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1. Introduction

▷ ({Bt}t≥0, P ): d-dim. Brownian motion, B0 = 0, a.s.

Khintchine’s law of the iterated logarithm� �

lim sup
t→∞

|Bt|√
2t log log t

= 1 P -a.s.

� �

▷ Rε(t) =
√

(2 + ε)t log log t (ε > 0)

=⇒ P (∃T > 0 s.t. |Bt| ≤ Rε(t) for all t ≥ T ) = 1

• Rε: upper rate function (forefront of Brownian particles)



◦ Brownian motions on Riemannian manifolds

Grigor’yan (99), Grigor’yan-Hsu (08), Hsu-Qin (10)

ψ(R) =

∫ R

·

r

logm(Bx(r)) + log log r
dr

limR→∞ψ(R) = ∞ =⇒ ∃c > 0 s.t.

Px

(
∃T > 0 s.t. d(x,Xt) ≤ ψ−1(ct) for all t ≥ T

)
= 1

• m(B(r)) ≍ rα =⇒ ψ−1(t) ≍
√
t log t

• m(B(r)) ≍ ecr
α
=⇒ ψ−1(t) ≍ t

1
2−α (0 < α < 2)

• m(B(r)) ≍ ec0r
2
=⇒ ψ−1(t) ≍ ec1t



∗ Upper escape rate

. . . Quantitative version of conservativeness

◦ Symmetric diffusion processes

Takeda (89), Ouyang (13)

◦ Markov chains on weighted graphs

Huang (14), Huang-S. (14)



▷ aij(x): symm. measurable functions on Rd s.t.

d∑
i,j=1

aij(x)ξiξj ≍ (1 + |x|)p|ξ|2, ∀x,∀ξ ∈ Rd

E(u, u) =
d∑

i,j=1

∫
Rd
aij(x)

∂u

∂xi
(x)

∂u

∂xj
(x) dx

Px (∃T > 0 s.t. d(x,Xt) ≤ R(ct) for all t ≥ T ) = 1

• p = 0 =⇒ R(t) ≍
√
t log t

• 0 < p < 2 =⇒ R(t) ≍ t
1

2−p

• p = 2 =⇒ R(t) ≍ ect



▷ 0 < α < 2

▷ ({Xt}t≥0, P ): d-dim. symm. α-stable proc., X0 = 0, a.s.

Khintchine (38)

▷ Rε(t) = t
1
α(log t)

1+ε
α (ε > 0)

=⇒ P (∃T > 0 s.t. |Xt| ≤ Rε(t) for all t ≥ T ) = 1



Main interest in this talk.� �
Upper rate functions for symm. jump-diffusion processes� �

∗ Conservativeness of symm. jump-diffusion processes

◦ Volume growth

m(B(r)) ≍ ecr log r =⇒ conservative

Masamune-Uemura (11)

Grigor’yan-Huang-Masamune (12)

Masamune-Uemura-J. Wang (12)



◦ Coefficient growth

E(u, u) =

∫∫
Rd×Rd\d

c(x, y)
(u(x) − u(y))2

|x− y|d+α
dxdy

▷ 0 < α < 2, p ≥ 0, q ≥ 0

c(x, y) ≍


(1 + |x|)p + (1 + |y|)p |x− y| < 1

(1 + |x|)q + (1 + |y|)q |x− y| ≥ 1

p ∈ [0, 2], q ∈ [0, α) =⇒ conservative

S.-Uemura (14), S. (14+)



2. Result

▷ (X, d): locally compact separable metric space

▷ m: positive Radon measure on X with full support

▷ (E,F): regular Dirichlet form on L2(X;m) s.t.

E(u, u) =

∫∫
X×X\d

(u(x) − u(y))2 J(x, dy)m(dx)

J(x, dy)m(dx) = J(y, dx)m(dy).

▷ M = ({Xt}t≥0, {Px}x∈X): m-symmetric Hunt process

generated by (E,F)



▷ ρ(x) = d(x, x0) (x0 ∈ X: fixed)

▷ B(r) = {y ∈ X | ρ(y) < r}

▷ v(r) (r > 0): increasing s.t.

m(B(r)) ≤ v(r), ∀r > 0

▷ F (r) (r > 0): nondecreasing s.t.

F (r) ≤
1

32
·

r

log v(r) + log log r
, ∀r ≥ 6



▷ M1(R) = sup
x∈B(R)

∫
d(x,y)<F (R)

(ρ(x) − ρ(y))2J(x, dy)

▷ M2(R) = sup
x∈X

∫
d(x,y)≥F (R)

J(x, dy)

▷ ψη(R) =
Rη

M1(R)(log v(R) + log logR)
(η ∈ (0, 2])

Assumption.� �
(i) M is conservative;

(ii) ψη(R) ↗ ∞ as R → ∞;

(iii) ∃c > 0, ∃ν > 1 s.t. for all large R > 0,

ψη(R)M2(R) ≤ c/(logR)ν.� �



Theorem.� �
Under Assumption, ∃c > 0 s.t. for q.e. x ∈ X,

Px

(
∃T > 0 s.t. ρ(Xt) ≤ ψ−1

η (ct) for all t ≥ T
)
= 1.

� �
Corollary.� �
Under Assumption, ∃c > 0 s.t. for q.e. x ∈ X,

lim sup
t→∞

ρ(Xt)

ψ−1
η (ct)

≤ 1, Px-a.s.

� �

▷ ψη(R) =
Rη

M1(R)(log v(R) + log logR)
(η ∈ [0, 2])

▷ ψη(R)M2(R) ≤
c

(logR)ν



Remark. F (R) and ρ: more general

=⇒ unbounded coefficient case

Theorem.� �
Under Assumption, ∃c > 0 s.t. for q.e. x ∈ X,

Px

(
∃T > 0 s.t. ρ(Xt) ≤ ψ−1

η (ct) for all t ≥ T
)
= 1.

� �
Corollary.� �
Under Assumption, ∃c > 0 s.t. for q.e. x ∈ X,

lim sup
t→∞

ρ(Xt)

ψ−1
η (ct)

≤ 1, Px-a.s.

� �



3. Examples

◦ Coefficient growth

E(u, u) =

∫∫
Rd×Rd\d

c(x, y)
(u(x) − u(y))2

|x− y|d+α
dxdy

▷ 0 < α < 2, 0 ≤ q < α

c(x, y) ≍


(1 + |x|)2 + (1 + |y|)2 |x− y| < 1

(1 + |x|)q + (1 + |y|)q |x− y| ≥ 1

• ρ(x) = log(2+ |x|), FR(x, y) = c{(R+ |x|)∨ (R+ |y|)}



(i) 0 ≤ q < α− 1:

∃c > 0 s.t. for q.e. x ∈ Rd,

lim sup
t→∞

|Xt −X0|
ect

≤ 1, Px-a.s.

(ii) α− 1 ≤ q < α:

∀ε > 0, ∃c > 0 s.t. for q.e. x ∈ Rd,

lim sup
t→∞

|Xt −X0|

exp

(
ct

1
α−q(log t)

1+ε
α−q

) ≤ 1, Px-a.s.



Comparison with the diffusion case [Ouyang (13)]

▷ aij(x): symm. measurable functions on Rd s.t.

d∑
i,j=1

aij(x)ξiξj ≍ (1 + |x|)2|ξ|2, ∀x, ∀ξ ∈ Rd

E(u, u) =
d∑

i,j=1

∫
Rd
aij(x)

∂u

∂xi
(x)

∂u

∂xj
(x) dx

∃c > 0 s.t. for q.e. x ∈ Rd,

lim sup
t→∞

|Xt −X0|
ect

≤ 1, Px-a.s.



◦ Coefficient degeneracy

E(u, u) =

∫∫
Rd×Rd\d

c(x, y)
(u(x) − u(y))2

|x− y|d+α
dxdy

▷ 0 < α < 2, p > 0

c(x, y) ≍
(
1 ∧

1

|x|p

)(
1 ∧

1

|y|p

)
∀ε > 0, ∃c > 0 s.t. for q.e. x ∈ Rd,

lim sup
t→∞

|Xt −X0|

t
2+p

2(α+p)(log t)
(1+ε)(2+p)

2(α+p)

≤ 1, Px-a.s.



• ρ(x) = |x|, F (R) = R
2

2+p

Comparison with symmetric stable processes

▷
{
t
1
α(log t)

1+ε
α

}α(2+p)
2(α+p)

: upper rate function for M

▷ t
1
α(log t)

1+ε
α : upper rate function for the α-stable case

α(2 + p)

2(α+ p)
< 1, ∀p > 0

=⇒ For large time, the sample path range of M is narrower

than that for the α-stable case.



◦ Time changed processes

▷ M = ({Xt}t≥0, {Px}x∈Rd): symmetric α-stable process

▷ h(x) ≍ 1/(1 + |x|)p (p ≥ 0)

▷ At =

∫ t

0
h(Xs) ds

X̌t = Xτt, τt = inf{s > 0 | As > t}

▷ Ľ = −
1

h
(−∆)

α
2 : generator of ({X̌t}t≥0)

({X̌t}t≥0) is conservative ⇐⇒ 0 ≤ p ≤ α

S (14+), S-Uemura (14), J. Wang (11)



▷ R(t) = t
1
α(log t)

1+ε
α : upper rate function for M

At ≍
∫ t

0

1

(1 + |Xs|)p
ds ≥ c

∫ t

0

1

(1 +R(s))p
ds

= g(t)

d(x, X̌t) = d(x,Xτt) ≤ R(τt) ≲ R(g−1(t)) = Ř(t)

[Huang-S. (14)]

0 < p < α =⇒ Ř(t) ≍ t
1

α−p(log t)
1+ε
α−p

Remark. d > α ⇒ ř(t) = t
1

α−p

(log t)
α
α−p·

1+ε
d−α

: lower rate funct.



4. Approach to Theorem

Px

(
∃T > 0 s.t. ρ(Xt) ≤ ψ−1

η (ct) for all t ≥ T
)
= 1

▷ An =
{
∃t ∈ (tn, tn+1] s.t. ρ(Xt) ≥ ψ−1

η (ct)
}

∞∑
n=n0

Px(An) < ∞, Px-a.s. m-a.e. x ∈ X

=⇒ By Borel-Cantelli’s lemma,

ρ(Xt) ≤ ψ−1
η (ct) ∀t ≫ 1, Px-a.s. m-a.e. x ∈ X



▷ An =
{
∃t ∈ (tn, tn+1] s.t. ρ(Xt) ≥ ψ−1

η (ct)
}

▷ Rn = ψ−1
η (ctn)

=⇒ ψ−1
η (ct) ≥ ψ−1

η (ctn) = Rn, ∀t ∈ (tn, tn+1]

=⇒ An ⊂
{

sup
0<t≤tn+1

ρ(Xt) ≥ Rn

}
=

{
τB(Rn) ≤ tn+1

}
▷ τB(R) = inf{t > 0 | Xt /∈ B(R)}

Px(An) ≤ Px

(
τB(Rn) ≤ tn+1

)



ER(u, u) =

∫∫
d(x,y)<F (R)

(u(x) − u(y))2 J(x, dy)m(dx)

▷ MR = ({XR
t }t≥0, {Px}x∈X): associated with (ER,F)

▷ CR =
1

32
·

R

log v(R) + log logR
(≥ F (R))

▷ τRB(R−CR) = inf{t > 0 | XR
t /∈ B(R− CR)}

=⇒XR
τR
B(R−CR)

∈ B(R) (∵ jump range < F (R) ≤ CR)

▷ uR(t, x) = Px

(
τRB(R−CR) ≤ t

)



Proposition 1.� �
For m-a.e. x ∈ X,

Px

(
τB(R−CR) ≤ t

)
≤ uR(t, x)︸ ︷︷ ︸

small jumps

+ tM2(R)︸ ︷︷ ︸
big jumps

.

� �

▷ uR(t, x) = Px

(
τRB(R−CR) ≤ t

)
Ikeda-Nagasawa-Watanabe (66), Meyer (75)

Barlow-Bass-Chen-Kaßmann (09), Grigor’yan-Hu-Lau (14)

Px(An) ≤ Px

(
τB(Rn−CRn) ≤ tn+1

)
≤ uRn(tn+1, x) + tn+1M2(Rn)



IR(t) =

∫
B(R−CR)

e−ξR(t,x)uR(t, x)
2φR(x)

2m(dx)

▷ ξR(t, x) = c1(R)t+ 2c2(R)ρ(x)

▷ φR(x) =

(
ec2(R)(R−CR) − ec2(R)ρ(x)

)
+

ec2(R)(R−CR) − 1

▷ c1(R) = 512 ·
M1(R)

R2
· (log v(R) + log logR)

▷ c2(R) =
8

R
· (log v(R) + log logR)

(
=

1

4CR

)



Proposition 2.� �
∃c > 0 s.t. ∀R ≫ 1, ∀t > 0,∫

B((R−CR)/2)
uR(t, x)

2m(dx) ≤
cec1(R)t

v(R)3(logR)4
.

� �

▷ Rn = θn/2 (1 < θ < 2)

▷ tn =
1

1024
· ψη(Rn)

=⇒ c1(Rn)tn+1 ≲ log v(Rn) + log logRn√∫
B((Rn−CRn)/2)

uRn(tn+1, x)2m(dx) ≤
c(θ)

v(Rn)n3/2



K ⊂ X: compact∫
K

 ∞∑
n=n0

Px(An)

 m(dx)

≤
∞∑

n=n0

∫
K

(
uRn(tn+1, x) + tn+1M2(Rn)

)
m(dx) < ∞

∫
K
uRn(tn+1, x)m(dx) ≲

√∫
K
uRn(tn+1, x)2m(dx)

≲ n−3/2

tn+1M2(Rn) ≲ ψη(Rn)M2(Rn) ≲ n−ν (ν > 1)



Assumption.� �
(iii) ∃c > 0, ∃ν > 1 s.t. for all large R > 0,

ψη(R)M2(R) ≤ c/(logR)ν.� �


