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1. Introduction

> ({Bt}t>0, P): d-dim. Brownian motion, By = 0, a.s.

~ Khintchine’s law of the iterated logarithm N
. | B
lim sup =1 P-a.s.
t—oco V2tloglogt
NS J

> Re(t) = /(2 +¢)tloglogt (e > 0)

— P (3T > 0s.t. |By] < Re(t) forall t > T) =1

e R.: upper rate function ( of Brownian particles)




o Brownian motions on Riemannian manifolds

Grigor'yan (99), Grigor'yan-Hsu (08), Hsu-Qin (10)

R r
YIR) = / log m(Bz(r)) + loglogr dr

limp_, oo ¥(R) = co => 3¢ > 0 s.t.

P, (EIT > 0 s.t. d(z, Xz) < o Y(ct) for all ¢t > T) —1

e m(B(r)) <X r® = ¢ 1(t) < tlogt

e m(B(r)) = e = p—1(t) < t7a (0 < a < 2)

o m(B(r)) x e == ~1(t) x ec1t



x Upper escape rate

. . . Quantitative version of conservativeness
o Symmetric diffusion processes

Takeda (89), Ouyang (13)
o Markov chains on weighted graphs

Huang (14), Huang-S. (14)



> a;j(x): symm. measurable functions on RY s.t.

d
> ag(@)gig; < (1+ [2|)PIg?, Ve, Ve € RY
'7.7._1
E(u,u) =
> [

Py (3T > 0s.t. d(x, X¢) < R(ct) forallt >T) =1

e p=0— R(t) X +/tlogt

1
e 0 < p<2=— R(t) Xt2p

ep=2=— R(t) < e



DO<a<?2
> ({Xt}e>0, P): d-dim. symm. a-stable proc., Xo = 0, a.s.

Khintchine (38)

1 14-¢€
> Re(t) = ta(logt) @ (¢ > 0)

— P (3T > 0 s.t. | X¢| < Re(t) forall t > T) =1



{ Main interest in this talk. J

Upper rate functions for symm. jump-diffusion processes

x Conservativeness of symm. jump-diffusion processes

o Volume growth

m(B(r)) < e" 1987 — conservative

Masamune-Uemura (11)
Grigor’'yan-Huang-Masamune (12)

Masamune-Uemura-J. Wang (12)



o Coefficient growth

_ (u() — u(y)?
g = [[ e T G dedy

>PO0<a<2, p>0,g>0

’

I+]z)P+ 1+ y)? |lz—y|l <1
c(x,y) < «

(27 + L+ e -yl > 1

p € [0,2], g € [0, &) = conservative

S.-Uemura (14), S. (14+4)



2. Result
> (X, d): locally compact separable metric space

> m: positive Radon measure on X with full support

> (€, F): regular Dirichlet form on L?(X;m) s.t.
fw) = [ (@)~ uw) I @ dym(aa)
J(z,dy)m(dx) = J(y, dz)m(dy).

> M = ({Xt}i>00 { Prteex): m-symmetric Hunt process

generated by (£, F)



> p(x) = d(x, xg) (g € X: fixed)

> B(r) ={y € X | p(y) <7}

> v(r) (r > 0): increasing s.t.
m(B(r)) < v(r), Vr >0

> F(r) (r > 0): nondecreasing s.t.

r

1
F(’P) S ) 9
32 logwv(r)+ loglogr

Yr > 6



> Mi(R) = sup (p(x) — p(y))?J (z, dy)

rEB(R) /d(w,y)<F(R)

> My(R) = sup [ J(2,dy)
reX d(wvy)ZF(R)
RN
> Yn(R) = Mi(R)(logv(R) + loglog R) (& (0,2])
~ Assumption. N

(i) M is conservative;

(i) ¥Yp(R) 7 oo as R — oo;

(ili) Jc > 0, v > 1 s.t. for all large R > 0,
Yn(R)M2(R) < c/(log R)".

N J




~ Theorem.
Under Assumption, de > O s.t. for g.e. ¢ € X,

P, (EIT > 0 s.t. p(Xy) < ¢ (ct) for all t > T) — 1.

N

~ Corollary.
Under Assumption, dc > 0 s.t. for q.e. ¢ € X,
lim sup p(Xt) <1, Pg-as.
t—oco Py (Ct)
NS
R"
> 1y (R) = (n € [0,2])

M, (R)(log v(R) + loglog R)

> P (R)Mz(R) < (lo CR)V



Remark. F'(R) and p: more general

— unbounded coefficient case

~ Theorem.
Under Assumption, dc > 0 s.t. for q.e. x € X,

P, (EIT > 0 s.t. p(X;) < 7 (ct) for all ¢ > T) — 1.
\

~ Corollary.
Under Assumption, dc > 0O s.t. for q.e. x € X,

X
imsup L5 <1 poas.

t—o00 ¢771(ct) o




3. Examples

o Coefficient growth

B (u(z) — u(y))?
Elu,u) = /-[RdeR%d\d oY) a4

POI<a<2 0<g< o

y

A+]z)2+Q+y)? |lz—yl <1
c(z,y) < «

(27 + L+ ) -yl > 1

o p(x) = log(2+|[x|), Fr(z,y) = c{(R+|z]) V(R+|y|)}



i) 0<g<a—1:

dc > 0 s.t. for gq.e. x € RY,

X+ — X
| X¢ 0|<
ec:t —

lim sup
t—o0

1,

(i) a—1<g< a:

Ve > 0,de > 0 s.t. for q.e. x € RY,
| X — Xol

lim sup - e

t=00 exp (cta—q(log t)a—q)

P.,-a.s.



Comparison with the diffusion case [Ouyang (13)]

> a;;j(x): symm. measurable functions on R? s.t.

d

Y aij(@)€g; < (1 + |2))?(¢?, Va, Ve € RY
1,7=1

d ou ou
e = 3 Jra 5@ @05, (@)

dc > 0 s.t. for gq.e. x € R,

X+ — X
| X¢ 0|<

it <1, Pg-as.

lim sup
t—o0



o Coefficient degeneracy

_ (u() — u(y)?
S = [[ el ) T G dady

PO0I<a<2, p>0

() = (1/\#) (1/\@)

Ve > 0, de > 0 s.t. for g.e. € R4,

| Xt — X

2+p (1+e€)(2+p)
t2(ctp) (logt) 2(ctp)

lim sup <1, Pgy-as.

t—00




2

e p(a) = |2

Comparison with symmetric stable processes

a(2+p)

1 14+€Y 570 _
> {ta(log t) as}z( ), upper rate function for M

1 14
> ta(log t)Te: upper rate function for the «-stable case

a(2 + p)

<1, Vp>o0
2a+p) - T

—> For large time, the sample path range of M is

than that for the «-stable case.




o Time changed processes

> M = ({ Xt}t>05 {Pr}pcpa): symmetric a-stable process
> h(z) <X 1/(1+ |z[)P (p > 0)

> Ay = /Oth(XS) ds

Xt = X5, Tt= inf{s > 0| As > t}

< 1 a ¥
> L = h( A)2: generator of ({X¢}¢>0)

({Xt}tzo) is conservative <— 0<p< «

S (14+), S-Uemura (14), J. Wang (11)



1 1+
> R(t) = ta(log t)Te: upper rate function for M

t t 1
A =< ds > c/ ds
"o M+ 1Xs)P T T T Jo (1+ R(s))P

=g(t)
d(z, Xt) = d(z, X7,) < R(1¢) S R(g~1(t)) = R(t)

[Huang-S. (14)]

- 1 1+te
0<p<a=— R(t) Xte—pr(logt)e—r

1
Remark. d > o« = = Ll =+ lower rate funct.

a )
(log t) a—p d—o




4. Approach to Theorem

P, (EIT > 0 s.t. p(Xy) < ¢ (ct) for all £ > T) —1

> Ap = {Elt € (tn;tnt1] s.t. p(Xy) 2 ¢;1(Ct)}

o0
Z P.(Ap) < oo, Pg-as. m-ae.x € X

n=ny

—> By Borel-Cantelli’s lemma,

p(Xt) < ¢;1(ct) Vt > 1, Pg-a.s. m-a.e. x € X



> Ap = {3t € (tn, tny1] st p(Xe) > by (ct) |
> Ry, = v, ' (ctn)

— "P;l(Ct) > "‘p;l(Ctn) = Ry, Vt € (tn,tn+1]

4 A

— Anp C§ sup p(Xg) > Rpp = {TB(Rn) < tn—l—l}
L0<t<tn+1

/

> TB(R) = inf{t > 0 | X¢ ¢ B(R)}

Pw(An) S Py (TB(Rn) < tn—l—l)




ef(u,u) = [[ (u(@) — u(y))? I (z, dy)m(de)

> ME = ({XtR}tZOa {P;}.cx): associated with (£, F)

1 R

> C F(R
R = 32 logv(R) + log log R (= F(R))

> TB(R—CR) = inf{t > 0| Xt ¢ B(R — CR)}

—— XR € B(R) (.

> upr(t,x) = Py (Tg(R Cp) S < t)



~ Proposition 1.

For m-a.e. x € X,

Py (Tp(r-cp) <t) < un(t,z) +tMs(R).
small jumps jumps

N

Ikeda-Nagasawa-Watanabe (66), Meyer (75)

Barlow-Bass-Chen-KaBmann (09), Grigor’'yan-Hu-Lau (14)

P:B(An) < Py (TB(Rn_CRn) < tn—l—l)

<up (th+1,) + tnr1Ma(Rp)



In(®) = [ e~En (D) yp(t, )2 ()2 m(dz)
B(R—CR)

S = c1(R)t + 2¢2(R) p(x)
(ecz(R)(R—CR) — eCZ(R)p(w))
B +
> ppr(x) = ec2(R)(R—CR) _ 1
M1(R)

> c1(R) = 512 - Rz (logv(R) + loglog R)

> co(R) = % . (logv(R) + loglog R) (: E)



~ Proposition 2.
dc > 0s.t. VR > 1, Vt > 0,

ceCl(R)t

2
ur(t,x)*m(de) < o(R)3(log R)A"

/B((R—CR)/2)

N

> Ry, = 0™2 (1< 6 < 2)

>ty = . Vn(Rp)
" 1024 TV

—> c1(Rn)tn+1 S logv(Ry) + loglog Ry,

c(0)

tni1,x)2m(dz) <
\/—/B((Rn—CRn)/2) ug, (tht1, )2 m(de) < (R’ /2




K C X: compact

./K ( Z Pw(An)) m(dx)

n=ny

< Z /K (up, (thr1,2) + tpe1 Ma(Ry)) m(dz) < oo

n=ny

/ uRn<tn+l,w>m<dw>s\/ | wn,(tnt1,2)2 m(de)
K K
S ,n—3/2

tnr1M2(Rn) S Yn(Rn)M2(Rn) Sn™7 (v > 1)



-

N

Assumption.
(ili) Jc > 0, v > 1 s.t. for all large R > 0,

Yn(R)M2(R) < c/(log R)".




