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1. Introduction

◃ ({Bt}t≥0, P ): Brownian motion on Rd starting from 0

Khintchine’s LIL� �

lim sup
t→∞

|Bt|√
2t log log t

= 1 P -a.s.

� �

◃ Rε(t) :=
√
(2 + ε)t log log t (ε > 0)

=⇒ ∀ε > 0,

P (|Bt| ≤ Rε(t) for all sufficiently large t) = 1



Volume growth and global path properties

◦ Symmetric diffusion processes

∗ Conservativeness

Grigor’yan (’86), Takeda (’89, ’92), Sturm (’94),...

∗ Escape rate

Grigor’yan (’99), Grigor’yan-Hsu (’08), Hsu-Qin (’10)



◦ Markov chains on weighted graphs:

∗ Conservativeness

Grigor’yan-Huang-Masamune (’12)

Folz (to appear in TAMS), Huang (to appear in POT)

∗ Escape rate

Huang (to appear in JOTP)

Purpose in this talk.� �
To obtain refined upper rate functions of Markov chains� �



2. Result

Weighted graph [Keller-Lenz (’11)]

◃ V : countably infinite set

◃ µ: V → (0,∞)

◃ w: V × V → [0,∞) s.t. ∀x ∈ V ,

(i) w(x, x) = 0 (no loops)

(ii)
∑
z∈V

w(x, z) < ∞ (finiteness of the “degree”)

The triple (V, µ,w): weighted graph



◦ x ∼ y
def⇐⇒ w(x, y) > 0

◦ (x0, . . . , xn): path connecting x and y

def⇐⇒ x0 = x, xn = y, xk−1 ∼ xk (k = 1, 2, 3, . . . , n)

Assumption

(V, µ,w): locally finite and connected, i.e.

• ∀x ∈ V , ♯{y ∈ V | x ∼ y} < ∞;

• ∀x, y ∈ V (x ̸= y), ∃path connecting x and y



◃ Q = (qxy)x,y∈V : V × V matrix

qxy =


w(x, y)

µ(x)
x ̸= y

−
∑
z∈V w(x, z)

µ(x)
x = y

◃ M = ({Xt}t≥0, {Px}x∈V ): minimal Q-process

◃ (E,F): regular Dirichlet form on L2(V ;µ);

E(u, u) =
1

2

∑
x∈V

∑
y∈V

w(x, y)(u(x) − u(y))2

F = C0(V )

√
E(·,·)+∥·∥

L2(V ;µ)



Adapted path metric

• Huang-Keller-Masamune-Wojciechowski (’13)

◃ σ: V × V → [0, 1]: symmetric s.t.

(i) σ(x, x) = 0, ∀x ∈ V ;

(ii) σ(x, y) > 0 ⇐⇒ x ∼ y

◦ σ is adapted to (V,w, µ)
def⇐⇒

1

µ(x)

∑
z∈V

w(x, z)σ(x, z)2 ≤ 1, ∀x ∈ V



dσ(x, y) := inf


n∑
k=1

σ(xk−1, xk)

∣∣∣∣ (x0, . . . , xn): path

connecting x and y


=⇒

1

µ(x)

∑
z∈V

w(x, z)dσ(x, z)
2 ≤ 1, ∀x ∈ V

E(u, u) =
1

2

∑
x∈V

 1

µ(x)

∑
y∈V

w(x, y)(u(x) − u(y))2

 µ(x)

“|∇d|2(x) ≤ 1” and “
1

2

∫
Rd

|∇u|2(x) dx”
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Intrinsic metric

• Sturm (’94)

• Frank-Lenz-Wingert (’10)

◃ Bdσ(x, r) := {z ∈ V | dσ(x, z) < r} (x ∈ V , r > 0)

Condition.� �
• x̄ ∈ V : reference point

(i) inf
x∈V

µ(x) > 0;

(ii)

∫ ∞

·

r

logµ(Bdσ(x̄, r))
dr = ∞

� �



Theorem (to appear in SPA).� �
Under Condition,

(1) M is conservative;

(2) ∃c > 0 and ∃R̂ ≥ 1 s.t. for

ψ(R) := c

∫ R

R̂

r

logµ(Bdσ(x̄, r)) + log log r
dr,

Px̄(dσ(x̄, Xt) ≤ ψ−1(t) for all sufficiently large t) = 1� �
Condition.� �
• x̄ ∈ V : reference point

(i) inf
x∈V

µ(x) > 0; (ii)

∫ ∞

·

r

logµ(Bdσ(x̄, r))
dr = ∞.

� �



Remark.

(i) Theorem (1) (conservativeness):

◦ A weak version of Folz’s (Condition (i))

(ii) [Hsu-Qin (’10)]

lim
R→∞

ψ(R) = ∞ ⇐⇒ Condition (ii)



3. Approach

Modification of the weighted graph

• Add vertices on edges =⇒ refined cut-off function

◃ (Vo, µo, wo): original weighted graph

⇐⇒ ({Xo
t }t≥0, {P ox}x∈Vo)

◃ (V, µ,w): modified weighted graph

⇐⇒ ({Xt}t≥0, {Px}x∈V )





◃ At :=

∫ t

0
1Vo(Xs) ds: total occupation time on Vo

◃ τt: right continuous inverse of At

Proposition.� �

(1) ({Xτt}t≥0, {Px}x∈Vo)
d
= ({Xo

t }t≥0, {P ox}x∈Vo);

(2) If ({Xt}t≥0, {Px}x∈V ) is conservative,

=⇒ ∃C > 1, independent of (Vo, µo, wo) and N s.t.

Px̄(τt ≤ Ct for all sufficiently large t) = 1� �



◃ R(t): upper rate function of (V, µ,w)

=⇒ R(Ct): upper rate function of (Vo, µo, µo)

dσo(x̄, X
o
t )

Proposition
= dσo(x̄, Xτt)

definition
= dσ(x̄, Xτt)

upper rate ft
≤ R(τt)

Proposition
≤ R(Ct)



4. Example

Anti-trees

◃ x0: the origin

◃ ρ0(x) := ρ(x0, x): graph distance between x0 and x

Assumption.

(1) µ(x) ≡ 1, w(x, y) = 1{x∼y};

(2) β ∈ [0, 2]

deg(x) ≍ (ρ0(x) + 2)2(log(ρ0(x) + 2))β



◃ σ(x, y) :=
1√

deg(x)
∧

1√
deg(y)

∧ 1

=⇒ σ(x, y) ≍
1

(ρ0(x) + 2)(log(ρ0(x) + 2))β/2

dσ(x, y) ≍ logµ(Bdσ(x0, r)) ≍

0 ≤ β < 2 (log(ρ0(x) + 2))(2−β)/2 r2/(2−β)

β = 2 log log(ρ0(x) + 3) ecr

• Condition (ii) holds ⇐⇒ 0 ≤ β ≤ 1



ψ−1(t) ≍ ρ0(Xt) .

0 ≤ β < 1 t(2−β)/(2−2β) et
1/(1−β)

β = 1 ect ec
′ect

Remark: This result is sharp.

◦ Conservativeness: Wojciechowski (’11), Folz

◦ Escape rate: Huang


