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1. Introduction and result

>a € (0,2), p €R, g < a: fixed
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o p = q = 0 = symmetric a-stable type
> Cy° (R%): totality of smooth functions on R? with cpt. supp.

| o | (&, C(C)’O(Rd)) is closable on L2(R%)
<«
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> (€, F): closure of (&, C(C)’O(Rd)) in L2(R%)
(~ regular Dirichlet form on L2(R%))
> {Pt}¢>0: corresponding Markovian semigroup on L?(R%)

Theorem. [S.-J. Wang, to appear in Potential Anal.]

Under the setting above,

3/Vt > 0, P; is compact on L2(R%) <— p > 2




2. Comment on the proof of Theorem

P, is compact < Super Poincaré inequality
[if P; has density]

Super Poincaré inequality [F.-Y. Wang, 2002, 2005]

.

3/Vyp € L2(RY) (v > 0),

30 : (0,00) — (0,00): decreasing,

\
Vu € F, Vr > 0,

/Rdzﬂda: < ré(u,u)+ B(r) (/RClIqug;) coe (%)
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> 2= VA >0, 3V, €Cl, (R, IRy >0,
e (1+ )"+ 1+ |y)” = Valz) + Valy) (lz —y| <1)
e Vi(z) = (1 + |=])? (=] > Ro)

Hence

(u(@) — u(y))?
g > [[ S G A + VAW dedy

—=: EMu, u)

> ¢(z) == (1+ |z|?)79/2 (§ € (0,1))
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= (¢(x + z) — @d(x) — (Vo(z), 2))
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Calculation similar to [S.-Uemura, 2014]

Proposition. VC > 0, d\A > 0, dRg > 0, dCy > 0,

3 qb(w) > Cly|z>Re} (T) — Colyjz<Rry) (Z) (VX € RY)

E(u,u) > 2/ 3 qbu2dav:

Rd

> 2C w?dx — ZCO/ uw? dx
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Namely,

1 C
/ uzdazg—g(u,u)—l——O/ u? de
|z| > Ro 2C C x| <Rg

Upper bound of | - -- | [Chen-Kim-Kumagai, 2008]

for the truncated symmetric stable process
(~ B(r) comes from the heat kernel upper bound)

We finally take » = C 1 so that

/Rduzda: < r€(u,u) + B(r) </Rd|’LL|¢da;> cee (%)

for any ¢ € L2(R%) N By(RY) (v > 0)



3. Related results
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+// (@) = W) e+ (1 + y) ] dedy (0 < o)
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e [Theorem] p < 2 <= P; is non-compact on L?(R%)
e [S.-Uemura, 2014; S., 2015]

< 2 = {P;};>0 is conservative
¢ [Okamura-Uemura, 2021; S., arXiv]

<2-dand s <a—d <= {P};>0 is recurrent




