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> A: principal eigenvalue of some Schrodinger type operator

(—A: intensity of branching)

Assume A < 0
o0 > = th — 0 eventually a.s.
1
00 < = lim —1ongt:—>\—\/—2>\5 (> 0)

t—oo t

on the regular growth event

[Koralov-Molchanov(13), Bocharov-Harris(14), S(18)]



> R:;: maximal displacement at time ¢

= On the regular growth event,

Ry ~ t (t — oo)

|[Erickson(84), Koralov-Molchanov(13), BH(14), S(18)]

1
lim —log P, (R > dt)
t—oo t

—6°/2 (6 > v=2X)
A= V2N (VA2 < 8 < V/=2N)

\




Purpose in this talk.
(i) Growth rate of th at § =
(ii) More precise asymptotics of P, (R > 6t)
(iii) Growth rates of th and R; on the survival event
Note. Spatially homogeneous case:
o Growth of th: Biggins(95, 96)
o Growth of R;: Bramson(79), Roberts(13), Kyprianou(05)

o Upper deviation for R;: Chauvin-Rouault(88)



2. Model and results
x Splitting time distribution
Py(t <T | Bs,s > 0) = exp (—A})
* Offspring distribution ~ {pn(x)}>7 4
0 Af: positive continuous additive functional
* p(de) = V(z)de = Al = /Ot V(Bs)ds

* (b = 0g = Afo = 2ly (l4: local time at = 0)



B @) — Z npn(x)
n=1

> v(dz) := (Q(x) — 1) pu(dx): intensity of branching
Assumption. v belongs to a certain Kato class
Example. (i) 0 < V(z) < |z| 1o« |z|<R)}

*xd=1andp<1l =*=d>2andp< 2

d
(ii) Dirac/surface measure ] R (322)




> Z; :— population at time ¢

> Bf: position of the kth particle at time t (1 < k < Z;)
Zy

> Ze(f) == > F(BF)., Zy(A) = Z4(14) (A C RY)
k=1

= ol Zi(f)] = B [e f(By)| = eA/20)f(a)

1

* A < 0| = dground state h [Takeda ('03)]

Ex[Z:(h)] = eA/2tV)th(2) = e Mh(x)



> : nonnegative P,-martingale

> Moo := lim M,

t— 00

Limit theorem: YA C R%: rel. cpt. open with |0A| = 0,

Zi(A) ~ e M /A h(y)dy Moo (£ — 00)

[S. Watanabe(67), Asmussen-Hering(76),
Z.-Q. Chen-S.(07), Englander-Harris-Kyprianou(10),
Z.-Q. Chen-Y.-X. Ren-T. Yang(17)]

o Koralov-Molchanov (13): Z;(A + tv) (Jv] < /—A/2)
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(i) v belongs to a certain Kato class and has cpt. supp.
(i) A < 0 and Py (Moo > 0) > 0 (< regular growth)
Pl = Pl | Mes > 10)
Theorem 1 0:=+/—A/2,d >3

= th grows polynomially P} -a.s.:

d=2 log Z9% lop 79 dt3
A e o T B Case
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Formal observation.

Since h(z) < e~V 2Al/|5|(d=1)/2 (|| > 1),

Z0t 7 e—)\t/ h(y) dy Mag = e(~A—V=220)ty(d—1)/2
ly|>dt

th/ —A/2t L (d—1)/2

Upper bound. 3{t,}, 3G(t) ~ oo s.t.

00
Z P max th" > G(tn) | < oo
n—1 tn<s<tn+1

= by the Borel-Cantelli lemma, Vn: large, Vt € [tn, tn11],

ot ot
Z. < max 7o' < Gt < G(t
t — o, <8<tn.1 S -~ (n)_ ()



> Ry := max |Bf|: maximal displacement
1<k< Z;

Theorem 2. Suppose sup,,pd > 24 n?pp(x) < oo.

()0 > /20 = Py(Ry > 0t) < e 0°t/2¢(d—2)/2

(i) /—A/2 < 8 < /—2X\ = ey, co > 0 s.t. Vi large,

< cpel A=V 2RE)ty(d 1) /2

0 8 > V/—2X = Pg(Ry > 8t) = Py(Z0t > 1) x E,[20Y]

Feynman-Kac expression [McKean(76), Chauvin-Rouault(88)]



Remark.

© @)
e sup Z (nlogn)pn(x) < oo = Pr(Ms > 0) >0
rER® —1

(L log L condition) [Z.-Q. Chen-Y.-X. Ren-T. Yang(17)]

ed =1,2 and L log L condition

= A\ < 0 [Takeda(03)] and P, (M- > 0) = 1 [S(08)]

ed >3 = Py(Mss = 0) > 0 and

R
lim sup ' 1, Pg(-|Ms = 0)-a.s.

t—oo 2tloglogt




3. Maximal displacement/population growth on the survival
Assumption.

(i) v is small enough at infinity.

(i) A < 0 and Py (Moo > 0) > 0

(iii) | po Z O

Theorem 3. Under Assumption,

08 >+/—A/2 = th = 0 eventually a.s.

1
08 < \/=A/2 = lim —log Z{* = —X — \/—2A4, P*-aus.

t—oo t



> eqg := inf{t > 0 | Z = 0}: extinction time

> Ry = max |B¥| )1
o= max, IB) Lcey)

Corollary. Under Assumption, | Ry ~ \/—\/2t P#-a.s.

Remark. d = 1,2 = We can replace P}, by Px(- | eg = 00)
Theorem 4. Under Assumption,

1
lim —log P, (R¢ > 6t)
t—oot
)

—6%/2 (6 > v/—2X)

—A—V=2X0 (V/=A/2< < V=2

\



Example.
k) : a s \arge

=1 ¥ oF particles
increase well\

> po(z) + p2(x) =1

> po(0) = 1, g = p2(a)

According to [Takeda(02)], R

Iaq

S = il e q>§(1 = 1+12a) (%)

(¥) = Theorem 3 and Corollary hold Py (- | eg = 00)-a.s.





