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Abstract

Recently, it was proved that the index of an economy with incomplete real asset
markets is typically +1 when the degree of incompleteness, which is defined as the
difference between the number of states and the number of securities, is an even
number. This paper considers the case where the degree of incompleteness is an
odd number and proves that any odd number can be realized as the index of such
an economy.

JEL classification: D52, C62

Keywords: Incomplete market, Index theorem, Homotopy

1 Introduction

The index theorem was introduced to economics by Dierker (1972), who applied it to
the Arrow-Debreu exchange economy. Although the index theorem is a mathematical
concept, it has important economic implications pertaining to, for example, the existence
of equilibrium, the number of equilibrium, and the local uniqueness of equilibrium. A
unique feature of the index theorem is its detective power with respect to multiple equi-
libria. The index theorem insists that the sum of the indices at each equilibrium over all
the equilibria of an economy, that is, the index of the economy, equals +1. Therefore, the
existence of an equilibrium with index -1 implies that the economy has at least two other

equilibria with index +1.

*Address: Department of Economics, Doshisha University, Kamigyo-ku, Kyoto 602-8580, Japan;
Phone: +81-75-251-3647; E-mail: tmomi@mail.doshisha.ac.jp



The general equilibrium model with incomplete markets is an extension of the Arrow-
Debreu model in that it describes the trading mechanism for uncertainty in a more precise
manner. Therefore, a natural question to follow is whether or not the index theorem
holds for the incomplete market model. Recent works by Momi (2003), Bich (2006), and
Predtetchinski (2006) gave a partial answer to this question: the index theorem typically
holds when the degree of incompleteness, which is defined as the difference between the
number of states (S) and the number of securities (J), is an even number. The purpose
of this paper is to study the case where the degree of incompleteness is an odd number.

The result of this paper is striking: it shows that any odd number can be the index
of an incomplete market economy in which the degree of incompleteness is odd. That is,
the index theorem does not hold for such an incomplete market economy. This is a sharp
contrast to Dierker’s index theorem for the Arrow-Debreu economy.

It is well known that the index is homotopy invariant. In fact, a simple proof of
the index theorem for the Arrow-Debreu economy is obtained as a by-product of the
homotopy path following for computation of an equilibrium, where the homotopy connects
a single consumer’s excess demand function to the aggregate excess demand function of
the economy. Brown et al. (1996) and DeMarzo and Eaves (1996) presented homotopy
methods to compute an equilibrium for the incomplete market model. A typical difficulty
faced with the incomplete market model is discontinuity of demand functions at bad prices,
where the budget set drops its rank. To overcome this difficulty, Brown et al. (1996)
needed to switch the homotopies and Demarzo and Eaves (1996) employed a Grassmann
manifold, which represents the space of income transfers between states. However these
homotopy path followings do not provide the index theorem as simply as the Arrow-
Debreu economy did, because homotopy paths should be switched in the former and
Grassmann manifolds are not generally orientable in the latter.

Bich (2006) and Predtetchinski (2006) found that a homotopy is well defined on an
orientable manifold when S —.J is even. In DeMarzo and Eaves (1996), the domain of the
homotopy is the product of the price set and the Grassmann manifold (and the homotopy
parameter set). However, when the asset structure is fixed, the entire Grassman manifold
need not be considered and the domain can be restricted to a much smaller set, which
is called the asset (pseudo) equilibrium manifold. Bich (2006) and Predetchinski (2006)
proved that the asset (pseudo) equilibrium manifold is orientable when S — J is even, and
hence, the index theorem holds.

Momi (2003) proved how the index change occurs when homotopies in Brown et al.

(1996) are switched, that is, when a bad point where the budget set drops its rank is



passed through.! The index change does not occur at any bad points when S — .J is even,
and hence, the index theorem holds. On the other hand, if S — J is an odd number, the
index change occurs at a bad point depending on how the homotopy path passes through
the bad point; therefore such an economy might have an index not equal to +1.

This paper shows the existence of an economy whose index is not equal to +1 by
conversely following the arguments of Momi (2003). Roughly speaking, when an odd
number (not equal to +1) is given, we draw a picture of paths (passing through bad
points) such that the given odd number is induced as the index of the picture when
Momi’s index change rule is applied. Next, we construct an economy that realizes the
drawn paths as its homotopy paths. The economy will then have the given odd number
as its index.

The main point of the paper is to construct an economy that realizes certain drawn
paths as its homotopy paths. The following question is addressed: for arbitrarily drawn
paths, is there an economy whose homotopy paths coincide with the drawn paths? This
is the characterization problem of homotopy paths. The paper shows that any reasonable
paths can be realized.

Note that the characterization of homotopy paths is closely related to the charac-
terization of the equilibrium price set. In fact, they coincide at the terminal homotopy
parameter value where the homotopy function equals the aggregate excess demand func-
tion. For the Arrow-Debreu economy, the characterization of the equilibrium price set is
provided by Mas-Colell (1977). For the incomplete market economy, a similar result is
recently obtained by Momi (2010). This result is applied to the construction of the econ-
omy in this paper. A drawback of the study by Momi (2010) is that the characterization
is given for an asset structure where the budget set drops its rank in only one dimension.
Therefore, the economy constructed in this paper to induce an arbitrarily given index
number has such an asset structure.

The paper is organized as follows. Section 2 describes the setup of the incomplete
market model. Section 3 reviews the approach in Momi (2003), on which this paper is
based, and Section 4 states the main result of the paper. Section 5 summarizes the result
of Momi (2010), which is applied to the construction of the economy. Sections 6 and 7
provide the proof of the paper’s main theorem. Specifically, in Section 6, a picture of
candidate homotopy paths is drawn which realizes an arbitrary given odd number as the
index if the paths are taken as the homotopy paths of an economy. Section 7 shows that

there exists an economy whose homotopy paths coincide with the drawn paths.

n fact, Momi (2003) switched the homotopies between the one in Brown et.al. (1996) and the one
in DeMarzo and Eaves (1996).



2 The incomplete market model

We consider a standard two-period economy with incomplete real asset markets. There
are S possible states in the second period and N goods in each state such that R, where
M = (S+1)N with period 0 as state 0, represents the total commodity space. There are
J(< S) real assets A7, j = 1,...,J, each of which promises the delivery of a bundle of
commodities A7 = (A7,,... Aly)ifstate s € {1,...,S} occurs in the second period. We
represent the asset structure by A = { A7 } and assume that the assets are unredundant.
Each consumer indexed by i is defined by (=%, w’) where 3 is the consumer’s strictly
convex, monotonic, continuous, and complete preference ordering on the consumption
set RY and w' € RY, is the consumer’s initial endowment vector. Let p, 2’, ', and
¥ = a' — w' respectively denote price, consumption, endowment, and excess demand of
consumer i, where p = (pg...,ps) and ps = (pst, ... ,psn), and so on. We often relabel
pasp=(pi,--- P+ ,Pu), Where py = o1, P2 = Poz; - - - , Py = Psy and relabel xf, Wi,
and 2’ in a similar manner.

The budget set, which the excess demand vector z = (2, ... ,25) € RM satisfies, is

L(p) = {z € RM

where p = (po, ... ,ps) € A ={p e RY,| || p ||= 1} is the present value price system,
p10z; denotes [p121,. .., pszs]t, and (A(p)) denotes the linear space in R spanned by .J
column vectors of the S x J payoff matrix A(p) = (psAg)iié2 See Duffie and Shafer
(1985) for the justification behind this definition of a budget set using the present value

price system. The excess demand function of consumer i is thus defined by

Zi(p) =z —we RM -
satisfying (2’ — w') € L(p)

(z —w') € L(p) and 2/ Z' z for any 2/ € RY }

The equilibrium price p is defined by >, z*(p) = 0. Thus, our incomplete market economy
is defined by the set of consumers of a finite number and an asset structure ({3%, w'};, A).

Note that L(p) is a k = M — (S — J) — 1-dimensional linear subspace in RM if and
only if the payoff matrix A(p) is of full column rank. We label such a price as “good” and
write AY to denote the set of good prices AY = {p € A|rankA(p) = J}. We further label
the critical price where the rank of A(p) is less than J (that is, where the dimension of
L(p) is less than k) as “bad” and define A® = A\ A = {p € AlrankA(p) < J}. Since
the budget set L(p) drops its dimension at bad prices, the excess demand z‘(p) is not

continuous at bad prices.

2|l || denotes the Euclid norm and 7" denotes the transpose of a vector or a matrix.
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Dealing with incomplete market models, it is sometimes convenient to consider one
consumer as an unconstrained consumer who maximizes the utility subject to the com-
plete market budget set {z € RM|pz = 0}. We consider the first consumer i = 1 as

unconstrained and write her excess demand function as

2%(p) = {x —wte RM

p(zr —w') =0 and 2/ 3 z for any 2/ € RY
satisfying p(’ —w!) =0

to distinguish it from her constrained excess demand z'(p). Let Z° = .., 2" denote
the aggregate excess demand function of the remaining constrained consumers ¢ > 2 and
let Z7 = 2" + Z°¢ denote the aggregate excess demand of the economy. See Duffie and
Shafer (1985) for the justification and merits of considering an unconstrained consumer.
In particular, Z(p) = 0 implies >, 2*(p) = 0, and Y, 2*(p) = 0 implies the existence of p/
such that Z(p') = 0. Further, because of Walras’ law, one of the M equations of Z(p) =0
is redundant, and hence Z (p) = 0, where the symbol “*” indicates that the M-th element
is dropped, implies that p is an equilibrium price.

Moreover, it is sometimes convenient to consider the excess demand defined for the
k-dimensional linear subspaces of R, because L(p) is such a space when p € A9. We let
G*(RM) denote the set of k-dimensional linear subspaces of R called the Grassmann
manifold. We further define G* , (RM) = {L € G¥(RM)|LN RY = 0}. For a good price
p € A9, L(p) is clearly an element of G (RM). We define

F(L)={z—w'e€ RM ,
satisfying (2’ —w') € L

(r —w') € L and o/ 3%z for any 2/ € RY }

for L € G%_(RM), and define Z¢(L) = Y isp 2% Clearly, 2/(L(p)) = 2'(p) for p € A9,

As mentioned above, the function p — L(p) is not continuous at p € A’. To avoid this
discontinuity, it is convenient to consider a pseudo equilibrium. Remember that (A(p))
is a J-dimensional linear subspace in R® for p € AY. For p € A and g € G’(R®) where
G’(R%) denote the set of J-dimensional linear subspaces of R°, we let £(p, g) denote the

pz =0,

pillz €¢g } ‘

Note that £(p, g) is always an element of G%_ (R™) and the function £ : A x G’(R%) —
G*% . (RM) is continuous. The pair (p,§) € A x G’/(R") is called a pseudo equlibrium

following budget set:

L(p,g) = {2 e RY

when it satisfies 2*(p) + Z¢(£(7,5)) = 0 and (A(p)) € g. If (7,9) is a pseudo equilibrium
and A(p) is of full column rank, then (A(p)) = g and p is clearly an equilibrium price.



Subsequently, it is necessary to represent g € G’ (R?) by local coordinate systems. We

let ¥ denote the set of permutations of {1, ..., S} and II, be the permutation matrix such
X1 Xo(1) Yin. ... Yy

thatﬂa{:]: ]foreachaEE.BysomeaEEandY: : : ]6
Xs XU‘(S) Yis—n1 - Yis—na

RS=D7 any g € G’(R%) can be written as
g ={w e R*|[I[Y]lw =0}, (1)

where I denotes the (S — J) x (S — J) identity matrix.® For each o € ¥, define W, =
{g € G'(R%)|there is Y € R~/ such that g = {w € R®|[I|Y]lIl,w = 0}} and define
o 1 Wy — RSN by g = {w € RY|[I|¢,(g)|ll,w = 0}. Then, {W,, 0y }ses is actually
an atlas for the Grassmann manifold G7(R?). Refer to Duffie and Shafer (1985) and

Momi (2003) for details of the above pseudo equilibrium and Grassmann manifold.

3 Result

We define the index at an equilibrium price p € Z~1(0) by

aZ_)

% (P)
where [%—g} denote the derivative of (Zy,..., Zy—1) with respect to (p1,...,pay—1), that

indexZ(p) = (—=1) Lsign (det

is, the Jacobian matrix of Z whose last row and last column are dropped.* The index of
the economy is defined by
Z indexZ(p).
peZ=1(0)
This definition is equivalent to that in Momi (2003) regardless of the different price nor-
malizations and is a natural extension of the index of the Arrow-Debreu economy. See
Momi (2003) for the proof that the definition of the index is independent from price nor-
malizations. The index of an economy is well defined only when Z ~1(0) is a finite set and
the derivative of Z is well defined at every p € Z ~1(0). The main result of this paper is

given in the form of the following theorem.

Theorem. For any odd number, there exists an economy ({3, w'};, A) with some num-
bers of states S, assets J, commodities N and consumers, whose index equals the odd

number.

3We use I to denote identity matrices of all ranks. We do not mention the rank when it is clear.
Moreover, we use 0 to denote any vector or matrix whose elements are 0’s.

4Note that sign(a) denotes the sign of a € R: sign(a) = +1,0,—1 if a > 0,a = 0,a < 0, respectively;
det[X] denotes the determinant of matrix [X].



4 Homotopy, index, and index change rule

This section reviews Momi’s (2003) approach to computing the index of the incomplete
market economy and sketches the proof of the paper’s main theorem. We define the
homotopy H : AY x [0,1] — RM between the unconstrained consumer’s excess demand

function z*(p) and the aggregate excess demand function Z(p) = 2*(p) + Z¢(p) as
H(p,t) =2"(p) +tZ°(p).

Although we define H on AY x [0, 1], where H is continuous, it is convenient to work with
H-1(0), the closure of H~'(0) in A x [0, 1].

Given below are the properties of H~1(0) that are satisfied for almost all initial endow-
ments w = {w'}; and asset structures A when each preference ordering <’ is represented

by a smooth utility function. These are well known as seen in Brown et al. (1996).

H1) H~'(0) is a one-dimensional smooth compact submanifold of A x [0, 1];

)
H2) H-1(0) is bounded away from the boundary A x [0, 1];
)

(

(

(H3) H~'(0) is not tangent to the boundary A x {0, 1};

(H4) (p*,0) is the unique intersection of H=1(0) and the boundary A x {0}, where p*
is the supporting price of the indifference surface of the first consumer’s preference

ordering at w!, and p* € AY;

(H5) If (p/, 1) is the intersection of H~1(0) and the boundary A x {1}, then p’ € A9 ;

(H6) H-1(0) intersects with A’ x [0, 1] a finite number of times.

Typically, H~(0) is drawn as in Figure 1. We call a one-dimensional connected
manifold as a “path” and we call a path in H~'(0) or in H~1(0) as a homotopy path. We
further label each point (p,t) in HT(O) as a good point if p is a good price, and a bad
point if p is a bad price.

We define the index of H at (p,f) € H'(0) as
X H
indexH (p,t) = (—1)M tsign (det [%(ﬁ, f)]) :
P

Note that because Z(p) = H(p,1), Z(p) = 0 if and only if H(p,1) = 0 and indexZ(p) =
indexf[(ﬁ, 1).

On a (connected) path in H~!(0), the index can be computed as done with the Arrow-
Debreu model. See Mas-Colell et al. (1995) or Garcia and Zangwill (1981). When each
preference 3¢ is represented by a smooth utility function, for almost all initial endowments
w and asset structures A, following (R1) and (R2) hold.
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(R1) The index of H at (p*,0) € H~1(0) is +1.

(R2) H is regular at any (p,t) € H~'(0), that is, the (M — 1) x M matrix [%, %}
has rank M — 1 at any (p,t) € H1(0).

(R2) then gives the index rule on H~'(0) which determines the relation between the
indices at two different points on a path in H~1(0).

(R2’) Following a homotopy path in H~1(0), the index of H is unchanged when moving
along the same direction with respect to ¢ but is changed when the direction is

changed.

We say a path in H~1(0) is regular when the regularity of H is satisfied at any point on
the path.

The problem with the incomplete market economy is that H~'(0) does not necessarily
provide a connected path that has both end points on the boundary A x{0,1}. See Figure
1. The rule (R2’) determines the relation between the index of H at (p,t') and the index
of H at (p”,t"). However, since H1(0) is not connected, we cannot compute the index of
H at (p”,t"). To overcome this discontinuity, Momi (2003) utilized a pseudo path that
was originally used by DeMarzo and Eaves (1996) to compute a pseudo equilibrium.

For o € ¥, we define the homotopy K, = (K}, K2) : A x RS~ x [0,1] — RM x

Ky (p.Y,t) = 2"(p) + tZ2°(L(p. ¢, (V))),
K (p,Y) = [I|Y I Ap).
Note that (p,t) € H-'(0) if and only if (p,Y;t) € K;'(0) for some o € ¥ and
Y € RS=77_ In partucular, (p,t) € H='(0) if and only if (p, o.((A(p))),t) € K;(0) for
o such that (A(p)) € W,. In other words, the union of the projections of K;*(0) onto

A x [0,1] over 0 € ¥ coincides with H~1(0). Therefore, we can follow the path in K;1(0)
instead of the path in H~1(0).

We define the index of K,, regularity of K,, and regular path in K;'(0) analogously
to those of H. The index of K, at (p,Y,#) € K;1(0) is defined as
af( _ dK1
(p’ Y7 t—-> ( 7 E)
index K, Y, t M=14(S=J)J stgn | det
pr=en W(p,m 9357,
where day 'and K? with respect to Y.°

The regularity of KU at any (p,Y,t) € K;1(0), that is, that the (M —14 (5 - J)J) x

®Both K2 and Y are in the form of the matrix (S — J) x J. To introduce an order in the elements

of the matrix, we assume that the (i,j) element is before the (i’,j’) element when ¢ < ¢, or i = ¢’ and

Jj<j.



dKl 9Kl 9K}
(M —1+(S—J)J+ 1) matrix [a;a oy, o ] has rank (M — 1+ (S — J)J) at any

OK2  OK2
b oy
(p,Y,t) € K;1(0), is satisfied for almost all initial endowments w and asset structures A.

We say that a path (one-dimensional connected manifold) in K, *(0) is regular when the
regularity of K, is satisfied at any point on the path.

Momi (2003) proved the relation between indexzH at (p,t) € H1(0) and index K, at
the corresponding point (p, v, ((A(p))),t).

Proposition 1. [Momi (2003)] Let (p,t) € H '(0) and o € ¥ satisfy (A(p)) € W;
then,

(det [Qa(p)] ) -

where (), (p) is the J x J matrix consisting of the last J rows of I, A(p):

indexH (p,t) = (—1)~’sign indexK (p, o ((A(p))), 1), (2)

pU(S*JJFl)Azlr(SfJJrl) e pa(SfJJrl)Ag(stH)
QO’ (p) = :
Do (5) Ai(S) EE pU(S)Ag(S)

Note that (p,t) € H~!(0) indicates that A(p) has full column rank and that (A(p)) €
W, indicates that Q,(p) has full rank.

Suppose that the regularities of H and K are satisfied in Figure 1. At (p", "),
indexK, at (p",0.((A(p"))),t") can be calculated from the indexH (p”,t") by Propo-
sition 1. Then, the connected path in K !(0) can be followed from (p”, p,({(A(p"))),t")
to (p"”, s ((A(P"))),t") counting the index of K,. The index of H at (p"”,t") can be
calculated from the index of K, at (p”, o, ((A(p"))),t"”) by Proposition 1. Thus we can
compute the index of H at (p",t"”) evading the bad point. Note that we use the relation
in Proposition 1 twice to evade one bad point.

If S —J is even, then (det[Q,(p)])®~7 does not change its signs regardless of the sign of
det|Q.(p)]; hence, the index changes at bad points do not occur. That is, we can compute
the index of H as if HT(O) yields standard homotopy paths. This is the proof given in
Momi (2003) for the index theorem when S — J is even.

6Momi (2003) does not mention the regularity of K,. As explained above, for the path following
and index counting in K !(0), we need its regularity. Although the regularity of H at a good point in
H~1(0) implies the regularity of K, at the corresponding point in K - 1(0), the regularity of K, at the

point corresponding to a bad point in H~1(0) should also be mentioned. Since the regularity holds for
almost all endowments and assets, the statement of the theorem in Momi (2003) is true: when S — J is

even, the index theorem holds for almost all endowments and assets.



On the other hand, if S — J is odd, the index change at a bad point occurs when
det|Q,(p)] changes its signs before and after the bad point. This suggests the possibility
that an economy might have an index not equal to +1. Whether or not det[Q,(p)] changes
its sign at a bad point depends on how the homotopy path in HT(O) passes through the
bad point.

Now let us change our viewpoint. Suppose that we can arbitrarily draw a picture of
paths in A9 x [0,1] (or in A x [0,1]) and can determine the index number (+1 or -1) at
one end point of each path. Then, applying Proposition 1 to count the indices, any odd
number can be induced as the sum of the indices at the end points of the paths on the
boundary A x {1}. The obvious problem to be considered is whether there is an economy
({Z%, w'}i, A) such that (i) the drawn paths in A9 x [0, 1] are the actual regular homotopy
paths of H~1(0), (ii) the corresponding paths in A x R5~/)/ x [0, 1] are the actual regular
homotopy paths of K;1(0), and (iii) the given index number at one end point of each
path is the actual index number. The existence of such an economy is shown as proof of

this paper’s theorem.

5 Characterization of equilibrium budget sets

This section reviews the result of Momi (2010), who proved that if the dimension of the
budget set L(p) is k or k — 1 for any price p € A, then any compact set of the budget sets
can be the set of equilibrium budget sets of an incomplete market economy. At the final
step of the proof of the paper’s theorem, this result is applied to the construction of the
economy.

Suppose an asset structure A is given. In Section 2, Z' : G’i Jr(RM ) — RM was
defined as the excess demand when the consumer maximizes her utility subject to her net
demand lying in L € G’i L (RM). Then the aggregate constrained excess demand function

Z¢=3,%:G* (RM) — RM is continuous and satisfies the following:

(W) Walras’ law: Z¢(L) € L;

(BB) Boundedness from below: there is an « € R such that Z¢(L) > al, where
1=(1,...,1) € RM;

(BC) Boundary condition: if L — L € G%  (RM), then || Z¢(L) ||— +oo,

because each function % satisfies these conditions. A question now arises: when a contin-
uous function z : GE_ (RM) — RM satisfying (W),(BB), and (BC) is given, is there a set

of consumers {3’ w'}; whose equilibrium budget sets coincide with 27*(0)? This is an
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open question that remains unanswered. However, answering this question is outside the
scope of this paper because the whole set G’i +(RM ) is much larger than the set of bud-
get sets arising from the fixed asst structure A. We are interested in the k-dimensional
budget set L(p) at good price p € AY9. To deal with all such budget sets, we define
Giy = LAY NGE (RM) = L(A9) \ 0G* . (RM) as the set of budget sets we need to
consider.”

It is well known that the Grassmann manifold G¥(RM) is meterizable. We let d(L, L")
denote the distance between L and L’ in G*(RM) with respect to the introduced metric.®

For € > 0, we define
G.={L € G, |d(L,0G%_ (RM)) > ¢}

to denote the set of budget sets whose distance from the boundary dG* , (RM) is greater

than e. For any function z : G¥  (R™) — RM | we define
E. = {LeGo]=(L) = 0).

That is, F, denotes the set of equilibrium budget sets in G, . when z|G,  is the aggregate

excess demand function defined on G .

Proposition 2. [Momi (2010)] Let the dimension of L(p) be k or k — 1 for any p € A.
Let z : G (RM) — RM be a continuous function satisfying (W),(BB), and (BC). For
any € > 0, there exist a positive 4 < ¢ and a finite set of consumers {=% w'}; whose
aggregate excess demand function z*, when they maximize their utilities subject to their
net demands lying in L—RY  satisfies 2*|G, = 2|G,, E. = E, C G, and 312, 27 (L) > 0
for L € Gi4 \ G,..

It is an open question whether the condition that the dimension of L(p) is k or k — 1

for any p € A can be disregarded.

6 Candidate homotopy paths

This and next sections prove the paper’s main theorem: for any odd number, there exists
an economy ({=% w'};, A) that has the odd number as its index.
As explained in Section 4, to obtain an index number not equal to +1, the following

condition must be satisfied:

"For a function z — f(z), we let f(X) =, cx [(@).
8We let d(L, X) = infrexd(L, L") when X is a subset of G¥(RM).
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(A1) S — J is an odd number and Ab # ().

Since we apply Proposition 2 to construct our economy, we need an asset structure such

that
(A2) the dimension of the budget set L(p) is k or k — 1 for any p € A.

For example, these conditions are satisfied if S = 3, J = 2, and the payoffs of assets are
positive, A7 > 0. Furthermore, from a technical reason, we select the asset structure
such that
Ail e Ale
(A3) Ay = | ¢ | is of full column rank, s =1,...,S.

1 J
AsN e AsN

As we will see later, this condition simplifies the discussion because it ensures the regu-
larity of arbitrary paths.”

We next determine the first consumer (=! w!) so that the supporting price p* of her
indifference surface at her initial endowment w' is a good price and her excess demand
function z*(p) is smooth.

Let a be an odd number. We wish to construct an economy whose index is a. The
asset structure and the first consumer have been determined, and the constrained con-
sumers { =% w'};>» now need to be determined. The construction proceeds as follows. In
this section, a picture of paths is drawn to induce « as the index when it is computed
by applying Proposition 1. In the next section, constrained consumers {3’ w'};>o are
constructed so that the drawn paths are the actual homotopy paths of the economy.

The candidate homotopy paths of H=1(0) are represented as (p*(r), t*(r)), A = 1,... , A,
parameterized by r € [0, 1], where A is the number of the path we draw. Without loss
of generality, we assume that (%(T), %(r)) # (0,0) at any r. The paths should satisfy
(H1)-(H6) in Section 4, which are rewritten here as (h1)—(h6) respectively.

(h1) p*:[0,1] — A and ¢*: [0,1] — [0, 1] are smooth functions;
(h2) p*(r) are bounded away from the boundary 9A;

(h3) 22(0) # 0 and 22(1) #0.

Without loss of generality, let one end point of the first path A = 1 be (p*,0).

9(A3) is used in Lemma 2 (i). The theorem can be proved without the condition. However, the
candidate homotpy path should be chosen such that its regularity (regularity of K2, at “bad” points)

could be ensured later, that is, the path drawing and the construction of the economy cannot be separated.
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(h4) (p'(0),¢(0)) = (p* 0), which is the unique intersection of (p*(r),t*(r)) and
A x {0};

(h5) (p'(1),t'(1)) = (p(1),1) and p*(0) € A% (p*(0),12(0)) = (p*(0), 1), (p*(1), t2(1))
(p*(1),1) and p*(0) € A9, p*(1) € AY for X > 2; these are all intersections of
(p*(r), #}(r)) and A x {1};

(h6) the number of 7’s such that p*(7) € A’ is finite.

The paths (p*(r),t*(r)), A =1,... , A, in A x [0, 1] are the candidate paths of H~1(0).
To indicate the corresponding paths in A x R(S~/)7 x [0, 1], which are candidate paths of
K;1(0), we write g(p) = (A(p)) and define ¢* : [0,1] — G7(R®) for each A =1,... A, as

gM(r) = g(p*(r)) for r such that p*(r) € AY
7)) = lim,_-g(p*(r)) for 7 such that p*(7) € AP

Note that ¢ is a smooth function, whereas g(p*(r)) is not continuous at 7 such that
pM(7) € Ab. Tt is clear that (p*(r), ¢, (g*(r)),t*(r)) corresponds to (p*(r),t*(r)) with the
permutation o satisfying ¢g*(r) € W,. Similarly, we define L* : [0,1] — G as

LA(r) = L(p*(r)) for r such that p*(r) € A7
LA(7) = lim, s L(p(r)) for 7 such that pA(7) € A"

Note that L*(r) is a smooth function, whereas L(p*(r)) is not continuous at 7 such that
pF) € Al. Tt is clear that LA (r) = L(p*(r),g*(r)) is the budget set corresponding to
each point (p*(r), t*(r)).

For a smooth map f : X — Y between smooth manifolds, let df, : T, X — Ty,)Y
denote the derivative of f at x € X, where T, X and T},)Y are the tangent spaces of
X and Y at x and f(x), respectively. For simplicity we often write df : TX — TY.
Furthermore when X is a (submanifold of) one dimensional Euclid space, we endow T, X
the natural coordinate system and identify df, with df,(1) € Ty)Y, the image of 1 € T, X.

In addition to (h1)-(h6), we require our candidate paths to satisfy the following con-

ditions.!0

(h7) 2(p*(r)) € L (r) for any X and r;
(h8) LA (r") = LN (r") implies (N, 7') = (N, 7");
(h9) dL} # 0 for any A and r.

10We can prove that (h7)-(h9) are also typical properties of the homotopy paths satisfied for almost
all endowments and asset structures in economies with smooth utility functions. We left the proof to

readers. In this paper, we select the paths to satisfy these conditions.
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To obtain an index not equal to +1, it is necessary for the paths to pass through
bad points. For simplicity of argument, we will make the index changes occur at all bad
points on our paths. Suppose that the index change occurs at every bad point in Figure
1. Then the possible index number of the picture is either +1 or —3. While the index
of the path with one end point on A x {0} should be determined unambiguously, there
are two possibilities for the index of each of the other paths that have both end points on

A x {1}. In this sense, our paths should be consistent with .

(P1) Under the assumption that index changes occur at any bad points, the paths
(p*(r), M (r)), A =1,..., A, are consistent with a.

To ensure the assumption in (P1), that is, for index changes occur at any bad points, the

following condition should be satisfied:

(P2) If p*(7) € AP, then det[Q,(p*(r))] changes its sign at 7, where o € 3 satisfies
(A(p*(r))) € W, for r around 7.

Further, the regularity of the paths should be ensured as reviewed in Section 4. Note that
however the regularity of the paths is not a condition on the paths themselves but rather
a condition on the aggregate demand function of constrained consumers, which will be
investigated in the next section. The following lemma, whose proof is given in Appendix,

shows the existence of paths satisfying the conditions.

Lemma 1. There exist (p*(r),t*(r)), 7 € [0,1], A = 1,... , A, satisfying (h1)-(h9), (P1),
and (P2).

7 Characterization of homotopy paths

In the previous section, we drew a picture of candidate paths that is consistent with index
number «. The index number « is realized by suitably choosing index number (+1 or -1)
at one end point of the paths (p*(r),t*(r)), A = 2,... , A, and ensuring the regularity of
the all paths. This section shows the existence of constrained consumers such that these

are satisfied.

Proposition 3. Suppose that (3!, w!) is determined so that the consumer’s uncon-
strained excess demand function z* is smooth and p* € AY, the asset structure A satisfies
(A1)-(A3), and the candidate paths (p*(r),t*(r)), r € [0,1], A = 1,... , A, satisfy (hl)-
(h9). Moreover, the index number (+1 or -1) is given arbitrarily at the end point (p*(0), 1)

of each path A\ = 2,... ,A. Then, there exists a set of consumers {=<%, w'};>y such that
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(i) H=1(0) coincides with the union of the paths (p*(r),t*(r)), r € [0,1], A = 1,..., A;
(i) if p*(r) € A9, then H is regular at (p*(r), ) (r)); (iii) if p*(7) € AP, then there exists
g € ¥ satisfying ¢*(7) € W, and K, is regular at (p*(r), ¢s(g(r)), t*(r)) for r in the
neighborhood of 7; and (iv) mdemH(p (0),1), A =2,...,A, coincide with the arbitrarily

given index numbers at the corresponding points.

It is clear that Lemma 1 and this proposition establish the paper’s theorem. The
proof of this proposition proceeds as follows. First, a candidate aggregate excess demand
function of constrained consumers is determined such that the statement of Proposition
3 is realized. Next, Proposition 2 shows the existence of a set of constrained consumers

with this aggregate excess demand function.

7.1 Candidate aggregate excess demand function of constrained

consumers

For a function F : G% (RM) — RM we define Hp : AY x [0,1] — RM as Hp(p,t) =
2"(p)+tF(L(p)) and define the index of Hp analogously to that of H. Similarly, we define
Kop i A x RS % 0,1] = RM x RS~ as K,p = (K1, K?), where K!.(p,Y,t) =
2(p) + tF(L(p, ¢ (Y)))-

In this subsection, we find a smooth function F : G%, (RM) — RM satisfying Walras’

law: F'(L) € L, and the following conditions:
(F1) (p*(r),t\(r) € Hp'(0), 7 € [0,1], A =1,... , Ay
(F2) if p*(r) € A9, then Hp is regular at (p*(r), t(r));
(F3) if p*(7) € AP, then there exists ¢ € X satisfying ¢*(7) € W, and K, is regular
at (p(r), ws(g*(r)),t*(r)) for r in the neighborhood of 7;
(F4) the index of Hp at each (p*(0),1), X = 2,...,A equals the arbitrarily given

index number (41, or -1).

For obvious reasons, F' is a candidate aggregate excess demand function of the con-
strained consumers. If F' is indeed the aggregate excess demand function of the con-
strained consumers, then the economy satisfies (ii),(iii), and (iv) of Proposition 3.!!

To consider the regularities of Hp and K, together, we define KL(p, g,t) = z*(p) +
tF(L(p, g)) and Ki(p, g,t) = 2 (L(p, 9)) + tF(L(p, g)) for (p, g, 1) € A x G'(R®) x [0,1].

We further define the asset (pseudo) equilibrium manifold as

V ={(p.g) € Ax G/ (R*)|(A(p)) C g}
LAt this stage, (F1) is slightly different from (i) in Proposition 3.
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and consider the function KL|V x [0, 1], the restriction of K} onto V x [0,1]. Note that
any (p,g) € V satisfies K2(p,g) = 0 for any o such that g € W,. It is clear that our
candidate paths satisfy (p*(r),g*(r)) € V. See Bich (2006) and Predtetchinski (2006)
for detailed investigations of the asset (pseudo) equilibrium manifold. In particular, note
that it is an M — 1-dimensional smooth manifold when (A3) is satisfied.'?

The following lemmas show the relations between Hp, K,p, KLV x[0,1], and KLV x
[0, 1].

Lemma 2. Let F: G% (R™) — RM be a smooth function satisfying F(L) € L and let
(p,g,t) € V x [0,1] satisfy Kj(p,g,t) = 0.
(i) For any o such that g € W,, K,r(p,¢,(g),t) = 0. Furthermore, if d(K}|V x
[0,1]) (p.g.0) 18 surjective onto p and if (A3) is satisfied, then K,p is regular at (p, ¢ (g),t).
(i) If p € A9, then Hp(p,t) = 0. Furthermore, if dK},V(p’gvt) is surjective onto p*, then
Hp is regular at (p,t). In particular, dK}7(p7g7t)(v,w,a) = dHp (v, a) for (v,w,a) €
Tip.gn(V < [0,1]).

Lemma 3. Let F : G* (RM) — RM be a smooth function satisfying F(L) € L and
let (p,g,t) € V x [0,1] satisfy Kh(p,g,t) = Kh(p,g,t) = 0. If d(KE|V x [0,1])pg.r) I8
surjective onto L(p, g), then d(K 3|V x [0,1]) (4. is surjective onto p*.

See Appendix for the proofs of Lemmas 2 and 3. According to these lemmas, we
should find F such that Kh(p*(r), g*(r), t*(r)) = 0 and d(KE[V x [0, 1]) (o7 )2 () 2 () 18
surjective onto L(p*(r), g*(r)).*

We proceed as follows. For each A = 1,... , A, we choose k—1 smooth maps r — a3\ (r),
I =2,...k, such that o) (r) € dL .07 (T .02y V); and dLY, a3 (r), ..., ap(r) are
independent. See Claim 1 (vi) in Appendix for the existence of such maps.!4

We also choose k — 1 smooth maps r — G}(r), | =2,... ,k, such that 3)\(r) € L*(r);
24(pM(r)), By (r), ..., Ba(r) are independent except at (A\,r) = (1,0) where 2%(p'(0)) =
2%(p*) = 0; and 3(0) = diil(o)(all(O)) for (\,r) = (1,0), Il = 2,...,k. The following

lemma shows the existence of a desirable function F'.

12For example, see Theorem 1 in Bich (2006).

13Because of (h7), the candidate paths satisfy 2%(p*(r)) = ZYL(P(r),¢g*(r))).  Therefore
KL(@*(r), ¢ (r),t)(r)) = 0 implies K k(p*(r), g*(r),t(r)) = 0.

MFor example, pick (vl’\(r),wl)‘(r)) € Toprery,grerpV, U =
that v(r) € L(p*(r),g*(r)) and these v3(r),... ,v)(r) and the projection of dp} onto L(p*(r),g*(r))
are independent on the k-dimensional space L(p*(r),¢*(r)). Then, a*(r) defined by a}(r) =

2,...,k, smooth with respect to r so

AL (1,7 () (07 (1), W (7)), L = 2,... , k satisfy the requirements.
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Lemma 4. Suppose o (r) and B)r), | = 2,...,k, are chosen as explained above.
There exists a smooth function F : G%_ (RM) — RM satisfying F(L) € L such that (i)
ZHLA(r)) + M (r)F(LMr)) = 0, and (ii) (dz* + t*r)dF)papy © Toam G (RM) — TRM
maps o (r) to BMNr), 1 =2,... k.

See Appendix for the proof of Lemma 4. It can be observed that F' is a desirable
function satisfying (F1)—(F4).

At the end point r = 0 of the first path A = 1, (p'(0),¢'(0)) = (p“, 0) satisfies (F1) and
(F2) regardless of the function F'. We consider the other points on the paths (A, r) # (1,0).

First, Lemma 4 (i) implies K 5(p*(r), g*(r), t*(r)) = 0. Since 2%(p*(r)) = 2 (L(p*(r), g (1))
on the paths, Kp(p*(r), g*(r), t*(r)) = 0 also holds.

Next, from the choice of o;'(r), there exist (v}(r), wr)) € Ty g2V such that
aMr) = dL gy (01 (1), 0 (1)), and Lemma 4 (ii) implies that d(Kp|V %[0, 1]) (o7 (1) o> (). (r))
maps (0(r), w}(r),0) € Tpam .oy (V X [0,1]) to (), I =2,... k. It is clear that
it maps (0,0,1) € Tipr iy 0.2y (VX% [0,1]) to F(LA(r)), which is parallel to z*(p*(r))
when (i) holds. Since 3} (r), I = 2,...,k, and 2“(p*(r)) are independent vectors in the
k-dimensional space L), d(Kp|V x [0, 1]) (o ()62 (1) 7 () 18 surjective onto LA(r). Then,
Lemmas 2 and 3 ensure that F satisfies (F1)-(F3).

We have not yet considered (F4). Select any A = 2,...,A. (F4) is achieved by
suitably choosing 3} (r) or a)(r), I = 2,... , k. For example, take —3;(r) in the place of
Ba(r), leaving the other 8 (r), [ =2,... ,k — 1, and a)\(r), I = 2,... , k, unchanged, and
construct a new function F. Then the index at (p*(r),*(r)) changes its sign. A detailed
discussion follows.

Recall that the index of Hy at (p,t) € Hz'(0) is determined according to whether or
not the map dHp,,4(+,0) : T,A — p preserves the orientations. Lemma 4 (i) implies
KL(pMr), g*(r),t*(r)) = 0. Therefore considering the derivative of this equality with

respect to r,
K 2 1) g2y (A7 dg, 0) = = F(LA(r) ), (3)

holds as observed in the proof of Lemma 4 in Appendix. Further as we observed above,

Lemma 4 (ii) implies

AR} 7y g7y (V1 (1), 0 (1), 0) = BN(r), 1=2,... k. (4)

Since z%(p*(r)) = ZL(L(p (1), g*(r))), we have dz“(dp}) = dz*(dL(dp},dg))). Therefore,

(3) implies that
dK (P (r).9* () ,tA(r))(dp?:dQ?:O) = —F(LA(r))dt. (5)
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As seen in Claim 3 in Appendix, (4) implies the existence of (v} (r), w}"(r)) € T2V
such that

dK}“,(p*(r),t/\(r),t/\(r))(U;\,(T)v wlN(T% 0) = ﬁlA(T% I1=2,...,k (6)

Note that the vectors —F(L*(r))dt} and 3}(r), | =2,... ,k, are on L*(r). Furthermore,
as in the proof of Lemma 3 in Appendix, there exists M — k — 1 independent vectors
(?_)lA(T’), u‘)l’\(r)) S T(p,\(r)ygA(r))V, l=1,...,M—k—1, such that dﬁ(p,\(r)y,\(r))(?_)l)\(r), u‘)l’\(r)) =

0; hence,
dK}v,(pA(mtk(r),tk(r))(77?(7“):@?(T)a 0) = dz;‘xm(@?(?“)), l=1,... . M—-k-1, (7)

and the vectors dzzl)x(r) ((r)),l=1,...,M —k — 1, are independent and not in L*(r).'?
From Lemma 2 (ii), the above (5)—(7) imply that at p*(r) € AY,

AH g7 (00 (o) (dp7, 0) = —F (LA(r))dt,

AdH g oy 02 oy (01 (7),0) = B (r), 1=2,... |k,
AH g7 () () (07 (1), 0) = dzin (o (01 (7)), 1 =2,..., M —k — 1.

In particular, at (p*(0),1), dHg(-,0) maps independent M — 1 vectors, dp}, v;'(0), | =
2,...,k,and ©(0), 1 =1,... ,M — k — 1 to independent M — 1 vectors, —F (L*(0))dty,
BM0), L =2,... k, and dz*(5}0)), l =1,..., M — k — 1, respectively.

Therefore, if we take —3(r) in the place of 8)(r) leaving the others unchanged, and
construct a new F, then with the new F, dHp(-,0) maps v;’(0) to —32(0) at (p*(0),1);
hence the orientation is reversed and the index of Hr at (p*(0), 1) has a sign different from
the previous one. This ends the construction of a smooth function F : G%  (R™) — RM
satisfying Walras’ law and (F1)-(F4).

7.2 Modification of the candidate function

Although we consider the function F' as a candidate aggregate excess demand function
of the constrained consumers, we cannot apply Proposition 2 to the function. First, F'
might not satisfy (BB) and (BC) of Proposition 2. Second, (F1) is slightly different from
Proposition 3 (i) because (F1) does not exclude the case where Hp(+,-) = 0 has solutions
other than the concerned paths.

We first modify F to a continuous function F, which equals F' in the neighborhood
of Uy, L (r) and satisfies not only (W) but also (BB) and (BC). Let B and B’ be open

I5Recall the M — k — 1-dimensional space Wip.g) € Tip,g)V in the proof of Lemma 3 in Appendix. We
take (’U[\ (T),QI)Z)\ (’I‘)) S W(p’\(r),g*(r))-
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subsets of G, (R") such that |J,, L*(r) C B and B C B, and define F : G% , (RM) —
RM by

F(L) = n(L)F(L) + (1 = n(L)) f(L),

where 7 is a smooth function such that n(L) =1 for L € B, n(L) = 0 for L € G% _ (RM)\
B', and f: G%, (RM) — RM is an arbitrary smooth function satisfying (W),(BB), and
(BC).

We next modify F to z so that K|V x [0,1](p,g,t) = 0 does not have solutions
other than the paths (p*(r),g*(r),t*(r)). Since the projection of (K|V x [0,1])~%(0)
onto A x [0, 1] coincides with H;1(0), if (p*(r), g*(r),t*(r)) are all solutions of K|V x
[0,1](p, g,t) = 0, then |, .(p*(r),t*(r)) = H-1(0) holds.

Let D = {(p*(r),g*(r),t*(r)) € V x [0,1]|r € [0,1],A = 1,...,A} denote the set of
the candidate paths and let D" = {(p, g,t) € (V x [0,1]) \ D|Kj(p,g,t) = 0} denote the
set of the solutions of KLV x [0,1](p,g,t) = 0 other than these paths. Since we have
constructed F such that KLV x [0,1] is regular at any point on our paths, D and D’ are

disjoint closed sets.

Let D = U, L0 (7), g*(r)) = Uy, L) € GE(RM) denote the set of budget sets
that appear on our paths and let D’ = Upenen £(:9) C G (RM) denote the set of
budget sets that appear at other solutions of KL|V x [0,1](p, g,t) = 0. These D and D’
are closed subsets of G* , (RM) as projections of the closed subsets D and D'

We observe that D and D’ are disjoint. To the contrary, suppose L € D N D’. Then
there exists (p, g,f) € D’ such that L = L(p, §) and

2(p)+tF(L) =0 (8)

on the one hand, and L = L(p*(7), g*(7)) for some X and 7 and

2(p\(7) + () F(L) = 0 9)

on the other hand. Although (8) and (9) imply that 2“(p) is parallel to z%(p*(7)), this
holds true only if = p*(7) and z*(p) = 2*(p (7)) because of the revealed axiom of the first
consumer’s strictly convex preference. Note that 7 = p*(7) and £(p, 3) = L(p*(F), (7))
imply g = ¢* (7), as shown in Claim 1 in Appendix. Then, ¢ # tS‘(F) should hold for D and
D' to be disjoint sets. However, (8) and (9) with # # t*(7) implies z%(p) = 2%(p*(7)) = 0
and F'(L) = 0, and hence, z“(p) + tF (L) = 0 holds for any ¢. This contradicts to that D
and D’ are disjoint. Thus, D and D’ are disjoint.

Let t* denotes the minimum of ¢ such that (p,g,t) € D’. Note that t* is positive
because (p'(0), g'(0)) = (p*, (A(p“))) is the unique solution of K|V x [0,1](p,g,0) = 0.
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Since D and D' are disjoint closed sets in G% , (RM), we let C' be an open set such that it
includes D' in its interior and its closure and D are disjoint. We define a smooth function
¢ : GE (RM) — (0,1] such that ¢(L) = 1 for L ¢ C and ¢(L) < t* for L € D', and we

define z : G%  (R™) — RM as
2(L) = ¢(L)F(L).

For (p,g,t) € V x [0,1] such that L(p,g) ¢ C, K1(p,9,t) = Kx(p,g,t). Therefore,
the paths (p*(r), g*(r),t*(r)) are all solutions of K|V x [0,1](p,g,t) = 0 in {(p, g,t) €
V x [0, 1][L(p, 9) & C}.

For (p, g,t) € Vx[0,1] such that L(p, g) € C,if K;(p, 9,t) = 2" (p)+to(L(p, 9))F (L(p, 9)) =
0, then (p,g,t6(L(p,g))) € D'. However, to(L(p,g)) < t* from the definition of ¢ and
t € [0,1]. Therefore, (p,g,tdp(L(p,g))) € D' contradicts the definition of ¢t*. Thus,
KNV x [0,1](p, g,t) = 0 has no solution in {p,g,t € V x [0,1]|L(p, g) € C}.

Thus, we have proved that the paths (p*(r), g*(r),t*(r)) are all solutions of K|V x
0,1](p, g,¢) = 0. It is clear from the construction that z : G  (R™) — RM is a smooth
function that equals F' in the neighborhood of |J, , L*(r) and satisfies (W),(BB), and
(BC).

7.3 Construction of constrained consumers

We apply proposition 2 to z and obtain a set of constrained consumers that establishes
Proposition 3. According to Momi (2010), if (p,g) € V, then L(p,g) € G4, and if
L € G, then there exists (p,g) € V such that L = L(p, g). That is, L(V) = G, .6

We select a sufficiently small p and, by applying Proposition 2 to the function z, we
obtain a set of a finite number of consumers {3, w'};>» whose aggregate excess demand
function z* satisfies 2*|G, = z|G, and >, /(L) > 0 for L € G4 \ G,. Without loss
of generality, we can assume that y is sufficiently small so that (J,, L*(r) C G, and
SSMENL) > 0for Le Gyy \ G

Since L(V) = G4, decompose V into V' = {(p,g) € V|L(p,g) € G,} and V" =
{(p,9) € VIL(p,g9) € G4 \ G}

167f p € A9, then g satisfying (p,g) € V is uniquely determined as g = g(p) = (A(p)); hence, the
statement is trivial. Let p € AP, If there exists a sequence of good prices converging to bad price p — p
whose budget set converges to L, then by defining g(p) = lim,_;g(p), we have (p,g(p)) € V. On the
other hand, if (p,g) € V, then £(p, §)* is an S — J + 1-dimensional space that includes p and is included
in L(p)*. Thus, by Result 2 in Momi (2010), there exists a sequence of good prices converging to p whose
budget set converges to L(p, g), that is, L(p, ) € G4+.
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If L € Gyy \ Gy, then S50 ZH(L) > 0 and 3%, 2f(L) > 0; hence, with any t €
0,1], 2Y(L) + tz*(L) = 0 has no solution in G, \ G.. This implies that z*(L(p, g)) +
tz*(L(p,g)) = 0 has no solution in V" x [0,1], and hence, z%(p) + tz*(L(p,g)) = 0 has
no solution in V” x [0,1]. On the other hand, since 2*|G), = 2|G,, and U, , L*(r) C G\,
KL (p,g,t) = Kl(p,g,t) for (p,g,t) € V' x [0,1], and the paths (p*(r), g*(r), t*(r)) are
all solutions of K,«|V x [0,1](p,g,t) = 0 in V' x [0,1]. These establish that the set of
consumers { = w'};>, satisfies Proposition 3 (i).

Since KL|V x [0,1](p, g,t) = K|V x [0,1](p, g,t) = K}|V x [0,1](p, g, ) for (p, g,1) in
the neighborhood of the paths (p*(r), g*(r),t*(r)) and F is constructed to satisfy (F2)—
(F4), the set of consumers {Z;, w;}i>2 satisfies (ii)—(iv) of Proposition 3. This ends the

proof of Proposition 3.

A Appendix

A.1 Proof of Lemma 1

We show an example of paths satisfying the conditions.

We construct the paths such that the first path has no bad points whereas the other
paths pass through one bad point at r = % Then, the index at the end point of the first
path on A x {1} is +1, and both the end points of the other paths have the same index
(+1 or -1) under the assumption that the index change occurs at the bad point at r = %
Therefore, we determine the number of paths A to be | — 1]/2, which is the least number
to satisfy (P1).

First, we choose (p*(r),t*(r)), A =1,... , A, satisfying all the conditions except (h7).

We define p'(r) = (pY,...,p% 4, p% + rb), where p* = (py,... ,p%) is the supporting
price of the indifference surface of the first consumer’s preference at her initial endowment
w' and b = (by,...,by) is a sufficiently small vector that is not parallel to p%. If b is
sufficiently small, then p!(r) is in the neighborhood of p* € AY for any r € [0,1]; hence,
the first path passes through no bad points.

For each path A = 2,... A, we define p*(r) as follows. For state s = 0, we select
P2 = (P2, Den)y - >0y = (Bys- -, Dhy), so that each of them is parallel to neither
the others nor p¢ = (pY, ... ,piy), and we define py(r) = py, A = 2,...,A. For other
states s = 1,..., S, we select a bad price p = (P, D1, - - - ,Ps) € AP and define p(r) = p,
fors=1,...,5—1, and pg(r) = ps + (r — 3)a for s = S, where a = (a1,... ,an) € RY
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is a vector such that the determinant of the matrix D(a) defined as

Ps—sr1As g Ps—an Ay
Dlay=1—_ AL e A
Ps—1A4g_4 Ps-1A4g_;
aAl aAl

is not zero: detD(a) # 0.

Let id € ¥ denote the identical permutation of {1,...,S}. Then, Qs (p) denotes a
matrix consisting of the last J rows of A(p). The determinant of this matrix for the paths
A=2,...,A, is then calculated as

det|Qua( ()] = (r — %)detD(a),

N[ =

which is of full rank for any 7 € [0, 1] except 7 = 1 and changes its signs at r =

Finally, we define t*(r) as arbitrary smooth functions whereby ¢!(0) = 0 and t*(1) = 1
for A = 1; t*(0) = t*(1) = 1 for A\ =2,... ,A; and 0 < #*(r) < 1 for any r € (0,1) and
any .

It can be seen that the paths (*(r),t*(r)), A = 1,... , A, satisfy the conditions except
(h7). It is clear that (h1)-(h6) are satisfied. For (h8) and (h9), we apply the result given
by Bottazzi and Hens (1996) [Proposition 1 and its proof. Let p and p’ be price vectors
in A. Then, L(p) = L(p) if and only if p’ € L(p)*t; further, p’ € L(p)* if and only if
p =tp+(0,51p1,. .., Bsps) with parameter ¢ and a vector (B, ... ,Bs) € RS such that
[B1,. .., Bs]A(p) = 0]. Note that if L(p) = L(p'), then the spot price of the former pj
should be parallel to that of the latter p!, at each states s =0,...,S.

Returning to (h8), for a path A" and another X", 5}’ (r) = py is not parallel to 5} (r) =
Py - Therefore, L(p" (")) # L(p (")) if N # N for any ' and 7. Foreach A = 2,... | A,
ps(r) = ps + (r — 3)a and pg and a are independent; therefore, pg(r') is not parallel to
pa(r”). For A = 1, pL(r') is not parallel to pL(r”) because p% and b are not parallel.
Therefore, L(p*(r'")) # L(p*(r")) if ' # r”. These establish (h8).

As for (h9), observe that dp: = (0,...,0,b), dp} = (0,...,0,a),A=2,... A, bisnot
parallel to p5(r) and a is not parallel to pg(r), A = 2,... ,A. Thus dp} ¢ L(p*(r))*. In
other words, dL? # 0, where L*(r) is defined as L*(r) = Lp*(r)) for 7 such that p*(r)
is a good price and L* () = lim,_ L(p*(r)) for 7' such that p*(r’) is a bad price.

As for (P2), each path, A\ = 2,... A, passes through one bad point at r = % and

det[Q;a(p*(r))] changes its sign at » = 1. To complete (P2), it is necessary to show that

(A(P(r))) € Wiq for r around r = 3. Thus it should be shown that Y € R®~/)7 satisfying
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[I|Y]A(p*(r)) = 0 is well defined for 7 around r = . From straightforward calculations
using Cramer’s rule, we obtain

_ detQi(p*(r))

T detQu(pM(r))’

where Q¥ (p*(r)) is the matrix Q;q(p*(r)) whose I-throw, [py_ ., (r)AL_ ), -+ De_ s ()AL,
is replaced with the k-th row of A(p*(r)), [pr(r)AL, -+, pr(r)A{]. Then,

k=1,...,8—J 1l=1,...,J

_ detD¥(a)(r—3) _ _ detD"(a)
Ykl = detD(a)(r— %2) - detD(a) for 7é J ’
0, forl=1J

where D*(a) is the matrix D(a) whose [-th row is replaced with [py A%, - -+, prA{]. Thus,
Y satisfying [I|Y]A(p(r)) is well defined for any r and any A = 2,... ,A. This supports
our choice of (p*(r), t(r)).

We next transform (p*(r), t*(r)) to (p*(r), t(r)) satisfying all the requirements includ-
ing (h7). Let us define p*(r) as the supporting price of the first consumer’s indifference
surface at 21(L(r)) 4+ w'

It is clear that (h1)—(h4) and (h7) are satisfied with (p*(r),t*(r)), A =1,...,A. For
the other conditions, note that p*(r) is perpendicular to L(p*(r)) by definition. Then,
L(p*(r)) = L(p*(r)) from the proposition by Bottazzi and Hens (1996). Therefore, p*(r)
is a good (bad) price when p*(r) is a good (bad) price. This establishes (h5) and (h6).

If LN () = LV (), then LG () = LG'()); hence, (V) = (V,+")
because p*(r) satisfies (h8). Thus, (h8) is satisfied.

We observed (h9) for p*(r). L(p*(r)) = L(p*(r)) and dL} # 0 implies dL} # 0, that
is, p*(r) satisfies (h9).

As for (P2), p*(r) is a bad price at 7 = 1 for A = 2,..., A. Since p)(r) is parallel to

A

2(r) at each r.

M), s=0,...,5, pXr) = aX(r)(p)(r)) with some non-zero parameter

Using these parameters, we can calculate that

1
detQua(p(1) = (s y102()(r = 5)detD(a),
which changes its sign at r = % By the same calculations in the case of p*(r), Y satisfying
|Y]A(p*(r)) = 0 for r around 1 is calculated as Yj, = detQ(p*(r))/detQia(p*(r)),
k=1,...,5—=J,l=1,...,J, that is,
. ap (r)detD* (a)
Ykl — al/\(r)detD(a) ’ for [ 7& J
0, forl=1J

Y

which is well defined for any r. Thus, (P2) is satisfied.
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A.2 Proof of Lemma 2

At any (p,t) € AY x [0,1], Hp(p,t) = 2%(p) + F(L(p)) € p* because z%(p) € p* as
)

+
the result of utility maximization and F(L(p)) € L(p) C p* as F is assumed to satisfy
F(L) € L. Hence dH,; maps to p* at (p,t) € H'(0). Therefore Hp at (p,t) € H(0)
is regular when dH, ) is surjective onto p*.

Similarly, Kz(p, Y, t) € p*; hence dK, . (p o, (g).) maps to p-xTRE=DT at (p, p,(g),t) €
K 1(0) with g € W,. Therefore K, is regular at (p, 0, (g),t) € K;:(0) when AK o r (p.oo(9).)
is surjective onto pt x T RS~/

(i) From the definitions, K}p(p,g, t) = Kln(p, ¢s(g),t) for o satisfying g € W, and
K2.(p,0s(9)) = 0 for (p,g) € V. Therefore, if Kh(p,g,t) = 0 for (p,g) € V, then
K,r(p,s(g9),t) = 0 for o satisfying g € W,,.

Let us define V, = {(p, ¢,(g9)) € A x RE=N|(p,g) € V, g € W,}. Tt is clear from
KHp,9,8) = K2pp, 00(9),£) that A o Ty VX0, 1) = AK 010y Ty (Vo
[0,1]). Tt is also clear that dK? (Tip. oy (g V) = 0. Moreover, from K?

o F,(pypo(9)) F(ppol(g)) —
[I¢s(9)]11,A(p), we have

T
OK2, oKz, 1 | W
ooty Opa(s—ry] ’
Alis—p)
where the J x N matrices
1 1
Aa(s Aa(s
AZ'-'(S): : ,8:1,...,S_J,
J J
Aa(s Aa(s

line diagonally and other elements are zero’s. Therefore, if (A3) is satisfied, dK?p is
always surjective onto TR~7)/. These prove (i).

(i) Let p € AY. Then, (p,g) € V implies that g = g(p) = (A(p)), and hence, L(p, g) =
L(p). Therefore, Hp(p,t) = 2“(p) + tF(L(p)) = z“(p) + tF(L(p,g9)) = Ki(p,g,t).
Similarly, (v,w) € T,V implies w = dg,(v), where dg, denotes the derivative of
p — g(p) = (A(p)) at p; hence, dL,q(v,w) = dL,(v) for (v,w) € T, nV. There-
fore, d(RHIV X [0, 1])g0) (0,0, @) = dz(v) + 1dF2 ALy (v, dgy(v) + F(L(p, 6))a =
dz)(v) + tdFppdLy(v) + F(L(p))a = dHp (v, a). These prove (ii).

A.3 Proof of Lemma 3

We first summarize preliminary results which are essentially same as the proposition in

Bottazzi and Hens (1996) we mentioned in the proof of Lemma 1.
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Claim 1. (i) For any p € A and g € G/(R%), m € L(p,9)* if and only if 7 =
tp + (0, Bipy, - - . , Bsps) with the parameters t € R and (B,...,08s) € g+, where g+
denotes the perpendicular space of g.
(ii) For any p € A and g € G/(R®), L(p, 9) = L(p,¢') if and only if g = ¢
(iii) For any p,p’ € A and g¢,¢' € G7(R®), if L(p,g) = L(p', '), then p' € L(p, g)*.
(iv) For any price vector p’ € L(p, )~ () 4, there exists a unique ¢’ such that L(p', ¢') =
,9)- 1f (A(p)) C g, then (A(p')) C ¢".
(v) For any v € L(p,9)*NT,A, there exists a unique w € T,G’(R®) such that
dLp.g)(v,w) =0. If (p,g) € V, then (v,w) € T, V.

(vi) If v,v" € L(p, g) are independent vectors, then dL, 4 (v, w) and dL, 4 (v, w’) are

L(p

independent vectors for any w,w’ € T,G’(R®).

Proof. (i) This is a restatement of Proposition 1 in Bottazzi and Hens (1996). We define
(p,g) = {m € RM|x =tp+ (0, Bip1, ..., Bsps),t € R, (B1,...,Bs) € g-} and prove that
(p, 9) = L(p,9)"

Recall the definition of the budget set L(p,g) = {z € RM|pz = 0, py0z € g}.
The first condition pz = 0 implies that p is perpendicular to z € L(p,g). The second
condition p;[Jz; € g implies that Bip121 + - -+ + Bspszg = 0 for any (B,...,3s) € g+,
that is, it implies that (0, Bip1,...,Osps) is perpendicular to z € L(p,g). Therefore
7 € Il(p, g), which is a linear combination of p and (0, Bip1, ..., Osps), is perpendicular
to L(p, g); hence I1(p, g) C L(p, g). On the other hand, recall that £L(p, g)* is an S —J +1-
dimensional linear space and note that II(p, g) is also an S — J + 1-dimensional linear
space because gt is an S — J-dimensional space in R®. These imply II(p, g) = L(p, g)*.

(ii) L(p,g) = L(p,¢) implies L(p,g)* = L(p,g')". Therefore, if L(p,g) = L(p,d),
then, because of (i), for any (3, ... ,0s) € g+ there must exist (3,...,0%5) € g’ such
that (Gip1,...,0ps) = (Bip1,-..,0sps). This is satisfied only when (8y,...,08s) =
(By...,pB%), that is, g = ¢'.

(iii) If L(p,g) = L(p',q'), then L(p,g9)t = L(p',¢')*. Tt is clear that p' € L(p', ¢ )*.
Thus, p' € L(p, g)*.

(iv) When p' € L(p,g)* A, p’ should be written, because of (i), as p' = tp +
(0, Bip1, ... , Bsps), where (B1,...,Bs) € g*, and £ should not be zero for p’ to be a price
vector in A. For any (34, ..., 03s) € g*, we define 3],... , 3% as

(ﬁiplla ey fS'ptS') - (ﬁi(f—i_ Bl)pla cee 7ﬁg’(f+65)p5’) = (ﬁlpla cee 755]95)7 (1())

that is, we define 3, = ﬂ;} ,s=1,...,5. We then define ¢’ such that (¢')* is the set of
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By, 0%) € RS:
(¢) = {(ﬂi,-.. e s = Lo

Note that since g+ is an S — J-dimensional linear space, (¢’)* as defined above is also

17"'757(617"'7BS>EQL}'

S — J-dimensional; hence, ¢’ is a J-dimensional linear space in R°.

To prove L(p',g') = L(p, g), it is sufficient to show L(p, g)* C L(p,¢')* because both

are the linear spaces of the same dimension. First, any vector (0,5p1,...,0sps) €
L(p,g)*" with any (By,...,8s) € g* is in L(p,¢")" because (5,...,85) € ¢g'* sat-
isfies (10) and (07ﬂ1p17"' 7ﬂ5’p5) = (O7Bip,177 épfg) < ‘C(plagl)L' SGCOHd, pl =

tp+ (0, Bips, . . . , Bsps) is clearly in L(p/, ¢')* and (0, ip1, - .. , Bsps) is also in L(p, ¢')*,
as shown above. Hence, p € L(p/,¢')*. These prove L(p,g)* C L(p',¢')*"; hence
L(p',q') = L(p,g). Uniqueness of ¢’ follows (ii).

To prove the last statement, it should be shown that (plA{, cey pSAg) € ¢ implies
(p AL, ... ,pgA{q) € g forany j = 1,...,J. If (pA], ... ,pSAg) € g, then, by any
(B1,...,8s) € g- and the corresponding (3;,...,03%) € gt satisfying (10), we have
Bip AL + ..+ Bsps Al = Bipl Al + .. .+ Bip'sAL = 0. This implies (9 A1, ... ,psAL) € ¢'.

(v) This is a restatement of (iv).

(vi) Suppose dL g (v,w) = tdL, 4 (v',w') with a scalar t. Then, dL, 4 (v — tv’, w —
tw') = 0, which happens only if v — tv' € L(p, g)* as (iii) shows. However, that v and v’
are independent vectors in L(p, g) implies that v — tv’ is a non-zero vector in L(p, g), not

in L(p,g)*" m

To consider the difference between KL(p, g, t) = 24(L(p, g))+tF(L(p, g)) and K k(p, g, t) =
2"(p) + tF(L(p, g)), we use the next result.

Claim 2. For any non-zero v € T,A such that v"2%(p) = 0, v"dz}(v) < 0.

Proof. See Geanakoplos and Polemarchakis (1980) [Proposition A and Corollary A, p.
319].

Claim 3. Let (p,g,t) € V x [0,1] satisfy Kk(p,g,t) = Kh(p,g,t) = 0. For any
(v, w',a) € Ty g0V x[0,1]), there exists (v, w"”) € T\, 4V such that dk}7(p7g7t) (v, w'a) =
dKp,

7 p7g7t) (,U//7 w//’ a) .

Proof. It is sufficient to prove that for any (p',¢’) € V in the neighborhood of (p, g),
there exists (p”, g") € V in the neighborhood of (p, ¢) such that KL(p', ¢',t) = KL(p", ¢",1).

Suppose that (p/,¢") € V is given. Let p” be the supporting price of the indifference
surface of the first consumer’s preference at z'(L(p',¢')) so that Z1(L(p',q')) = 2“(p").
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Since p” is perpendicular to L(p',¢’), there is a unique ¢” such that (p”,¢”) € V and
L(p",¢") = L(P,¢') as seen in Claim 1 (iv); hence, F(L(p',q’)) = F(L(p",¢")). Thus,
REW, 1) = Kb g, b).

When KL(p,g,t) = Kh(p,g,t) = 0, 2%(p) = 2 (L(p,g)). That is, p is the supporting
price of the indifference surface of the first consumer’s preference at z'(L(p, g)). There-
fore, if (p/,¢’) is in the neighborhood of (p, g), then L(p', ¢') is in the neighborhood of
L(p, g), and p” is in the neighborhood of p. Moreover, since L(p',¢') = L(p”, g") is in the
neighborhood of L(p, g), (p”, g”) should be in the neighborhood of (p, g). [ ]

Proof of Lemma 3. We suppose that d(K%L|V x [0,1]) is surjective onto £(p,g) at
(p, g, t) satisfying f(}(p, g,t) = Ki(p,g,t) = 0. From Claim 3, L(p, g) = df(}’(p’g@ (Tip,g0) (V<
0,1])) C dK 5 (Tpgn (V x [0,1])). We define

Wipg) = {(v,w) € Tipg (A x G7(R)|v € L(p, 9)*, dLpg)(v,w) = 0}

For any v € L(p, g)* N T,A, the w € T,G’(R?) satisfying dL, ) (v,w) = 0 is determined
uniquely and (v, w) € T{, 4V is satisfied, as seen in Claim 1 (v). Therefore, W, ) is an
M — k — 1-dimensional linear space in T{, V.
: 1
Since dKF’ (pot)

0) is an M — k — 1-dimensional space such that dK}’(p7g7t)(W(p7g) x 0)(L(p,g) =0.
For any (v,w) € W, 4, v72%(p) = 0 because v € L(p, g)* and z*(p) = 2 (L(p, g)) €

maps to pt, all we have to show for its surjectivity is that dK}’(p’gi) (Wipg) X

L(p,g), where the equality is derived from Kkh(p,g,t) = Kk(p,g,t) = 0. In addition,
for any (v, w) € Wy g, dK}’(p’gi) (v,w,0) = dz*(v) + tdF(dL g (v,w)) = dz"(v) because
dL g (v,w) = 0. However, dz"(v) ¢ L(p,g) because dz*(v) ¢ v+ as shown in Claim 2.
Thus, dK}l?,(p,g,t)(W(pvg) x 0) (N £L(p,g) = 0. For any independent v" and v" in T,A, dz(v')
and dz;(v") are independent because of the revealed axiom of the first consumer’s strictly

convex preference. Thus, dK},( (Wp.g) % 0) is M — k — 1-dimensional. ]

\(p,9,t)

A.4 Proof of Lemma 4

Let {B;}; be an open cover of G%  (RM): G%_ (RM) C |J, B;. We first show that all
we have to prove is the existence of a function F? : B® — RM defined on each open
subset satisfying Walras’ law F(L) € L, (i") 2'(L*(r)) + t*(r)F' (L (r)) = 0, and (ii’)
(dz' + t2(r)dF") pay maps a)(r) to B} (r), 1 =2,... k.

Suppose that we have obtained such F’s. Each F? can be extended to a smooth
function F* : G%_(RM) — RM satisfying F*|B" = F' and F'(L) € L. Let {&} be a
partition of unity subordinate to {B;};, that is, & : Gt (RM) — R is a smooth function
such that > . &(L) =1, 0 < &(L) <1 for any L, and &(L) = 0 when L ¢ B;. Note that
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for any L, 371 epi &i(L) = 1, where Y7, denotes the sum over i's such that L € B".
We define F as F(L) = >, &(L)F*(L).

It is clear that this F' satisfies Walras’ law. In addition, Z1(L*(r)) + t*(r) F(L*(r))
St GIAE(IA) + POF(INE) = 0 becanse F(IA1) = FI(IA1)
when L*(r) € B; and each F* satisfies (i’); hence, (i) is satisfied.

To verify (ii), we first show Y, F/(L*(r))d&; a) = 0. Note that d& pry = 0
for i such that L*(r) ¢ B; because for such i, &(L) = 0 for any L in the neigh-
borfood of L*(r). Further, note that if (i’) is satisfied, then F*(L*(r)) = 21%27,(;)),
YZ?LIS?;S independent of 7. Then, >_, F/(L*(r))d&; priy = D LA (r)eB; FHLAMr))d&; agy =
. tA(T)T Y i men; %inr) = 0 because D rayep, &(L) = 1 for any L in the neighbor-
hood of LA(r).

Applying this result with the F¥ defined above, we have (d2! +¢*(r)dF) ) = dZ5 () +
tA(r) Zi(Fi(LA(T))dfi,Lk(r) + fi(L)\(T))dFLiA(T)) = d,%b(r) + 1 (r) 3, fi(L)\(T))dFix(r) =
Diirmen SNz, + (r)dF] ). Thus, (i) is satisfied when each F' satis-
fies (ii’).

We let {B;} be an open cover of G* , (R™) where each B; is sufficiently small. Let us
pick a B; and find F*: B' — RM satisfying Walras’ law, (i’), and (ii’). If B; includes no
budget set belonging to the paths, that is, if L*(r) ¢ B; for any X and r, then (i’) and

(ii’) are insignificant with respect to F*. Tt is easy to find F" satisfying Walras’ law.

Let L*(r) € B; for some A and r. Since B; can be sufficiently small, without loss of
generality, we assume that B; includes no budget set belonging to other paths. We let
¢ : B; — RM=PF he the coordinate function such that ¢(LA(r)) = (r,0,...,0) = re;
for L*(r) € B;, where e; € R™M~P* is the vector whose first element is 1 and the other
elements are 0’s.

Note that (i’) restricts the value of F* at L*(r) € B and (ii’) restricts the derivative dF"
at LA (r) € B'. However, if (") is satisfied, then dz! (dL}))+t*(r)dF (dL}) = —F{(L*(r))dt}
holds; hence, the derivative dF* should satisfy

(dz" + O (r)dF") pry (dLp) = —F'(LM(r))dt; (11)

in addition to (ii’). Using the Jacobian with the coordinate system, the conditions (11)

and (ii’) on dFy(y can be summarized as

220 o 2T e dotad o). .. o)
- |-G 080 R0 (12)
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where the Jacobian on the left-hand side is evaluated at (r,0,...,0) = re; € RM=Fk,
Yy = (Y1, ,Y—rk) denotes the coordinate of RWM=Kk and d¢ is the derivative of ¢ at
L*(r). Note that d¢(dL?}) = e; because ¢(L (1)) = (r,0,...,0).

Recall that L € G%_(RM) is a k-dimensional linear space in RM. Since B; can

be sufficiently small, without loss of generality, we can assume that any vector x =

(z1,...,2y) € RM satisfying x € L for L € B; can be determined uniquely from its first &
elements v = (71, ... ,7;) € R* by relabeling the coordinates of RM if needed. For a vector
r € RM welet & = (x1,...,x;) denote the first k elements and & = (xp/_g41,... ,Tar)

denote the last M — k elements. Using these symbols, it can be assumed that there exists
a function X : B® — RM=Rk guch that X (L) is an (M — k) x k matrix and # = X (L)#
if and only if x =€ L for L € B;.

We construct F as follows. First, we let U : R — R* be a smooth function satisfying
ZH L)) + tM(r)¥(r) = 0 for r € [0, 1] such that L (r) € B;. (13)

In fact, we define W(r) = ) gy t*(r) > 0. Since t*(r) = 0 when A = 1 and r = 0,

tA(r)

we define = lim,_o — 2‘1(£A(T)) if the B; includes the terminal point of the first path:
define ¥(0) =1 pYe

L'(0) € B;.
Second, we let ® : R — RF¥*(M=K)k he o smooth function such that
(2L o !
[% + tk(ﬂ@(ﬂ] fe1,d8(@} (1)) . . (1)
o -y =
- L0580 50| (14

The existence of such an ®(r) follows from the fact that ®(r) is a k x (M — k)k ma-
trix while (14) consists of only k X k equations and that the (M — k)k x k matrix
le1, dp(a3(r)), ..., de(ap(r))] is of full column rank by our choice of og(r).

Finally, we define F? = (F?, F') as

FY(L) = W(¢1(L) + @*(o1(L))pa(L) + -+ + @M (1 (L)) dar—nn (L), (15)

and

where ¢;(L) denotes the j-th element of ¢(L) and ®’(r) denotes the j-th column vector
of ®(r).
We should observe that this F* is a desirable function. It is clear that F* satisfies

Walras’ law.
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Since (L)) = (r,0,...,0), F{(L (r)) = ¥(r); hence, 2L (L (1)) + tA(r) FH (LA (r)) =
0 is satisfied because of (13). Since 21 (L (r)) € L () and Fi(L (r)) € LM (r), 21(L (r)) +
() FUILA(r)) = X(LMr) (BL (LA r)) + A (r) F{(LA (1)) = 0. Thus (i’) is satisfied.

To verify (ii), we observe a relation between W(r) and ®(r) satisfying (13) and (14).
From (13), dz'(dL}) + ) ZE(r) = —W(r)dt), that is,

[a<él 0 ¢
dy

ov ot
er + tA(T)E(T) = —\IJ(T)W(T).

Comparing this with (14), we have ZX(r) = ®(r)e; = ®'(r).
Because of (LN(r) = (6 (1)), 6a(LA(1)s - diar—on( L)) = (5,0, ,0), the
derivative of (15) at ¢;(L*(r)) with respect to the coordinate system is calculated as

[8F¢o¢71] _ 3_\1,(7,) — ®(r) and [M} = ®i(r), j = 2,...,(M — k)k, that is,

oY1 or 0y,
[7@1‘5,;—1] — ®(r). Therefore, (d5 + Ar)dF ) iy (07 (1) = B(r) is satisfied because
of (14).

Since z'(L) + tF*(L) € L for any ¢ and L € B;, (dz' + tdF"); maps to L at (L,t)
satisfying z'(L) + ¢tF*(L) = 0. In particular, (dz' 4 t*(r)dF")x() maps to L*(r). Hence,
(dz' + t*(r)dEF") pagy (eq'(r)) € LA(r). The first k elements of this vector are (di%1 +
A (r)dE?) g () (r)) and the last M —k elements of the vector are (d§1+t’\(7’)dFi)Lx(,,) (a(r)).
we have shown (d§1 + (1) dE?) iy (07 (r)) = B (r). Then, (d:%1 HAN)AEFY) oy (03 (1)) =
X(IN)AZ + P (0} () = X(IAE)RE) = G because 5(r) € IN(r)

from our choice. Thus, (ii") is satisfied.
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Figure 1: Example of homotopy paths
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