Maximal displacement of

branching symmetric stable processes
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1. Introduction

Subject in this talk: Bounds of the range of particles

e particle motions

e branching mechanism (splitting time and offspring number



> {Xn}o2 1: nonnegative i.i.d. random variables
> Ly := max X
1<k<n

1 >

Noting that P(L,, < k) = P(X1 < k)", we have

. n 1
am P (nl/a < "‘) = exp (‘@)

[Durrett(19), Exercise 3.2.2]

> F (k) = exp (—1/Kk%):



o Branching symmetric stable process on R
> {X¢}¢>0: symm. stable process on R

generated by —(—A)a/2/2 (0 < axa<?2)
Then for some cg > 0, Pr(|X¢| > k) ~ cot/k?* (k — 00)
> V: nonnegative function on R?

The splitting time T is distributed as

t
Pr(t < T |o(X)) =exp (_—/O V(Xs) ds)

> p =A{pn(x) (x € Rd)}%o:o: offspring distribution



> Z;: the number of particles alive at time ¢
G e XtZt)(E (R¥)4t): particle positions at time ¢
> Ly := max |Xf|

1<k<Z;

maximal Euclidean norm of particles alive at time ¢




> Q(x) := > .2 gnpn(x): expected offspring number
> Wi(x) := (Q(x) — 1)V (x): intensity of branching

Assumption.

(1) V is a Kato class function with compact support in R

(2) p has the uniform finite second moment

(3) A :=inf Spec (%(—A)Oﬂ/2 — W) <0

Theorem 1. decyx > 0, d nonnegative r.v. My, Vk > 0,

. Ly csx M o
lim P, < k| =Eg {exp ( )}
t— o0 (e—)\t)l/a K&




> Z: nonnegative r.v.
Then by Theorem 1,

. Lt C*Moo
lim P, < k| =EKEg {exp < )}
t— 00 (e_At)l/Oé KO

— /O Pr(Moso € ds)P ((c*s)l/O‘Z < m)

nli)mooP (nl/a < K,) = P(Z < k) for L, = 1I§nl?%<n Xy

n

o Branching RW on Z with spatially homogeneous branching
[Durrett(83), Bhattacharya-Hazra-Roy(17)]

o (conti. time) branching RW on Z [Bulinskaya(21)]



2. Results (V(x)dx ~~ u(dx))
> p: positive Radon measure on R with
> Gﬁ(w, y): (B-resolvent of the symm. a-stable proc. on R4

Assume that i belongs to the Kato class,

lim sup [ Gg(z,y)p(dy) =0
,3_>OO JJERd R
> {Af}tzo: positive continuous additive functional of u

The splitting time T is distributed as

Pe(t<T|o(X)) =e A



> Ly := max |Xf|
1<k< Z;

> v(de) = (Q(x) — 1) pu(dx): intensity of branching

Assumption.

(1) p has the uniform finite second moment

(2) A := inf Spec <%(—A)a/2 — I/) <0

Lemma.

If A < 0, then the ground state h € C;'(Rd) exists and

(@) ~ it [ B v(dy) (2] > 00




Z

> M; 1= eM Z h(Xf): nonneg. square integrable martingale
k=1

> Moo := lim M; € [0, o0)

t— 00

Theorem 1. dcyx > 0 (explicit), Vk > 0,

Ly cx Moo
11 P < — K
Mool (e —At)l/a =P N {exp< KO ﬂ

> a(t): positive m’ble funct. s.t. a(t) — oo (t — o0)

Theorem 2. Jex > 0 (as in Thm), loc. uniformly in z € RY,

Ly
e (e—At)l/a > alt)

(t)



Remark. (Degeneracy of My, [S.(08, 19)])

> eqg := inf {t > 0 | Z = 0}: extinction time
= {eg = o0} D {M > 0}

> P2() := Pg(: | Moo > 0)

oed=1,a € (1,2) = {eg = 0} = {Ms > 0} and

lim P* Lt < k| =E |exp CxMoo ‘o
t—oo F (e—At)l/a — T KO

od > a = Pr({eg =0} N {Ms =0}) >0

In particular, the validity of (x) remains unknown.



3. Sketch of the proof of Theorem 1

We follow [Nishimori-S.(22), Bulinskaya(20)] to show

M
lim P, (Lt < ne_)‘t/a> = E, [exp < O oo)}

t— 00 O

> RE(t) := ke M/ (k> 0: fixed)
Since Py (Lt < o©) =1, Ve > 0, VI7 > 0, Ir; > 0, Vt > T7,

= Eg [PXTl(L < R*(1)); ] + e

Note that on the event { s

X’}l| < rq for any k.



Since R*(t) = ke /@ by definition and

Re_At/a — e_A(t_Tl)/a — R (t — Tl),

we have by the branching property,

IP)XTl (Lt—Tl S RKJ(t))

=Px, (L 1 <R (1))
ZTl Tl)\/a
= ][ Pxx (Lt—Tl < R"™ (t — Tl))
k=1
Z
Tl Ke T]_)\/O’,
— H 1 — IP)X/%1 (Lt—Tl > R (t — Tl))



> £ := {L C R?: compact}

Lemma. The following equality holds:

%Pw(Lt > RE(H)) — cx

lim sup lim sup sup
KO el t—oo z€L

=0

Since VO € (0,1), e 110z <1 _z<e T (0< 2z K1),

IP)XTl (Lt—Tl < Rn(t))

:,ﬁO_PX% (L > R ( )))




Therefore,

Py(L; < R™(t)) =~ Pg(Lt < R®(t), LT, < 71)

= Bz |Pxp, (Li—y < R¥(t)); Ly < 7“1}

~ [Ey |exp <—— T1> ; Ly < "“1}

B Comment on the proof of Lemma

Lemma. The following equality holds:

(87

h(x)

lim sup lim sup sup Pr(Ly > R™(t)) —cx| =0

R—=0 1ecr t—oo zEL




> Z;* :={ of particles on {|x| > R"(¢)} at time ¢
Since {L; > R"(t)} = {Z(t) > 1}, we obtain
Py (Ly > R™(t)) = Px(Z; > 1)

< Ba[2f) = Eo |51 X > RE(1)]
Recall v = (Q(x) — 1)u (intensity of branching)

Proposition. Vk > 0, VK C R? (compact),

(87

K
lim sup ' =0

Existence of the spectral gap [Z.-Q. Chen-S.(07)]

E; |45 |X4| > RE(t)| — cs




Ve > 0,

E; |e4i;|X4| > RE(t)| ~ e Mh(x) h(y) dy

By the inequality

K12
Py (Lt > R*(t)) = Pz(Z; > 1) > Efﬁg}])ﬂ

and calculating E;, [(Z£)?], we have Lemma.

Note: The value of cy is given by

 sin(ra/2)T((d + a)/2)T(a/2)
Cx = (CN)221-aT(d)2) UG




4. Examples
Assumption (2).
1
A := inf Spec (5(—A)a/2 — 1/) <0

Theorem 1. Vk > 0,

Ly cx Moo
11 P < — K
Mool (e —At)l/a =P X {exp< KO )}

> a(t) (t > 0): positive m’ble funct., a(t) — oo (t — 00)
Theorem 2. Loc. uniformly in € R?,

Ly
e (e—At)l/a > alt)

(t)



20




Example 1. (d=1,1< a < 2)
> pu = cdg (¢ > 0, dp: Dirac meas. at the origin)

> pg + p2 = 1, m := 2py (expected offspring number)

1
(]P)zc(eO — OO) :) IP>:13(1\4oo > O) >0 < po > 5

o A = inf Spec (%(—A)O‘/2 —c(m — 1)50>

By [S.(08)], we know that

(C m— 1 21/04\ a/(a—l)
A= — (sin(ﬂ'/)a) > , h(x) = G_\(x,0)h(0)

\ /

Theorems 1 and 2 hold under this setting.



Example 2. (d > «a)

> p(de) = clgg<pyde (c,r > 0), p2(z) =1

1
. 2
o A = inf Spec <§(—A)O‘/ — cl{|w|<r}>
= dri1, k2 > 0 (0 < R < 142).

K1
(a) r S C]-/a
K2

cl/c

= A>0

= A <0

(b) r >

[S.-Takeda(05), Takeda-Tsuchida(07)]

Theorems 1 and 2 hold if r > ko /cl/®.





