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1. Introduction
I Branching Brownian motion on R¢

e Splitting time distribution

Pr(t < T | Bsy,s > 0) = exp (— /Ot V(Bs) ds)
* { Bt }¢>0: trajectory of the initial Brownian particle
* V: bounded nonnegative Borel function on R
o Offspring distribution {pn ()}, ° ;

~ between population growth and spatial motions



I Characterizations of the interaction
e Asymptotic distribution of the population on a set
o
| Spatially homogeneous model (pn(x) = pn, V(x) = c)
Bramson(78, 83), Mallein(15),...
Assume p2 = 1 (binary branching) and ¢ = 1

> R¢: maximal norm of particles alive at time ¢ (

Ri=vV2+— —logt+Y: (t = 00
¢ 72 g ¢ ( )




| Spatially inhomogeneous model

®. @
> Q(x) = Z npn(x): expected offspring number at x € R

n=1

1 .
> H = _iA — : Schrodinger type operator
> A :=inf o(H): the bottom of the spectrum for H

Assume V is small at infinity and A < 0 =

R; ~ t (t — oo) on the regular growth event

Erickson(84), Kolarov-Molchanov(13), Bocharov-Harris(14),
S(18, 18+4)



| Limiting distributions of Ry
(i) Second order of R;

(ii) Tail probability of R;

(i) Lalley-Sellke(88)
Assumed =1,V € CT(R), V(z) = 0 (|Jx| = o0)

[—A
Ry = ztllft (t — o00)

* Bocharov-Harris(16): d = 1, V = ¢ (catalytic BBM)

Purpose 1: To discuss the same problem for d = 2/singular V



(ii) Chauvin-Rouault(88,90) [Spatially homogeneous model]
Assume ps = 1 (binary branching) and c =1
= V3§ > +/2 and Vk € R, we have as t — oo,

Po(R¢ > 0t + K)

C 1

~ 4
Calogt V2K B
32 e (6 = V2)

Purpose 2: To find the tail probability asymptotics

for the spatially inhomogeneous model



2. Model and results
> Ga(x,y): a-resolvent of d-dim BM.
> p: positive Radon measure on R

el «<— lim su Go(x dy) =0
Z dor Ao SR o a(z,y) p(dy)

e Splitting time distribution

P(t<T | Bsy,s >0) =¢e"

Al': positive conti. additive f’'nal ++ u (Revuz corresp.)

o Offspring distribution ~ {pn(x)}>2; (prob. funct. on R%)



P(t<T | Bsy,s >0) =¢e"

I Revuz correspondence

For any f, h € BT(RY),

c |
lim B, | | #Boaar| = | f@h@) ud

(m(dx) = dx: d-dim. Lebesgue measure)

Example. .
(i) p(dz) = V(z) dx = AL = / V(Bg) ds
0

(i)d=1, p =99 = Afo = 2l (I3: local time at x = 0)



| Forefront of particles

> Z: :— population at time ¢

> Bf: position of the kth particle at time t (1 < k < Z;)

> Ry := max |B,’f|:
1<k< Z;
maximal norm of particles alive at time ¢t ( )

| Intensity of branching

o
> Q(x) := Z npn(x): expected offspring number at z € R?

n=1

1
> A:=Iinfo (_EA — ): intensity of branching



O

> R(x) := Z n(n — 1)pn(x)

n=1
Assumption.

(i) @ has compact support and Ry € K (= (Q — 1)u € K)
(ii)) A <O

(i) = particles can branch only on a compact set

(ii) = the intensity of branching is strong enough

| Analytic consequence of Assumption [Takeda(03, 08)]
e~V —2A|z|

+(mnd - =~
Jground state /» € C} (RT), h(z) X G_x(0,z) < |£B|(d—1)/2



| Result 1: Second order of R;

R; = —A, | d—1 log t +
2 vV —2\
Z
> Zi(h) := Z h(Bf): population at time t weighted by h
k=1

> My = e Z;(h) (normalization): nonnegative P,-martingale

Theorem 1. If d = 1,2, then dc, > 0 (explicit) s.t. Vk € R,
lim P, (Y < k) = Eg [exp (—c*e_ _ZA“MOO)]
t— o0

(Gumbel type distribution appears)



Remark. [S(18+)]

od >3 = Py (Mso = 0) > 0 and

1 . 1 on {Ms = 0}
im su — 1 on —
t_mop V2t loglogt >

Hence Theorem 1 is not true as it is.

| Result 2: Tail probability of R;

Ry ~ t (t — o0) on {My, > 0}

Asymptotics of P, (Rt > r(t)) as t — oo



> ZT = population on {y € R? | |y| > r} (r > 0)
Note. {Ry > r} ={Z; > 1}

Theorem 2. (1) (Subcritical case)

> a(t): nondecreasing function s.t. a(t) = o(t) (t — o0)
> r1(t) ;= 0t +a(t) (6 € (v/—=A/2,vV—2X))

— VK C R% compact

lim inf — lim sup =1

t—ooc xeK ECB [Zrl(t)] t— 00 reK ECB [Zrl(t)]




(2) (Critical case)

> b(t): nondecreasing function s.t. b(t) = o(logt) (t — o0)

> 12(t) 1= 4/ _zAt | \/;%logt + b(t) (v >

(Technical) assumption:

pu <K m and the density function is bounded

— VK C R% compact

)

lim

inf

t—ooc xceK Ew[Zrz(t)]

Py (R > T2()) .

t

— lim sup

P (R > T2()) _

Z:2(t)]

1




e 0 C (\/—A/Z, vV —2X)

(Q@—1)

; |Bt| > 54

o ¢6(0=1)/26(-A—VTER) (A1) /2], ()
o v >d-+1

—A
P | R > t - logt
"’(t V 2 \/—72>\g>

~ Cdé(d_l)/zt(d_l_ )/Zh(w)

Note. [S(18+4)] V& > v/ —2A,

Pu(Re > 0t) < Py (|By| > ot) < e 0 t/24(d—2)/2



| Result 3: Yaglom type limit

Py(Ry > r(t)) = Py (z[(t) > 1) 0 (t — 00)

Conditional distribution of Z:(t) on the event {Z[(t) > 1}

Theorem 3. Under the same setting as in Theorem 2,

. 1 (k=1)
lim Py (Ztﬂ(t) — k| z7Y > ) = <

t—o0

for g =1, 2.



3. Sketch of the proofs
I Proof of Theorem 1.

R _)\t  o—1 log t +
— i O
t 2 =N °

Theorem 1. If d = 1,2, then dcx > 0 (explicit) s.t. Vk € R,

lim Py (V; < k) = By [exp (—c*e— _2>"“"Moo)]
t— o0

—A d—1
> r(t) = 2t | mlogt—l—m

Py (Y < k) = Py (Ry < 7 (1))

o Follow the argument of Bocharov-Harris(16)



I Step 1 (Conditioning on the initial points (1)).
> s(t): s(t) — oo and s(t) = o(t) (t — o0)

Ri ~ /—X/2t (t — oo) | and Markov property = Ve > 0,

Pr (R < 7(1))

~ Eg |Pg,, (Rt—s(t) < T(t)) ;

Ry < (\/ _2)\ | e) s(t) =

Z
‘PBS(t) (Rt—s(t) < T(t)) — ﬁ P (Rt—s(t) < T(t))
k=1



I Step 2 (Conditioning on the initial points (2)).
> o g hitting time of some particle to K := supp|u]

> s(t) =1Vlogt (d=1)/s(t) =1Vloglogt (d = 2)
>3 € (0,1/2): fixed
By the strong Markov property and tail estimate of o

[Byczkowski-Matecki-Ryznar(13) for d = 2],

s (Rt—s(t) < "“(t))

= .k
Bst)

AN

PB, (Rt—s(t)—s < T(t)) |s=0k




> n(t) := e_>‘t/

2 >r(t) h(z) dz (~ ceV ")

P (Rt—s(t) < "“(t))

|

1 — eXOn(BEn(t) = exp (—e**On(BE (b))

PBaK (Rt—s(t)—s < "“(t)) |s=ok

o0

(-1 —t= et neart=D0)

Zy
[TP. (Reosey S7(®) 2 exp (—My(t))
k=1

— exp (—c*e_ _2)"‘°Moo>



| Step 3 (Verification of the next inequality).

Ey { IP)BUK (Rt—s(t)—s < 'r(t)) |s=ox 5 TK < /Bt]

1 — eMOh(z)n(t)
Vy(= Bog) € K and s(= o) € (0, Bt],

Py (Rt—s(t)—s < "“(t)) > 1 —Ey {Z:i)(t)_s]

1 — MO+ p(y)n(t)

(Q—-1)p
¢ Optional stopping thm for P,-martingale e MtAy h(B¢)

¢ Tail estimate of o



I A(Q_l)ﬂ

[y [Zﬁtz(t)_s} = Ey |e t=slt)=s; |Bt—s(t)—s| > r(t)

~ eMSWOF) b (y)n(t)

1
> Ao: the second bottom of the spectrum for _EA —(Q—1)p
= A < A2 <0 [e.g., Ben Amor(04)]
Poincaré inequality [Chen-S(07)]
Vo € L2(RY) with Jpd ph dx = 0,

(Q—-1)p _
|Ea: [eAt SO(Bt)H < Ce )‘thQO”LQ(R)

= estimate of the Feynman-Kac semigroup



I Proof of Theorem 2.
Theorem 2. (Subcritical case)
> a(t): nondecreasing function s.t. a(t) = o(t) (t — o0)

> 11(t) 1= 0t + a(t) (6 € (V—=A/2,v/—2X))

— VK C R% compact,

: . Pe(Re > 7r1(2)) : Pr(Rg > r1(t))
lim inf — lim sup =

t—oo z€K Ew[zl‘l(t)] t—00 pe K Ew[z’trl(t)]

1

| Upper bound.

Pe(Ry > r1(t)) = Po(Z21) > 1) < E, [Z[l(t)]



I Lower bound (Feynman-Kac expression).

McKean(75): the spatially homogeneous model
Urp(t,x) := Pr (Rt < 1)

= F, _e_AéL; |B| < 'r}

t by
+ FE, /O e~ As Z Prn(Bs)up(t — S,BS)(n_1)+ dA¥

n=1

Formally,

Our
Ot

1
— EA —|— Uy

> vp(t,x) ;=1 — up(t,x) = Py (R > 1)




Pe(Re > r1(t)) = vy (1) (8 x) = By [6 ; | Bt| > "“1(75)}

x Lower bound of the RHS by the next inequality:

r (Q—1)
Pe(Re > 7ri1(t)) < Eg [Ztl(t)} = F, {eAt : ,u; | Be| > Tl(t)}
~ e Mp(z) h(z)dz

| Critical case (r2(t) := /—\/2t + -- ).

d
Assumption: u < m and V := d—“ iIs bounded
m

t
=>A'u':/ V(Bs)ds < t and
0

K Iz
Ey [T AL By > ro(t)| S tEg [e415 By > ma(t)] < -



