Upper rate functions of Brownian motion type

for symmetric jump processes
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1. Introduction

* of symm. jump proc. with finite second moment

> X = ({Xt}t>0, P): symmetric Lévy process on R,

X =0, a.s., E[X?] < oo

X
lim sup 1t = E[X2]'/? as.
t—oco V2tloglogt

[Gnedenko (’43), J.G.Wang ('93), Sato ('01)]

¢ Brownian motion

e rel. stable proc. m — (m2/® — A)®/2 (o € (0,2), m > 0)



X
lim sup Xt = E[Xlz]l/2 a.s.
t—soo +V2tloglogt

> Re(t) := \/(2 + €)E[X?]tloglogt (e > 0)

= P (3T > 0s.t. | X¢| < R:(t)forallt >T) =1 (Ve > 0)
R:(t): upper rate function/upper radius

e Kolmogorov test for BM [It6-McKean ('74)]

e in terms of the distribution function [Sirao ('53)]

Q. How about non-Lévy processes?



2. Result

> J(z,y): nonneg. symm. measurable funct. on R? x R

= u\xr) —u 2 £ £I
Eww) = [[ | (u(@) ~u(@)*I(,y) dady

Assumption.

(i)Jda1, a2 (0 < a1 < az < 2), k1, k2 (0 < k1 < K2) s.t.

K1 K2
|CL‘ _ y|d—|—a1 S J(Zb,y) S |33 _ y|d_|_a2 (O < |£B—y| < 1)

(ii) de > 0, J¢c > 0 s.t.

C
J(z,y) < = gdaie (lz —y| > 1)




Remark. Assumption =  sup / |z — y|2J(az,y) dy < oo
rcRd R

> C’(l)ip(IR{d): totality of Lip. conti. functions with cpt support

— u\xr) —u 2 £ £
Eww) = [[ | (u(@) ~u(@)*T(,y) dady

- EC)+17 2
> F = C(l)lp(Rd)\/ LAR
= (&, F): regular Dirichlet form on L?(R%)

~ M = ({Xt}tZOa {Pm}weRd\./\/’): symmetric Hunt process
of pure jump type
> N C R%: properly exceptional Borel set



> 1 (t) := +/tloglogt

Theorem. Under Assumption,
(i) 3C1 > 0 s.t. Vo € RE\ W/,

P, (3T >0s.t. | Xg—x| <Ci1yp(t) forallt >T) =1
(i) 3C5 > 0 s.t. V& € R\ WV,

P, (3T >0s.t. | Xg—x| < Cop(t) forallt >T)=0

Prove (i): 3C > 0,3C7 > 0,3e > 0 s.t. Vk > 1: large

Pr(3s € [2F, 28 sit. | X5 — | > Crp(s)) <

kl—l—e



o Heat kernel: Pp(X: € A) = / = dy
A

[Barlow-Bass-Chen-Kassmann ('09), Chen-Kim-Kumagai ('11)]
[Carlen-Kusuoka-Stroock ('87)]

Theorem. Under Assumption, dc; > 0,d60g > 0 s.t. Vi: large,
p(t, z,y)

y

C1
W? t > |33 — y|2
. 2
<! —cgle—ype ol —ylm iz — yl?
td/2 log(1+ |z — y|)
cqt . Oo|lx — y|?
||z — y|dt2te’ ~ log(1+ |z — y|)



