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1. Introduction and result

▷ α ∈ (0, 2), p ∈ R, q < α: fixed

E(u, u)

=

∫∫
|x−y|<1

(u(x) − u(y))2

|x− y|d+α
[(1 + |x|)p + (1 + |y|)p] dxdy

+

∫∫
|x−y|≥1

(u(x) − u(y))2

|x− y|d+α
[(1 + |x|)q + (1 + |y|)q] dxdy

◦ p = q = 0 ⇒ symmetric α-stable type

▷ C∞
0 (Rd): totality of smooth functions on Rd with cpt. supp.

⇝
[q<α]

(E, C∞
0 (Rd)) is closable on L2(Rd)



E(u, u) =

∫∫
|x−y|<1

(u(x) − u(y))2

|x− y|d+α
[(1 + |x|)p + (1 + |y|)p] dxdy

+

∫∫
|x−y|≥1

(u(x) − u(y))2

|x− y|d+α
[(1 + |x|)q + (1 + |y|)q] dxdy

▷ (E,F): closure of (E, C∞
0 (Rd)) in L2(Rd)

(⇝ regular Dirichlet form on L2(Rd))

▷ {Pt}t≥0: corresponding Markovian semigroup on L2(Rd)

Theorem. [S.-J. Wang, to appear in Potential Anal.]

Under the setting above,

∃/∀t > 0, Pt is compact on L2(Rd) ⇐⇒ p > 2



2. Comment on the proof of Theorem

Pt is compact ⇐⇒
[if Pt has density]

Super Poincaré inequality

Super Poincaré inequality [F.-Y. Wang, 2002, 2005]
∃/∀ψ ∈ L2(Rd) (ψ > 0),

∃β : (0,∞) → (0,∞): decreasing,

∀u ∈ F , ∀r > 0,∫
Rd
u2 dx ≤ rE(u, u) + β(r)

(∫
Rd

|u|ψ dx

)
· · · (∗)

◦
∫
|x|≥R0

u2 dx ≤ · · ·



p > 2 ⇒ ∀λ > 0, ∃Vλ ∈ C1
++(Rd), ∃R0 > 0,

• (1 + |x|)p + (1 + |y|)p ≥ Vλ(x) + Vλ(y) (|x− y| < 1)

•Vλ(x) = λ(1 + |x|)2 (|x| ≥ R0)

Hence

E(u, u) ≥
∫∫

|x−y|<1

(u(x) − u(y))2

|x− y|d+α
[Vλ(x) + Vλ(y)] dxdy

=: Eλ(u, u)

▷ ϕ(x) := (1 + |x|2)−δ/2 (δ ∈ (0, 1))

Eλ(u, u) ≥ Eλ(ϕ, u2/ϕ) = 2

∫
Rd

−Lλϕ
ϕ

u2 dx (Hardy-type)



Lλϕ(x)

=

∫
0<|z|<1

(ϕ(x+ z) − ϕ(x) − ⟨∇ϕ(x), z⟩)
Vλ(x) + Vλ(x+ z)

|z|d+α
dz

+
1

2

∫
0<|z|<1

⟨∇ϕ(x), z⟩
Vλ(x+ z) − Vλ(x− z)

|z|d+α
dz

Calculation similar to [S.-Uemura, 2014]

Proposition. ∀C > 0, ∃λ > 0, ∃R0 > 0, ∃C0 > 0,

−Lλϕ
ϕ

(x) ≥ C1{|x|≥R0}(x) − C01{|x|<R0}(x) (∀x ∈ Rd)

E(u, u) ≥ 2

∫
Rd

−Lλϕ
ϕ

u2 dx

≥
Prop.

2C

∫
|x|≥R0

u2 dx− 2C0

∫
|x|<R0

u2 dx



Namely,∫
|x|≥R0

u2 dx ≤
1

2C
E(u, u) +

C0

C

∫
|x|<R0

u2 dx

Upper bound of · · · [Chen-Kim-Kumagai, 2008]

Nash inequality for the truncated symmetric stable process

(⇝ β(r) comes from the heat kernel upper bound)

We finally take r = C−1 so that∫
Rd
u2 dx ≤ rE(u, u) + β(r)

(∫
Rd

|u|ψ dx

)
· · · (∗)

for any ψ ∈ L2(Rd) ∩ Bb(Rd) (ψ > 0)



3. Related results

E(u, u) =

∫∫
|x−y|<1

(u(x) − u(y))2

|x− y|d+α
[(1 + |x|)p + (1 + |y|)p] dxdy

+

∫∫
|x−y|≥1

(u(x) − u(y))2

|x− y|d+α
[(1 + |x|)q + (1 + |y|)q] dxdy (q < α)

• [Theorem] p ≤ 2 ⇐⇒ Pt is non-compact on L2(Rd)

• [S.-Uemura, 2014; S., 2015]

p ≤ 2 =⇒ {Pt}t≥0 is conservative

• [Okamura-Uemura, 2021; S., arXiv]

p ≤ 2 − d and q ≤ α− d ⇐⇒ {Pt}t≥0 is recurrent


