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1. Introduction

◃ Hd: d-dim. hyperbolic space (d ≥ 2)(
ds2 = dr2 + (sinh r)2 dθ2

)
◃ M =

(
{Xt}t≥0, {Px}x∈Hd

)
: BM generated by ∆Hd/2

Purpose To discuss the upper/lower rate functions for M

• Upper rate function| how far the particle can go

• Lower rate function| how fast the particle goes to infinity



◃ ρ(x) := d(o, x) (o ∈ Hd: fixed)

Definition.

(i) R(t) is an upper rate function for M ⇐⇒

P (∃T > 0 s.t. ρ(Xt) ≤ R(t) for all t ≥ T ) = 1

(ii) r(t) is a lower rate function for M ⇐⇒

P (∃T > 0 s.t. ρ(Xt) ≥ r(t) for all t ≥ T ) = 1



◃ ({Bt}t≥0, P ): Brownian motion on Rd, B0 = 0 a.s.

Kolmogorov’s test (e.g., see Itô-McKean)

◃ R(t) =
√
tg(t) (g(t) ↗ ∞ as t → ∞)

(U)

∫ ∞

·
g(t)d exp

(
−
g(t)2

2

)
dt

t
< ∞ (or = ∞)

=⇒ P (∃T > 0 s.t. |Bt| ≤ R(t) for all t ≥ T ) = 1 (or 0)

Example.

◃ R(t) =
√

(2 + ε)t log log t
(
⇒ g(t) =

√
(2 + ε) log log t

)
(U) ⇐⇒ ε > 0



Dvoretzky-Erdős’ test (’51) [d ≥ 3]

◃ r(t) =
√
th(t) (0 < h(t) ↘ 0 as t → ∞)

(L)

∫ ∞

·
h(t)d−2dt

t
< ∞ (or = ∞)

=⇒ P (∃T > 0 s.t. |Bt| ≥ r(t) for all t ≥ T ) = 1 (or 0)

Example.

◃ r(t) =
√
t/(log t)

1+ε
d−2

(
=⇒ h(t) = 1/(log t)

1+ε
d−2

)
(L) ⇐⇒ ε > 0



� Upper rate functions for symmetric diffusion processes

◦ Volume growth rate of the underlying measure

◦ Coefficient growth/degeneracy rate

Takeda (’89), Grigor’yan (’99), Grigor’yan-Hsu (’08),

Hsu-Qin (’10), Ouyang (’16)

◃ (E,F): strongly local regular Dirichlet form on L2(X;m)

⇒ M =
(
{Xt}t≥0, {Px}x∈X

)
: m-symm. diffusion proc.

E(u, u) =
1

2

∫
X

dµ
(c)
⟨u⟩

(
“µ

(c)
⟨u⟩(dx) = |∇u|2 dx”

)



Assumption. ∃ρ : X → [0,∞) s.t.

(i) ρ ∈ Floc ∩ C(X) and ρ(x) → ∞ as x → ∆

(ii) Bρ(r) := {x ∈ X | ρ(x) ≤ r}: compact (∀r > 0)

(iii) ∃Γ(ρ) =
dµ

(c)
⟨ρ⟩

dm

(
“Γ(ρ) = |∇ρ|2”

)
◃ λρ(r) := sup

x∈Bρ(r)
Γ(ρ)(x)

◃ ψ(R) :=

∫ R

6

r

λρ(r)(logm(Bρ(r)) + log log r)
dr



Theorem.

If lim
R→∞

ψ(R) = ∞, then ∃c > 0 s.t. for m-a.e. x ∈ X,

Px

(
∃T > 0 s.t. ρ(Xt) ≤ ψ−1(ct) for all t ≥ T

)
= 1

(ct =) ψ(R) =

∫ R

6

r

λρ(r)(logm(Bρ(r)) + log log r)
dr

Remark.

(i) Grigor’yan (’99) | ψ(R) =
R2

logm(B(R))

(ii) Hsu-Qin (’10) add “ log logR”

(iii) Intrinsic metric | Biroli-Mosco (’91), Sturm (’94)



Example.

◃ (X, d): complete, noncompact Riemannian manifold

◃ M: Brownian motion on X

=⇒ ρ(x) = d(x, o) (o ∈ M : fixed point)

•m(B(r)) ≍ rα (α > 0) =⇒ ψ−1(t) ≍
√
t log t

•m(B(r)) ≍ ecr
α
(0 < α < 2) =⇒ ψ−1(t) ≍ t

1
2−α

•m(B(r)) ≍ ec1r
2
=⇒ ψ−1(t) ≍ ec2t



� Main interest in this talk

Under the exponential volume growth condition,

(1) to get estimates for lower rate functions [Grigor’yan (’99)]

(2) to find the 0-1 laws for rate functions

• Grigor’yan-Hsu (’08):

Sharpness of the order for upper rate functions

V ′(r) = V ′(r0) exp

(∫ r

r0

m(s) ds

)
, t =

∫ R(t)

0

dr

m(r)

=⇒ R((1+ ε)t): (not) upper rate function for ε > 0 (ε < 0)



2. Result

◃ Hd: d-dim. hyperbolic space (d ≥ 2)

(ds2 = dr2 + sinh2 r dθ2)

◃ M =
(
{Xt}t≥0, {Px}x∈Hd

)
: BM generated by ∆Hd/2

By Itô’s formula applied to ρ [e.g., Hsu (’02)],

ρ(Xt) = Bt +
d− 1

2

∫ t

0
tanh ρ(Xs) ds

≥ Bt +
d− 1

2
t

=⇒ lim
t→∞

ρ(Xt) = ∞ =⇒ lim
t→∞

ρ(Xt)

t
=
d− 1

2



Theorem. Under some assumption on g(t) : (0,∞) → (0,∞),

(i) (Upper rate functions) R(t) := (d− 1)t/2 +
√
tg(t)

=⇒ P (∃T > 0 s.t. ρ(Xt) ≤ R(t) for all t ≥ T ) = 1 (or 0)

according as∫ ∞

·
(1 ∨ g(t)) exp

(
−
g(t)2

2t

)
dt

t
< ∞ (or = ∞) (∗)

(ii) (Lower rate functions) r(t) := (d− 1)t/2 −
√
tg(t)

=⇒ P (∃T > 0 s.t. ρ(Xt) ≥ r(t) for all t ≥ T ) = 1 (or 0)

according as (∗) holds.



Remark.

(i) (∗): a generalized Kolmogorov’s test [Keprta (’97, ’98)]

(ii) [Anker-Setti (’92), cf. Babillot (‘94)]

• M : complete, noncompact Riemannian manifold

• m(B(R)) ≍ e2KR, λ0 := inf σ(−∆/2) > 0

If λ0 = K2/2 and g(t) ↗ ∞ as t → ∞, then

lim
t→∞

P
(
Kt−

√
tg(t) ≤ ρ(Xt) ≤ Kt+

√
tg(t)

)
= 1

M = Hd =⇒ K =
d− 1

2
, λ0 =

(d− 1)2

8



3. Proof

• Proof for upper rate functions

ρ(Xt) = Bt +
d− 1

2

∫ t

0
tanh ρ(Xs) ds

≥ Bt +
d− 1

2
t = o(t) +

d− 1

2
t

=⇒ ∃c > 0 s.t.

P (∃T > 0 s.t. ρ(Xt) ≥ ct for all t ≥ T ) = 1

ρ(Xt) = Bt +
d− 1

2

∫ t

0
tanh ρ(Xs) ds

= Bt +
d− 1

2
t+

d− 1

2

∫ t

0
(tanh ρ(Xs) − 1) ds



If t ≥ T , then

tanh ρ(Xt) − 1 =
2

eρ(Xt) − 1
≤

2

ect − 1

so that∫ t

0
(tanh ρ(Xs) − 1) ds

=

∫ T

0
(tanh ρ(Xs) − 1) ds+

∫ t

T
(tanh ρ(Xs) − 1) ds

≤
∫ T

0
(tanh ρ(Xs) − 1) ds+

∫ ∞

T

2

ecs − 1
ds < ∞



=⇒ ∃N-valued r.v. N such that for all t ≥ T ,

ρ(Xt) = Bt +
d− 1

2

∫ t

0
(tanh ρ(Xs) − 1) ds+

d− 1

2
t

≤ Bt +N +
d− 1

2
t

Assume that

(∗)
∫ ∞

·
(1 ∨ g(t)) exp

(
−
g(t)2

2t

)
dt

t
< ∞.

Since hn(t) := g(t) − n/
√
t also satisfies (∗), a (general-

ized) Kolmogorov’s test implies that for each n ∈ N,

P (∃Tn > 0 s.t. Bt ≤ hn(t) for all t ≥ Tn) = 1



For each n ∈ N,

P (∃Tn > 0 s.t. Bt ≤ hn(t) for all t ≥ Tn) = 1

⇒ P (∀n ∈ N, ∃Tn > 0 s.t. Bt ≤ hn(t) for all t ≥ Tn) = 1

Hence for all t ≥ T ∨ TN ,

ρ(Xt) ≤ Bt +N +
d− 1

2
t

≤
√
thN(t) +N +

d− 1

2
t =

√
tg(t) +

d− 1

2
t(

hN(t) = g(t) −N/
√
t
)


