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1. Introduction
> X: locally compact separable metric space

> m: positive Radon measure on X with full support

> (€, F): regular Dirichlet form on L?(X;m)

& M = (X, Pz): m-symmetric Hunt process on X

> ¢ =inf{t > 0: Xy € A}: life time of M

o M is conservative ﬁ Py (( =00) =1, qe. x € X.
&



Main factors.

¢ Volume growth rate of m

¢ Growth rate of the associated coefficients

Diffusion case.

Gaffney ('59), Ichihara (’86), Grigor’'yan ('86), Takeda (’89),

Davies ('92), Oshima ('92), Sturm (’94),...



Jump(-diffusion) case.

Masamune-Uemura ('11),
Grigor’'yan-Huang-Masamune ('127), S-Uemura ('11),

Masamune-Uemura-Wang (’12).

— U\xr) —u 2 X m\yax
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Conservativeness criteria.

(i) Volume growth rate [MU, GHM, MUW]|.

— u\xr) —u 2 X m\yaxr
g = [, o (@)~ u@)? I (@ dyym(da)

e sup [ (LAlz—yl?) I(e,dy) < oo
rceRd Rd\{w}

e dc > 0 s.t.

m({x € R?: |z| < r}) < e 87, vr > 0.



(ii) Coefficient growth rate [SU].

— Uu\xr) —Uu 2 £I m\axr
g = [, - (@)~ uw)? I (@ yym(da)

o JdMy, Mo > O s.t.

/ 1z — y[2 J(z, dy) < Mi(1+ |2[2) log(2 + |2|).
lz—y|<v(x)

/|w_y|27(w) J(z,dy) < M> (7(33) 1= \/4 + |ae|2/2> :

(<= continuity of coefficients);

e m(dx) = dx: Lebesgue measure (essential).



Purpose in this talk.

(i) Improve [SUJ:
o Remove
(= discontinuity of coefficients)

o Underlying measure, state space:

(ii) Generalize [MU], [GHM], [SU], [MUW]:

o Balance between volume and coefficients



2. Result.

1
E(u,u) = 5#@)()()

(a2 T (. dar el e
+//Xxx\d(u(:1:) (y))* J(x, dy)m(dx)

o ”?’UJ): positive Radon measure on X (energy measure)

e J(x,dy): jump kernel s.t.

J(x,dy)m(de) = J(y,dxr)m(dy) on X X X \ d.



~ Assumption 1 (“big jumps”). N
JF (x,y) > 0: positive function on X X X \ d s.t.

(i) F(z,y) = F(y,z);

(i) sup J(x,dy) < oo.

\ reX —/d(:v,y)ZF(w,y) )

1
5(1)(% u) = EH((:U>(X)

— U 2 4 i ™m 4 &
+ / /d e (@)~ u@)? I @ dyym(aa)

— E1 < 5§1)




Lemma. (&, F) is conservative iff so is (£(1), F).

Takeda ('89)

> :Floc,ac = {p € FlocNC(X) : U?m <K m}

> Bp(r) :={x € X : p(x) < r}

( )

> A= < P € Floc,ac *

\

lim, A p(x) = oo,

By(r) is compact, Vr > 0.




Fix p € A.
M is conservative <= p(X;) < oo, VI > 0

o Y: := p(X¢): one-dimensional process

Diffusion case.

EY (u,u) = E(uo p,uop) = %/X u’(p(x))? ,u?m(da:)

< [ wp@)?m(a

1

= [ w@? (o p™) )




~ Assumption 2 (“small jumps”).

N

dp € A s.t.

(i) Ir > 0 s.t.

lp(x) —p(y)| <r if d(z,y) < F(z,y);

(i) sup

rcX «/d(fv,y)<F(way)

(p(z) — p(y))? J(z,dy) < oo.




> ufm(dw) = m(dx)
/ (p(z) — p(y))? I (z, dy)
d(a:,y)<F(:1:,y)

> Mpy(r) := ess.sup I'“(p) () + ess.sup T/ (p)(z), r > 0O
xEB/(T) xEB/,(T)



~ Theorem.
If 3{a,}: sequence s.t.

lim e "*"M,(n + 3r)m(B,(n + 37))

I \

-exp | aZexp [ 2a, sup  |p(x) — p(y)| | My(n +7)T
%—TS[)($)S’I’L—|—T,
\ \ d(z,y) <F(z,y) )

for some T > 0, then (£, F) is conservative.
N

)

/

> if,y (dz) = T*(p) () m(dz)

> TV (p) () = / (p(2) — p(y))* (@, dy)

d(z,y)<F(z,y)

> M,(r) := ess.sup I'“(p)(x) + ess.sup I'V(p)(x)
xEB)(T) xEBy(r)



3. Applications.

d ou

E(u,u) = /Rd Z a,,;j(a;)awi

’i,j:1

—u 2 - r(dop
—l_//]Rded\d(u(w) (v))° J(x,dy)m(dx)

ou

e Assume (&, C(C)’O(Rd)): closable.

> (€, F): Er-closure of (£, CSC(RY))



(i) Coefficient growth rates.

e dA > O s.t.
d

N agi(@)€E; < AL+ |2[?) log(2 + |x])|€]%, VE € R
ij=1

e My, My > 0 s.t. Vx € RY,

o  — y|* I (x,dy) < My(1+ |z|?) log(2 + |x),

J(ma dy) < My;

[oyrs
fama

| \/

e 38 > 0 s.t. m(B(r)) <P, Vr > 0.



0 Fla,y) = {0+ |2l) v (1 + )

o p(x) = /log(2 + |x|)
— |p(x) — p(y)| < 1, Va,Vy with |z — y| < F(x,y)

o anp = 408n



Example.

>a€[1,2), 8>0

> C1mP < m(Byg(r)) < CorP, Va € R, Vr > 0

_ (u() —u®)®
fw = [[ el T mdaymdy)

e If dci,c0 > 0s.t. ¢ < c(x,y) < cg —

symmetric a-stable-like process [Z.-Q. Chen-Kumagai ('03)]



_ (u(w) — u(y)?
Ew) = [[ el T L m(da)m(dy

e For 0 < |z — y| < 1,

c(z,y) < e1{(1+]|z|?) log(2+|z|)+ (1+|y|*) log(2+]y])}

e For |z —y| > 1,

c(z,y) < ea{(1+ |z|?)P + (1 + |y|*)P}

for some p € [0, /2)



(ii) Volume and coefficient growth rates.
> q € (0,1]: fixed

e JA\ > O s.t.
d

N7 aij(@)€i; < A+ |2A) g3, veE € RY;
i,j=1

e IM7, My > 0 s.t. Vz € R?,

/| e 7 Y@ dY) < M ),
T—Y x

/ J(mvdy) < Moy;
lz—y|>(1+|z|)1 9

e dc > 0 s.t. m(B(r)) < e™'1087 v > 0.



/

o F(x,y) = % {a+12)""7v 1+ 1y}

(¢’ > 0: small enough)

o p(x) = (1+ |a)?

— |p(z) — p(y)| < ¢/, V&, Vy with |z — y| < F(z,y)
o an = plogn

Remark. ¢ =1 — [GHM], [MUW]



4. Sketch proof of Theorem.

~ Theorem.

If 3{a,}: sequence s.t.

lim e """ M,(n + 3r)m(B,(n + 3r))

n—oo

- exp

(

2
a, exp

\

(

2a,,

\

sup
%—rgp(w)gn—l—r,
d(z,y)<F(x,y)

lp(x) — p(y)]

for some T > 0, then (£, F) is conservative.

N

)

/

M,(n +r)T

> 11f,y (dz) = T*(p) (x) m(de)

(p(z) — p(y))* J(z, dy)

> T (p) (@) = |

d(z,y)<F(z,y)

> M,(r) := ess.supI'“(p)(x) + ess.sup IV (p)(x)
r€Bp(r)

r€Bp(r)




> {T¢} >0 L2-semigroup associated with (£(1), F)
Lemma. If I{pn} C F N Cpy(X) with

lim ¢, =1 me-a.e.
n—oo

and Jtg > 0 s.t. Vf € F N Cy(X),

lim / (F (@) — Tof (2))pn(x) m(dz) = 0, V¢ € (0, to)
X

n—oo

—> | 1T31 =1 me-a.e.,, Vt > 0.




> {wn} C CF°(R) s.t.
1 |t|<n+4r
o wn(t) = <

0 |[t| > n+ 2r,

\

o dL > 1 s.t.

sup sup |w, ()] < L
n>1teR

> pn(x) := wn(p(x))(€ F N Co(X))

—> lim ¢, =1 me-a.e.
n— 00



> ug =T f (f € FnCo(X))

(4@~ w@en man) = ([ €0 pnas)

< 2| F (|22 xmy * € " Mp(n + 3r)m(B,(n + 3r))

[

-exp [ a’exp |2a  sup  |p(z) — p(y)|
5—r<p(z)<n+tr
\ \  dew)<Flw)

for any a > 0. Take a = a,, and n — oc.

)

/

M,(n + r)t

2

)
/




