_A)a/2) _ (n ;al)a

om(B(R)) ~ cnemDE

However, the constant ¢ in our bound X\¢ < c¢(n — 1)% may

depend on the dimension n.

(ii) Haeseler et. al. (2013), Frank-Lenz-Wingert (2014)
Vp € (0,/4), 3cp > 0, p(x,y) := cp(d(z,y) A d(z,y)P) is

an intrinsic metric in the sense of FLW (2014). However,

1/p 1
B, (R)) < elt’" ~s 1lim —1 B,(R)) =
m(Bp(R)) X e Rl_{réoRogm( p(R)) = o0
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Example 4.2 (Coefficient growth)
Suppose that m(FE) = oo, 31 > 0, I3 € (0, 2) s.t.

m(Bz(R)) S R' (z € E), J(z,y) <

where p > 0, q € [0, 3) and
c(z,y) = {(1 + do(x))” + (1 + do(¥))"}{a(z,y)<1}
+ {1 + do(x))? + (1 + do(¥) T} {a(z,y)>13

A) p<2=XAe=0 Db)p=2=Ae <0
(pr(x) = log(r+do(x)), Fr(z,y) = c{r+(do(x) Vdo(y))})
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Remark. (Sharpness in regard to the positivity of \¢)
c(z, y)
|z — y|th

E = R4, m(dx) = dz, J(x,y) <

p=>0,qc¢€ [09/3) and
c(z,y) = {1+ [2))P + (1 + [y} f1z—y|<1}
+{@+ 2D+ A+ YD gp_y>13

de <00 < p <2 (S.-J. Wang (2023))
a’) P < 2 = Ae =0
b’) p =2 = A¢ € (0,00) (Lenz-Stollmann (2019), S. (2023))
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5. Applications (2)

Example 5.1 (OU type, F.-Y. Wang and J. Wang (2015))

Suppose that 3 > 0 and 3 € (0, 2) s.t.

1
(z,y)11P

m(Bo(r) <1 (2 € B), J(@y) 5

V (r): positive increasing function on [0, co)

py (da) := e”V{d@)m(dz) (do(x) = d(o,z))

£ (u, u) = / /E g ) — @) @) mla) ey (A
D(E) = {u € L2(E; py) : £(u,u) < 00}
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£ (u, u) = / /E @)~ 42T @) m )y (d2)
D(€) = {u € L*(BE; py) : E(u,u) < oo}

Suppose also that py (EF) < oo
= (€, F) is recurrent (F: the closure of C’})ip(E) in D(E))

—1
:= lim inf — 1 E\ K, (R
Uy ;{Hi:;lo R Ogm( \ P'r( ))

If36 >0, e (/eV6) < (r/s)0 (0 < s < r), then

e < limsup (I/r’l"2_5ev(r) 4 r—('rﬂ—ﬁ)eV(’r))
r— 00
(or(x) = do(x), Fr(z,y) = 1)
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For instance, if E = R? and m is the Lebesgue measure, then
Xe < lim sup (r_(’7+ﬁ)ev(r))
T— 00
If we assume in addition that
1
jx — y|1 A
then by F.-Y. Wang and J. Wang (2015),

J(xz,y) <

lim sup (r_(”+ﬂ)eV(T)) = 00 = Ae = OO

T— 00
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