XML TBEBOREHIEEET )T LEX

B8R #—
(FWWKRFER - IRRET)

HARMFZMFRETES
RERER K
20159 A 13 H



1. Introduction

Main interest:

Global path properties | of symmetric Markov processes

conservativeness/transience/recurrence
o Criteria

o Quantitative characterizations

(~ upper/lower rate functions)



> ({Bt}t>0, P): Brownian motion on R%, By = 0 a.s.

Kolmogorov's test (e.g., see I1t6-McKean)

> R(t) = Vtg(t) (g9(t) /' oo ast — oo)

- d/2
(U) / (R(t)2> exp ( R(t)2> dt < oo (or = o0)

t 2t t

— P (3T > 0 s.t. |B;] < R(t) forall t > T) = 1 (or 0)
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> ({Bt}t>0, P): Brownian motion on R%, By = 0 a.s.

Kolmogorov's test (e.g., see I1t6-McKean)

> R(t) = Vtg(t) (g9(t) /' oo ast — oo)

o0 2
(U) / g(t)% exp ( 9(t) ) dt < 0o (or = o0)

2 t

—> P (3T > 0s.t. |Bf < R(t) forallt > T) =1 (or 0)

e R(t): upper rate function for the one-probability case

Example. R(t) = /(2 + ¢)tloglogt

(U) <= >0




awiside
e Thcreasing balls

witTh Tadins vit)

QS o e ah 27V
\ B \ T Bt
t\
\ =N Tncreqs'ina__



Dvoretzky-Erdos’ test ('51) [d > 3]

> r(t) = Vth(t) (h(t) (0 as t — oc0)
@) [ h®12E < oo or = )

— P (3T > 0s.t. | By > n(t) forall t > T) =1 (or 0)

e r(t): lower rate function for the one-probability case

V't

ite
(logt)d—2

Example. r(t) =

(L) <= >0
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Spitzer’s test ('58) [d = 2]

> r(t) = Vth(t) (h(t) (0 as t — oco)

o dt
(L2) / | Tog h(?)] < 0o (or = o0)

— P (3T > 0s.t. | By > n(t) forall t > T) =1 (or 0)

e r(t): lower rate function for the one-probability case

Example. r(t) = (loglog £)17¢

(Lg) <= >0




+ Symmetric a-stable processes on R? (0 < a < 2)
1 1+e
Upper: Khintchine ('38) |R(t) = ta(logt) « |

Lower: Takeuchi ('64) (d > «)

_ 1 -

ta
r(t) = Tte
) (logt)d—c_

Takeuchi-S. Watanabe ('64) (d = a = 1)

r(t) — t(log log t)1te

Hendricks ('70), Khoshnevisan (’97)



Dirichlet form: Axiomatization of the Dirichlet integral

D(u,v) = [Rd Vu(z) - Vo(z)de, wu,ve HY(RY)

(D/2, H1(R%)) <= Brownian motion on R?

> X: locally compact separable metric space

> m: positive Radon measure on X with full support

> (€, F): regular Dirichlet form on L?*(X;m) —

IM = ({Xt}+>05 { Pr}zex): symmetric Hunt process on X

[Fukushima (’71), Fukushima-Oshima-Takeda (’11)]



Example.

> {a;; (a:)} i.j—1+ Borel measurable functions on R? s.t.

o a;j(x) = aji(x) (14,5 <d)

d
o > a;j(x)&8; <€) Va,& eRY
ij=1
E(u,u) = / Z a,z](:z: u € HY(R?)

1,7=1

~ (E,F) = (8, Hl(Rd)): regular Dirichlet form on L2?(RY)



e Symmetric stable(-like) processes on RY:
1
> L=~ (=8)"? (a€(0,2))

_ (u(x) — u(y))?
Eu,u) = " /-/RdXRd\diag |z — y|d+ drdy

— (—E’LL, u)LZ(Rd)

> c(x,y) < 1: Borel measurable

_ (u(z) — u(y))?
Elu,u) = -/-/Rded\diagc =) [z — y|dte frdy

[Z.-Q. Chen-Kumagai ('03)]




Beurling-Deny formula

E(u,u) = £ (u,u)

— U 2 £ U\ xr 2 4 o
+ //XxX\diag(“(‘”) (1))2 I (dwdy) + /X (2)? k(da)

o £(0): symm. form with the strong local property
e J(dxdy): jumping measure
o k: measure

— continuity of sample paths/killing inside



e Symmetric diffusion processes
1
_ glo) _ (c)
E(uu) = E0ww) = [ aufl), wer
© ' du
cc C ”
o (dz) < leam(m)am (x) mg(a;) dz

o Volume growth rate (symmetrizing measure m)

o Coefficient growth/decay rate



Upper: Takeda ('89), Grigor’'yan-Hsu ('08), Hsu-Qin (’10),
Ouyang ('13)
Lower: Ichihara (’78)
: Grigor'yan-Kelbert ('98), Grigor'yan ('99),

Bendikov-Saloff-Coste ('05)



Assumption. dp : X — [0, 00) such that
(i) p€ FlocNC(X) and p(x) > c0casx — A

(C) d
(ii) EII‘(p) <P> (“F(p) _ Z a;j dp Op 77)

dm & ox; 0x;
1,7=1 v J

(iii) Bp(r) ={x € X | p(x) < r}: compact (Vr > 0)

> Ap(T) = Es;p( )I‘(p)(az)

R T
> ¥R = /6 A (r) (log m(Bp(r)) + loglogr)

R2
m(B®) ="

cf. Grigor’yan ('99): ¥(R) =




If lim ¢ (R) = oo, then J¢c > 0 s.t. for m-a.e. ¢ € X,
R—o0

P, (EIT > 0 s.t. p(Xg) < ¥ L(ct) for all £ > T) —1

R T

(et =) $(R) = ./6 Ao (r) (log m(Bp(r) + loglogr)

Remark. (1) Hsu-Qin ('10): add “loglog R”
(2) Intrinsic metric

Biroli-Mosco ('91), Sturm ('94)



Example.

> E(u,u) < /Rd(l 1z|)P|Vu(x)|? da

/

g || 1 =P/ (0<p<2)
o Varnr

p(x) =

log(2+ [zf) (p=2)

1

P, (EIT > 0 s.t. p(Xp) < v Yct) for all t > T)

—> P, (3T > 0s.t. | X¢| < R(Ct) forallt >T) =1

1
e 0<p<2=— R(t) < (tlogt)2—»

e p=2=— R(t) < et



Main interest.

Rate functions for symmetric Markov processes

e Rate functions under volume/coefficient growth rates
Upper: Huang ('14), Huang-S. ('14), S ('154)
Lower: S ("154) (transient)

e 0-1 laws for rate functions under heat kernel estimates

: S.-J. Wang (’15) (transient/critical case)



2. Rate functions under volume/coefficient growth rate
> (X, d): locally compact separable metric space
> m: positive Radon measure on X with full support

> (€, F): regular Dirichlet form s.t.

= u(x) —u 2 J(x m(dx
Ew = [ (@)~ u(w) (@ dym(az)
> J(x,dy): jump kernel s.t.

J(z,dy)m(dz) = J(y, dz)m(dy)

> M = ({X¢}¢>05 { Pxloex): associated symm. Hunt proc.



Upper rate functions

//XXX\diag - f/cl(w,y)<£ fv/ci(w,y)2£

small jump big jump (Egrturbation)

sup / J(x,dy) < oo
reX Jd(z,y)=>1

Conservativeness criterion

Masamune-Uemura ('11)
Grigor’yan-Huang-Masamune (’'12)
Masamune-Uemura-J. Wang ('12): 1 - ¢ >0

S.-Uemura ('14), S. ('15): 1 — F(x,y) > 0



lim p(x) = oo and
>A="{pe F,.NCX):*T7A
By(r) is compact (Vr > 0)

> Bp(r) ={z € X | p(x) < 7}

d(z,y) < F(z,y) = |p(x) — p(y)| < 1

— the jump range of p(X4) is bounded
> p € A: fixed
> v(R) = m(Bp(R))

1 R
- 32 logv(R)+loglogR

'V
N

> Cpr



~ Assumption 1.
o I{pr} C A: nondecreasing with p; = p

o 3{Fr}: symmetric, nondecreasing and positive on X X X

(i) sup J(z,dy) < oo

re X /d(a:,y) >Fr(z,y)

(i) 3Ry > 0 s.t. VR > Ry,
d(z,y) < Fr(z,y) = |pr(x) — pr(y)| < Cr

(ili) VK C X; compact, dR; > 1 s.t. VR > R;,

K C Byp(R/4)




> M (R)

= sup (pr(2) — PR(Y))?JI (2, dy)

{BGBPR(R) /d(cc,y)<FR(a:,y)

> My(R) = sup [ J(z, dy)
reX Jd(z,y)>Fr(z,y)
> P(R) = s 4 1
- M;(R)(log v(R) + loglog R) M>(R)(log R)'+¢
R2
* cf. Grigor’yan (’99): ¥ (R) = log v(R)
~ Assumption 2. ~

(i) M is conservative;
i (i) Y(R) " oo as R — oc.




~ Theorem. [S ("15+)] N
Under Assumptions, dec > 0 s.t. for g.e. ¢ € X,

P, (EIT > 0 s.t. p(Xz) < v Y(et) for all t > T) —1

N J

Approach:

o L“-estimate of exit time distributions from balls

e lkeda-Nagasawa-Watanabe’s piecing out ('66)/
Meyer’s construction ('75)

Barlow-Bass-Chen-Kassmann ('09), Grigor’'yan-Hu-Lau ('14)



£ (u, u) = / / (u(x) — u(y))? J(x, dy)m(dz)

> ME = ({XiR}tZO’ {Px}rcx): associated with (ER, F)

R . R
= X% € Bpp(R)
BPR(R_CR)

(. )



~ Proposition 1.

For m-a.e. x € X,

Py (1B, (R—cp) <t) < un(tz) +tMs(R) .
small jumps jumps

M (R
> c(R) = 512 - ;:{(2 ) - (logv(R) + loglog R)

~ Proposition 2.
de > 0s.t. VR > 1, Vt > 0,

CBC(R)t

2
ur(t,z)*m(de) < o(R)3(log R)3

-/BpR((R—CR)/2)




Example. X = R%, J(z,dy) = J(z,y)dy

(1) Assume that for some a € (0, 2),

1

<

1 1+4€
> R(t) = ta(logt)' T« (e > 0)
— P, (3T >0s.t. | X —x| < R(t) forallt >T) =1
¢ pr(x) = ||

1 R
F o p— C p— .
* Fr(@,y) R ( 32 logv(R) + loglog R>




(2) Coefficient growth

_ (u(fB) — u(y))?
Elu,u) = /—[Rded\diag (@ y) |z — y|dte drdy

POI<a<2 0<g< o

y

1+ ]z)?*+ @+ y)? |z—yl <1
c(x,y) < <

(L4 [a)?+ L+ ) -yl > 1

¢ pr(x) = log(R + |z|)

e Fr(z,y) = c{(R+|x|) V(R + |y|)}



i) 0<g<a—1:
> R(t) = e® (c>0)
— dc > 0 s.t.

P.(3T >0s.t. | X¢ —z| < R(t) forall t > T) =1

(i) a—1<g < a:

1 1te
> R(t) = exp <cta—q(log t)a—q> (e >0,c>0)

— Ve > 0, de > O s.t.

P, (3T >0s.t. | X¢g—x| < R()forallt >T)=1



Lower rate functions

> p € A: fixed
> v(r) = m(Bp(r))

> w(R) = esssup /X\{m}{(”(w) — p(y))2 A R2} J (=, dy)

reX
2 oo 1./
> h(t) < ﬁ I(R) = /R Z ((tt)) dt

Example. transient symm. a-stable proc. on R? (i.e., d > a)
p(x) = |z| = w(t) < t*~%, h(t) <t

— I(R) <

Rd—a



Assumption.
(i) 3C > 0 s.t. v(2R) < Cv(R) for any r > 0;

(ii) I(R) < oo for any R > 0.

~ Theorem. [S ('154)]

> (€, F): regular transient Dirichlet form

> r(t): strictly increasing positive function on (0, c0) s.t.

S~ 1
sup ps(z,x)ds < oo —>
[ I(r(s)) wex

P, (AT > 0s.t. p(X¢) > r(t) forallt > T) =1, q.e.

N\




> eg(x) = Pr(og < oo) (K C X: compact)

—> Cap(K) = €(ek,er) = v (K) (vi: equilibrium pot.)

~ Proposition. ~
(i) For any compact K C X and t > 0,

o
P,(ds >tst. Xge K) < Cap(K)/ sup ps(x,y) ds.
t yeX

(i) IC > 0 s.t. for all R > 0,

C
Cap(Bp(R)) < TR)

N J

(i) Bendikov-Saloff-Coste (’05) (ii) Okura ('03)



Example. X = R%, m(dz) = d=

£ (u, ) = //Rd (w(@) —w()® . dy

R\ diag |z — y|d+7 (@)

> v(x,y): Borel measurable function on R% x R s.t.

0<61§'y(w,y)§62<2, |$—y|<1
0<v1 <v(z,y) Sv2<2, |[z—y|l>1

— pt(az, :B) SJ

oy forany t > 1

[Barlow-Bass-Chen-Kassmann ('09), Chen-Kumagai ('08)]

Hence (£, F) is transient for d > ~s.



1 d—9
t72 d—1
> r(t) = e (€ >0)

(log )~

—> P (3T >0s.t. | Xy —x|>1r(t)forallt >T)=1

Remark. v1 = 72 (= 7)
1

tY

1te
(logt)d=7

— r(t) =

: lower rate ft. for symm. ~-stable proc.



3. Rate functions under heat kernel estimates
Joint work with Jian Wang (Fujian Normal Univ./Kyoto Univ.)
Consequence/Advantage
o 0-1 laws for symm. jump processes with no scaling property
o no use of the condition “d(o,x) € Fi,”

(= “symm. a-stable-like processes with o« > 2")

Related work: P. Kim-Kumagai-J. Wang (’15, arXiv)

LIL for sup d(Xs, Xp) and local times
0<s<t



~ Assumption.
Ip(t, x,y): nonneg. symm. kernel on (0,00) X X X X s.t.

o Pr(X: € dy) = p(t, =, y) m(dy)

ep(t+s.2.y) = [ p(t,0,2)p(s,2,y) m(d2)
Moreover, dstrictly inc. positive functions V and ¢ s.t.

1 t
Ve-1(t) | V(d(@,y)d(d(@y))

p(t, z,y) <
(B B () 0<rene

dy
(R> d3 _OR) _ 1; d4
c3 | — _qb(r)_c4<:> 0<r<R< )




Remark. Under Assumption, m(By;(r)) < V(r) [KKW ('15)]

~ Theorem 1 (with J. Wang). N
e di > dy4 (= transient)

e B, (r) is relatively compact for any x € X and » > 0

> p(t) = ¢~ (t)g(t) (9(t) 0 as t — o)

>0 V(ep(t))
1 d(p(t)V(ep~1(t))
— for all x € X,

dt < oo (or = o0)

P, (3T > 0s.t. d(X¢,x) > @(t) forallt > T) =1 (or 0)
NS /




~ Theorem 2 (with J. Wang).
e di = dy = d3 = d4 (= recurrent and can not hit points)

> p(t) = ¢ (t)g(t) (g(t) 0 as t — oo)

dt < oo (or = o0)

| dios
1 t|logg(t)]

— for all x € X,

P, (AT > 0 s.t. d(X¢, ) > (t) forall t > T) = 1 (or 0)
N




Example.

Assume that da > 0 and 3 > 0 s.t.

1 t
t0/8 " d(w, y)o TP

(*) pit,z,y) <

oV(r) <Xr® (=dy =d2 = a)

¢ p(r) X P (= d3 = dy = B)

— U\NL) — U 2 4 o ™m r)m
£ (u, u) = //XXX\diag< () — u(y))? I (2, y)m(dz)m(dy)

F = {u € LX(X;m) | E(u,u) < oo}



Remark.

(i) (%) is valid if 3o > 0 and 3 € (0, 2) s.t.

1

m(Bg(r)) < r, J(x,y) < d(x y)a_|_5

[Chen-Kumagai ('03, '08)]
(ii) B > 2 for some subordinated diffusion processes
[Kumagai (’03), Bogdan-Stés-Sztonyk (03)]

+ Okura (’02): subordinated symmetric Markov processes



oV (r) xr® o(r) <P

(i) a > 3 (transient):

>0 V ((t)) / p(t)™~ B
1 ¢(90(t))V(</5‘1(t)) t/P
> p(t) = v 1te
(log t)a—~

e>0(<0)—=

P, (AT > 0 s.t. d(X¢, ) > p(t) forallt > T) =1 (= 0)



eV (r) <X r® ¢(r) xrP

(ii) o = B (recurrent and can not hit any point):

1
»—1 (t)t(log log t)1+¢€

1
<:> Qo(t) — t(log logt)l—l—e )

1 tllogg(t)]  ~ J1 t(logt)(loglogt)lte

> g(t) = (e > —1)

e>0(-1<e<0) =

P, (AT > 0s.t. d(X¢,x) > p(t) forallt > T) =1 (= 0)



(ili) Upper rate functions:

> ¢(t): increasing function

© 1
(%) /1 WOL dt < oo (= o0) —

Py, (3T > 0 s.t. d( X, z) < (t) forall t > T) = 1 (= 0)

1—|—€
> p(t) = tﬂ(log t) B

(¥%) <—= €>0




% Generalized second Borel-Cantelli lemma

[Chung-Erdos ('52), Takeuchi ('64)]
oo
(i) > Pe(Cp)=o00 (i) Px(Cpio.)=0o0r]l
k=1
(ili) Jc > 0 s.t. for each fixed 3 > 1,



