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Abstract

Recently, it was proved that the index of an economy with incomplete real asset

markets is typically +1 when the degree of incompleteness, which is defined as the

difference between the number of states and the number of securities, is an even

number. This paper considers the case where the degree of incompleteness is an

odd number and proves that any odd number can be realized as the index of such

an economy.
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1 Introduction

The index theorem was introduced to economics by Dierker (1972), who applied it to

the Arrow-Debreu exchange economy. Although the index theorem is a mathematical

concept, it has important economic implications pertaining to, for example, the existence

of equilibrium, the number of equilibrium, and the local uniqueness of equilibrium. A

unique feature of the index theorem is its detective power with respect to multiple equi-

libria. The index theorem insists that the sum of the indices at each equilibrium over all

the equilibria of an economy, that is, the index of the economy, equals +1. Therefore, the

existence of an equilibrium with index -1 implies that the economy has at least two other

equilibria with index +1.
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The general equilibrium model with incomplete markets is an extension of the Arrow-

Debreu model in that it describes the trading mechanism for uncertainty in a more precise

manner. Therefore, a natural question to follow is whether or not the index theorem

holds for the incomplete market model. Recent works by Momi (2003), Bich (2006), and

Predtetchinski (2006) gave a partial answer to this question: the index theorem typically

holds when the degree of incompleteness, which is defined as the difference between the

number of states (S) and the number of securities (J), is an even number. The purpose

of this paper is to study the case where the degree of incompleteness is an odd number.

The result of this paper is striking: it shows that any odd number can be the index

of an incomplete market economy in which the degree of incompleteness is odd. That is,

the index theorem does not hold for such an incomplete market economy. This is a sharp

contrast to Dierker’s index theorem for the Arrow-Debreu economy.

It is well known that the index is homotopy invariant. In fact, a simple proof of

the index theorem for the Arrow-Debreu economy is obtained as a by-product of the

homotopy path following for computation of an equilibrium, where the homotopy connects

a single consumer’s excess demand function to the aggregate excess demand function of

the economy. Brown et al. (1996) and DeMarzo and Eaves (1996) presented homotopy

methods to compute an equilibrium for the incomplete market model. A typical difficulty

faced with the incomplete market model is discontinuity of demand functions at bad prices,

where the budget set drops its rank. To overcome this difficulty, Brown et al. (1996)

needed to switch the homotopies and Demarzo and Eaves (1996) employed a Grassmann

manifold, which represents the space of income transfers between states. However these

homotopy path followings do not provide the index theorem as simply as the Arrow-

Debreu economy did, because homotopy paths should be switched in the former and

Grassmann manifolds are not generally orientable in the latter.

Bich (2006) and Predtetchinski (2006) found that a homotopy is well defined on an

orientable manifold when S−J is even. In DeMarzo and Eaves (1996), the domain of the

homotopy is the product of the price set and the Grassmann manifold (and the homotopy

parameter set). However, when the asset structure is fixed, the entire Grassman manifold

need not be considered and the domain can be restricted to a much smaller set, which

is called the asset (pseudo) equilibrium manifold. Bich (2006) and Predetchinski (2006)

proved that the asset (pseudo) equilibrium manifold is orientable when S−J is even, and

hence, the index theorem holds.

Momi (2003) proved how the index change occurs when homotopies in Brown et al.

(1996) are switched, that is, when a bad point where the budget set drops its rank is
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passed through.1 The index change does not occur at any bad points when S −J is even,

and hence, the index theorem holds. On the other hand, if S − J is an odd number, the

index change occurs at a bad point depending on how the homotopy path passes through

the bad point; therefore such an economy might have an index not equal to +1.

This paper shows the existence of an economy whose index is not equal to +1 by

conversely following the arguments of Momi (2003). Roughly speaking, when an odd

number (not equal to +1) is given, we draw a picture of paths (passing through bad

points) such that the given odd number is induced as the index of the picture when

Momi’s index change rule is applied. Next, we construct an economy that realizes the

drawn paths as its homotopy paths. The economy will then have the given odd number

as its index.

The main point of the paper is to construct an economy that realizes certain drawn

paths as its homotopy paths. The following question is addressed: for arbitrarily drawn

paths, is there an economy whose homotopy paths coincide with the drawn paths? This

is the characterization problem of homotopy paths. The paper shows that any reasonable

paths can be realized.

Note that the characterization of homotopy paths is closely related to the charac-

terization of the equilibrium price set. In fact, they coincide at the terminal homotopy

parameter value where the homotopy function equals the aggregate excess demand func-

tion. For the Arrow-Debreu economy, the characterization of the equilibrium price set is

provided by Mas-Colell (1977). For the incomplete market economy, a similar result is

recently obtained by Momi (2010). This result is applied to the construction of the econ-

omy in this paper. A drawback of the study by Momi (2010) is that the characterization

is given for an asset structure where the budget set drops its rank in only one dimension.

Therefore, the economy constructed in this paper to induce an arbitrarily given index

number has such an asset structure.

The paper is organized as follows. Section 2 describes the setup of the incomplete

market model. Section 3 reviews the approach in Momi (2003), on which this paper is

based, and Section 4 states the main result of the paper. Section 5 summarizes the result

of Momi (2010), which is applied to the construction of the economy. Sections 6 and 7

provide the proof of the paper’s main theorem. Specifically, in Section 6, a picture of

candidate homotopy paths is drawn which realizes an arbitrary given odd number as the

index if the paths are taken as the homotopy paths of an economy. Section 7 shows that

there exists an economy whose homotopy paths coincide with the drawn paths.

1In fact, Momi (2003) switched the homotopies between the one in Brown et.al. (1996) and the one

in DeMarzo and Eaves (1996).
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2 The incomplete market model

We consider a standard two-period economy with incomplete real asset markets. There

are S possible states in the second period and N goods in each state such that RM , where

M = (S + 1)N with period 0 as state 0, represents the total commodity space. There are

J(≤ S) real assets Aj , j = 1, . . . , J , each of which promises the delivery of a bundle of

commodities Aj
s = (Aj

s1, . . . , Aj
sN ) if state s ∈ {1, . . . , S} occurs in the second period. We

represent the asset structure by A = {Aj
sn} and assume that the assets are unredundant.

Each consumer indexed by i is defined by (�i, ωi) where �i is the consumer’s strictly

convex, monotonic, continuous, and complete preference ordering on the consumption

set RM
+ and ωi ∈ RM

++ is the consumer’s initial endowment vector. Let p, xi, ωi, and

zi = xi − ωi respectively denote price, consumption, endowment, and excess demand of

consumer i, where p = (p0 . . . , pS) and ps = (ps1, . . . , psN ), and so on. We often relabel

p as p = (p1, . . . , pl, . . . , pM), where p1 = p01, p2 = p02, . . . , pM = pSN and relabel xi, ωi,

and zi in a similar manner.

The budget set, which the excess demand vector z = (z0, . . . , zS) ∈ RM satisfies, is

L(p) =

{
z ∈ RM

∣∣∣∣∣ pz = 0,

p1�z1 ∈ 〈A(p)〉

}
,

where p = (p0, . . . , pS) ∈ Δ = {p ∈ RM
++| ‖ p ‖= 1} is the present value price system,

p1�z1 denotes [p1z1, . . . , pSzS ]T , and 〈A(p)〉 denotes the linear space in RS spanned by J

column vectors of the S × J payoff matrix A(p) ≡ (psA
j
s)

j=1,... ,J
s=1,... ,S.2 See Duffie and Shafer

(1985) for the justification behind this definition of a budget set using the present value

price system. The excess demand function of consumer i is thus defined by

zi(p) =

{
x − ωi ∈ RM

∣∣∣∣∣ (x − ωi) ∈ L(p) and x′ �i x for any x′ ∈ RM
+

satisfying (x′ − ωi) ∈ L(p)

}
.

The equilibrium price p̄ is defined by
∑

i z
i(p̄) = 0. Thus, our incomplete market economy

is defined by the set of consumers of a finite number and an asset structure ({�i, ωi}i, A).

Note that L(p) is a k ≡ M − (S − J) − 1-dimensional linear subspace in RM if and

only if the payoff matrix A(p) is of full column rank. We label such a price as “good” and

write Δg to denote the set of good prices Δg = {p ∈ Δ|rankA(p) = J}. We further label

the critical price where the rank of A(p) is less than J (that is, where the dimension of

L(p) is less than k) as “bad” and define Δb = Δ \ Δg = {p ∈ Δ|rankA(p) < J}. Since

the budget set L(p) drops its dimension at bad prices, the excess demand zi(p) is not

continuous at bad prices.

2‖ ‖ denotes the Euclid norm and T denotes the transpose of a vector or a matrix.
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Dealing with incomplete market models, it is sometimes convenient to consider one

consumer as an unconstrained consumer who maximizes the utility subject to the com-

plete market budget set {z ∈ RM |pz = 0}. We consider the first consumer i = 1 as

unconstrained and write her excess demand function as

zu(p) =

{
x − ω1 ∈ RM

∣∣∣∣∣ p(x − ω1) = 0 and x′ �i x for any x′ ∈ RM
+

satisfying p(x′ − ω1) = 0

}

to distinguish it from her constrained excess demand z1(p). Let Zc =
∑

i≥2 zi denote

the aggregate excess demand function of the remaining constrained consumers i ≥ 2 and

let Z = zu + Zc denote the aggregate excess demand of the economy. See Duffie and

Shafer (1985) for the justification and merits of considering an unconstrained consumer.

In particular, Z(p̄) = 0 implies
∑

i z
i(p̄) = 0, and

∑
i z

i(p̄) = 0 implies the existence of p′

such that Z(p′) = 0. Further, because of Walras’ law, one of the M equations of Z(p) = 0

is redundant, and hence Ẑ(p̄) = 0, where the symbol “ˆ” indicates that the M-th element

is dropped, implies that p̄ is an equilibrium price.

Moreover, it is sometimes convenient to consider the excess demand defined for the

k-dimensional linear subspaces of RM , because L(p) is such a space when p ∈ Δg. We let

Gk(RM) denote the set of k-dimensional linear subspaces of RM , called the Grassmann

manifold. We further define Gk
++(RM) = {L ∈ Gk(RM)|L⋂RM

+ = 0}. For a good price

p ∈ Δg, L(p) is clearly an element of Gk
++(RM). We define

z̃i(L) =

{
x − ωi ∈ RM

∣∣∣∣∣ (x − ωi) ∈ L and x′ �i x for any x′ ∈ RM
+

satisfying (x′ − ωi) ∈ L

}

for L ∈ Gk
++(RM), and define Z̃c(L) =

∑
i≥2 z̃i. Clearly, z̃i(L(p)) = zi(p) for p ∈ Δg.

As mentioned above, the function p 
→ L(p) is not continuous at p ∈ Δb. To avoid this

discontinuity, it is convenient to consider a pseudo equilibrium. Remember that 〈A(p)〉
is a J-dimensional linear subspace in RS for p ∈ Δg. For p ∈ Δ and g ∈ GJ(RS) where

GJ(RS) denote the set of J-dimensional linear subspaces of RS, we let L(p, g) denote the

following budget set:

L(p, g) =

{
z ∈ RM

∣∣∣∣∣ pz = 0,

p1�z1 ∈ g

}
.

Note that L(p, g) is always an element of Gk
++(RM) and the function L : Δ × GJ(RS) →

Gk
++(RM) is continuous. The pair (p̄, ḡ) ∈ Δ × GJ(RS) is called a pseudo equlibrium

when it satisfies zu(p̄) + Z̃c(L(p̄, ḡ)) = 0 and 〈A(p̄)〉 ∈ ḡ. If (p̄, ḡ) is a pseudo equilibrium

and A(p̄) is of full column rank, then 〈A(p̄)〉 = ḡ and p̄ is clearly an equilibrium price.
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Subsequently, it is necessary to represent g ∈ GJ(RS) by local coordinate systems. We

let Σ denote the set of permutations of {1, . . . , S} and Πσ be the permutation matrix such

that Πσ

[ X1

...
XS

]
=

[
Xσ(1)

...
Xσ(S)

]
for each σ ∈ Σ. By some σ ∈ Σ and Y =

[
Y11 ... Y1J

...
...

Y(S−J)1 ... Y(S−J)J

]
∈

R(S−J)J , any g ∈ GJ(RS) can be written as

g = {w ∈ RS|[I|Y ]Πσw = 0}, (1)

where I denotes the (S − J) × (S − J) identity matrix.3 For each σ ∈ Σ, define Wσ =

{g ∈ GJ(RS)|there is Y ∈ R(S−J)J such that g = {w ∈ RS|[I|Y ]Πσw = 0}} and define

ϕσ : Wσ → R(S−J)J by g = {w ∈ RS|[I|ϕσ(g)]Πσw = 0}. Then, {Wσ, ϕσ}σ∈Σ is actually

an atlas for the Grassmann manifold GJ(RS). Refer to Duffie and Shafer (1985) and

Momi (2003) for details of the above pseudo equilibrium and Grassmann manifold.

3 Result

We define the index at an equilibrium price p̄ ∈ Ẑ−1(0) by

indexẐ(p̄) = (−1)M−1sign

(
det

[
∂Ẑ

∂p̂
(p̄)

])
,

where
[

∂Ẑ
∂p̂

]
denote the derivative of (Z1, . . . , ZM−1) with respect to (p1, . . . , pM−1), that

is, the Jacobian matrix of Z whose last row and last column are dropped.4 The index of

the economy is defined by∑
p̄∈Ẑ−1(0)

indexẐ(p̄).

This definition is equivalent to that in Momi (2003) regardless of the different price nor-

malizations and is a natural extension of the index of the Arrow-Debreu economy. See

Momi (2003) for the proof that the definition of the index is independent from price nor-

malizations. The index of an economy is well defined only when Ẑ−1(0) is a finite set and

the derivative of Ẑ is well defined at every p̄ ∈ Ẑ−1(0). The main result of this paper is

given in the form of the following theorem.

Theorem. For any odd number, there exists an economy ({�i, ωi}i, A) with some num-

bers of states S, assets J , commodities N and consumers, whose index equals the odd

number.

3We use I to denote identity matrices of all ranks. We do not mention the rank when it is clear.

Moreover, we use 0 to denote any vector or matrix whose elements are 0’s.
4Note that sign(a) denotes the sign of a ∈ R: sign(a) = +1, 0,−1 if a > 0, a = 0, a < 0, respectively;

det[X ] denotes the determinant of matrix [X ].
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4 Homotopy, index, and index change rule

This section reviews Momi’s (2003) approach to computing the index of the incomplete

market economy and sketches the proof of the paper’s main theorem. We define the

homotopy H : Δg × [0, 1] → RM between the unconstrained consumer’s excess demand

function zu(p) and the aggregate excess demand function Z(p) = zu(p) + Zc(p) as

H(p, t) = zu(p) + tZc(p).

Although we define H on Δg × [0, 1], where H is continuous, it is convenient to work with

H−1(0), the closure of H−1(0) in Δ × [0, 1].

Given below are the properties of H−1(0) that are satisfied for almost all initial endow-

ments ω = {ωi}i and asset structures A when each preference ordering �i is represented

by a smooth utility function. These are well known as seen in Brown et al. (1996).

(H1) H−1(0) is a one-dimensional smooth compact submanifold of Δ × [0, 1];

(H2) H−1(0) is bounded away from the boundary ∂Δ × [0, 1];

(H3) H−1(0) is not tangent to the boundary Δ × {0, 1};
(H4) (pu, 0) is the unique intersection of H−1(0) and the boundary Δ×{0}, where pu

is the supporting price of the indifference surface of the first consumer’s preference

ordering at ω1, and pu ∈ Δg;

(H5) If (p′, 1) is the intersection of H−1(0) and the boundary Δ×{1}, then p′ ∈ Δg ;

(H6) H−1(0) intersects with Δb × [0, 1] a finite number of times.

Typically, H−1(0) is drawn as in Figure 1. We call a one-dimensional connected

manifold as a “path” and we call a path in H−1(0) or in H−1(0) as a homotopy path. We

further label each point (p, t) in H−1(0) as a good point if p is a good price, and a bad

point if p is a bad price.

We define the index of H at (p̄, t̄) ∈ H−1(0) as

indexĤ(p̄, t̄) = (−1)M−1sign

(
det

[
∂Ĥ

∂p̂
(p̄, t̄)

])
.

Note that because Z(p) = H(p, 1), Z(p̄) = 0 if and only if H(p̄, 1) = 0 and indexẐ(p̄) =

indexĤ(p̄, 1).

On a (connected) path in H−1(0), the index can be computed as done with the Arrow-

Debreu model. See Mas-Colell et al. (1995) or Garcia and Zangwill (1981). When each

preference �i is represented by a smooth utility function, for almost all initial endowments

ω and asset structures A, following (R1) and (R2) hold.
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(R1) The index of H at (pu, 0) ∈ H−1(0) is +1.

(R2) Ĥ is regular at any (p, t) ∈ H−1(0), that is, the (M − 1) × M matrix
[

∂Ĥ
∂p̂

, ∂Ĥ
∂t

]
has rank M − 1 at any (p, t) ∈ H−1(0).

(R2) then gives the index rule on H−1(0) which determines the relation between the

indices at two different points on a path in H−1(0).

(R2’) Following a homotopy path in H−1(0), the index of H is unchanged when moving

along the same direction with respect to t but is changed when the direction is

changed.

We say a path in H−1(0) is regular when the regularity of Ĥ is satisfied at any point on

the path.

The problem with the incomplete market economy is that H−1(0) does not necessarily

provide a connected path that has both end points on the boundary Δ×{0, 1}. See Figure

1. The rule (R2’) determines the relation between the index of H at (p′, t′) and the index

of H at (p′′, t′′). However, since H−1(0) is not connected, we cannot compute the index of

H at (p′′′, t′′′). To overcome this discontinuity, Momi (2003) utilized a pseudo path that

was originally used by DeMarzo and Eaves (1996) to compute a pseudo equilibrium.

For σ ∈ Σ, we define the homotopy Kσ = (K1
σ, K2

σ) : Δ × R(S−J)J × [0, 1] → RM ×
R(S−J)J by

K1
σ(p, Y, t) = zu(p) + tZ̃c(L(p, ϕ−1

σ (Y ))),

K2
σ(p, Y ) = [I|Y ]ΠσA(p).

Note that (p, t) ∈ H−1(0) if and only if (p, Y, t) ∈ K−1
σ (0) for some σ ∈ Σ and

Y ∈ R(S−J)J . In partucular, (p, t) ∈ H−1(0) if and only if (p, ϕσ(〈A(p)〉), t) ∈ K−1
σ (0) for

σ such that 〈A(p)〉 ∈ Wσ. In other words, the union of the projections of K−1
σ (0) onto

Δ× [0, 1] over σ ∈ Σ coincides with H−1(0). Therefore, we can follow the path in K−1
σ (0)

instead of the path in H−1(0).

We define the index of Kσ, regularity of K̂σ, and regular path in K−1
σ (0) analogously

to those of H . The index of Kσ at (p̄, Ȳ , t̄) ∈ K−1
σ (0) is defined as

indexK̂σ(p̄, Ȳ , t̄) = (−1)M−1+(S−J)Jsign

(
det

[
∂K̂1

σ

∂p̂
(p̄, Ȳ , t̄) ∂K̂1

σ

∂Y
(p̄, Ȳ , t̄)

∂K2
σ

∂p̂
(p̄, Ȳ , t̄) ∂K2

σ

∂Y
(p̄, Ȳ , t̄)

])
,

where ∂K̂1
σ

∂Y
and ∂K2

σ

∂Y
respectively denote the derivatives of K̂1

σ and K2
σ with respect to Y .5

The regularity of K̂σ at any (p, Y, t) ∈ K−1
σ (0), that is, that the (M − 1 + (S − J)J) ×

5Both K2
σ and Y are in the form of the matrix (S − J) × J . To introduce an order in the elements

of the matrix, we assume that the (i, j) element is before the (i′, j′) element when i < i′, or i = i′ and

j < j′.
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(M − 1 + (S − J)J + 1) matrix

[
∂K̂1

σ

∂p̂
∂K̂1

σ

∂Y
∂K̂1

σ

∂t
∂K2

σ

∂p̂
∂K2

σ

∂Y
0

]
has rank (M − 1 + (S − J)J) at any

(p, Y, t) ∈ K−1
σ (0), is satisfied for almost all initial endowments w and asset structures A.

We say that a path (one-dimensional connected manifold) in K−1
σ (0) is regular when the

regularity of K̂σ is satisfied at any point on the path.

Momi (2003) proved the relation between indexĤ at (p, t) ∈ H−1(0) and indexK̂σ at

the corresponding point (p, ϕσ(〈A(p)〉), t).

Proposition 1. [Momi (2003)] Let (p, t) ∈ H−1(0) and σ ∈ Σ satisfy 〈A(p)〉 ∈ Wσ;

then,

indexĤ(p, t) = (−1)(S−J)Jsign

⎛
⎜⎝ 1(

det
[
Qσ(p)

])S−J

⎞
⎟⎠ indexK̂(p, ϕσ(〈A(p)〉), t), (2)

where Qσ(p) is the J × J matrix consisting of the last J rows of ΠσA(p):

Qσ(p) =

⎡
⎢⎢⎣
pσ(S−J+1)A

1
σ(S−J+1) . . . pσ(S−J+1)A

J
σ(S−J+1)

...
...

pσ(S)A
1
σ(S) . . . pσ(S)A

J
σ(S)

⎤
⎥⎥⎦ .

Note that (p, t) ∈ H−1(0) indicates that A(p) has full column rank and that 〈A(p)〉 ∈
Wσ indicates that Qσ(p) has full rank.

Suppose that the regularities of Ĥ and K̂ are satisfied in Figure 1. At (p′′, t′′),

indexK̂σ at (p′′, ϕσ(〈A(p′′)〉), t′′) can be calculated from the indexĤ(p′′, t′′) by Propo-

sition 1. Then, the connected path in K−1
σ (0) can be followed from (p′′, ϕσ(〈A(p′′)〉), t′′)

to (p′′′, ϕσ(〈A(p′′′)〉), t′′′) counting the index of Kσ. The index of H at (p′′′, t′′′) can be

calculated from the index of Kσ at (p′′′, ϕσ(〈A(p′′′)〉), t′′′) by Proposition 1. Thus we can

compute the index of H at (p′′′, t′′′) evading the bad point. Note that we use the relation

in Proposition 1 twice to evade one bad point.

If S−J is even, then (det[Qσ(p)])S−J does not change its signs regardless of the sign of

det[Qσ(p)]; hence, the index changes at bad points do not occur. That is, we can compute

the index of H as if H−1(0) yields standard homotopy paths. This is the proof given in

Momi (2003) for the index theorem when S − J is even.6

6Momi (2003) does not mention the regularity of K̂σ. As explained above, for the path following

and index counting in K−1
σ (0), we need its regularity. Although the regularity of Ĥ at a good point in

H−1(0) implies the regularity of K̂σ at the corresponding point in K−1
σ (0), the regularity of K̂σ at the

point corresponding to a bad point in H−1(0) should also be mentioned. Since the regularity holds for

almost all endowments and assets, the statement of the theorem in Momi (2003) is true: when S − J is

even, the index theorem holds for almost all endowments and assets.
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On the other hand, if S − J is odd, the index change at a bad point occurs when

det[Qσ(p)] changes its signs before and after the bad point. This suggests the possibility

that an economy might have an index not equal to +1. Whether or not det[Qσ(p)] changes

its sign at a bad point depends on how the homotopy path in H−1(0) passes through the

bad point.

Now let us change our viewpoint. Suppose that we can arbitrarily draw a picture of

paths in Δg × [0, 1] (or in Δ × [0, 1]) and can determine the index number (+1 or -1) at

one end point of each path. Then, applying Proposition 1 to count the indices, any odd

number can be induced as the sum of the indices at the end points of the paths on the

boundary Δ×{1}. The obvious problem to be considered is whether there is an economy

({�i, ωi}i, A) such that (i) the drawn paths in Δg × [0, 1] are the actual regular homotopy

paths of H−1(0), (ii) the corresponding paths in Δ×R(S−J)J × [0, 1] are the actual regular

homotopy paths of K−1
σ (0), and (iii) the given index number at one end point of each

path is the actual index number. The existence of such an economy is shown as proof of

this paper’s theorem.

5 Characterization of equilibrium budget sets

This section reviews the result of Momi (2010), who proved that if the dimension of the

budget set L(p) is k or k−1 for any price p ∈ Δ, then any compact set of the budget sets

can be the set of equilibrium budget sets of an incomplete market economy. At the final

step of the proof of the paper’s theorem, this result is applied to the construction of the

economy.

Suppose an asset structure A is given. In Section 2, z̃i : Gk
++(RM) → RM was

defined as the excess demand when the consumer maximizes her utility subject to her net

demand lying in L ∈ Gk
++(RM). Then the aggregate constrained excess demand function

Z̃c =
∑

i z̃
i : Gk

++(RM) → RM is continuous and satisfies the following:

(W) Walras’ law: Z̃c(L) ∈ L;

(BB) Boundedness from below: there is an α ∈ R such that Z̃c(L) > α1, where

1 = (1, . . . , 1) ∈ RM ;

(BC) Boundary condition: if L → L̄ ∈ ∂Gk
++(RM), then ‖ Z̃c(L) ‖→ +∞,

because each function z̃i satisfies these conditions. A question now arises: when a contin-

uous function z : Gk
++(RM) → RM satisfying (W),(BB), and (BC) is given, is there a set

of consumers {�i, wi}i whose equilibrium budget sets coincide with z−1(0)? This is an
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open question that remains unanswered. However, answering this question is outside the

scope of this paper because the whole set Gk
++(RM) is much larger than the set of bud-

get sets arising from the fixed asst structure A. We are interested in the k-dimensional

budget set L(p) at good price p ∈ Δg. To deal with all such budget sets, we define

G++ = L(Δg)
⋂

Gk
++(RM) = L(Δg) \ ∂Gk

++(RM) as the set of budget sets we need to

consider.7

It is well known that the Grassmann manifold Gk(RM) is meterizable. We let d(L, L′)

denote the distance between L and L′ in Gk(RM) with respect to the introduced metric.8

For ε > 0, we define

Gε = {L ∈ G++|d(L, ∂Gk
++(RM)) > ε}

to denote the set of budget sets whose distance from the boundary ∂Gk
++(RM) is greater

than ε. For any function z : Gk
++(RM) → RM , we define

Ez = {L ∈ G++|z(L) = 0}.

That is, Ez denotes the set of equilibrium budget sets in G++ when z|G++ is the aggregate

excess demand function defined on G++.

Proposition 2. [Momi (2010)] Let the dimension of L(p) be k or k − 1 for any p ∈ Δ.

Let z : Gk
++(RM) → RM be a continuous function satisfying (W),(BB), and (BC). For

any ε > 0, there exist a positive μ < ε and a finite set of consumers {�i, ωi}i whose

aggregate excess demand function z∗, when they maximize their utilities subject to their

net demands lying in L−RM
+ , satisfies z∗|Gμ = z|Gμ, Ez∗ = Ez ⊂ Gμ, and

∑M
l=1 z∗l (L) > 0

for L ∈ G++ \ Gμ.

It is an open question whether the condition that the dimension of L(p) is k or k − 1

for any p ∈ Δ can be disregarded.

6 Candidate homotopy paths

This and next sections prove the paper’s main theorem: for any odd number, there exists

an economy ({�i, wi}i, A) that has the odd number as its index.

As explained in Section 4, to obtain an index number not equal to +1, the following

condition must be satisfied:

7For a function x 
→ f(x), we let f(X) =
⋃

x∈X f(x).
8We let d(L, X) = infL′∈Xd(L, L′) when X is a subset of Gk(RM ).
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(A1) S − J is an odd number and Δb �= ∅.

Since we apply Proposition 2 to construct our economy, we need an asset structure such

that

(A2) the dimension of the budget set L(p) is k or k − 1 for any p ∈ Δ.

For example, these conditions are satisfied if S = 3, J = 2, and the payoffs of assets are

positive, Aj
sn > 0. Furthermore, from a technical reason, we select the asset structure

such that

(A3) As ≡

⎡
⎢⎢⎣

A1
s1 · · · AJ

s1
...

...

A1
sN · · · AJ

sN

⎤
⎥⎥⎦ is of full column rank, s = 1, . . . , S.

As we will see later, this condition simplifies the discussion because it ensures the regu-

larity of arbitrary paths.9

We next determine the first consumer (�1, ω1) so that the supporting price pu of her

indifference surface at her initial endowment ω1 is a good price and her excess demand

function zu(p) is smooth.

Let α be an odd number. We wish to construct an economy whose index is α. The

asset structure and the first consumer have been determined, and the constrained con-

sumers {�i, ωi}i≥2 now need to be determined. The construction proceeds as follows. In

this section, a picture of paths is drawn to induce α as the index when it is computed

by applying Proposition 1. In the next section, constrained consumers {�i, ωi}i≥2 are

constructed so that the drawn paths are the actual homotopy paths of the economy.

The candidate homotopy paths of H−1(0) are represented as (pλ(r), tλ(r)), λ = 1, . . . , Λ,

parameterized by r ∈ [0, 1], where Λ is the number of the path we draw. Without loss

of generality, we assume that (∂pλ

∂r
(r), ∂tλ

∂r
(r)) �= (0, 0) at any r. The paths should satisfy

(H1)–(H6) in Section 4, which are rewritten here as (h1)–(h6) respectively.

(h1) pλ : [0, 1] → Δ and tλ : [0, 1] → [0, 1] are smooth functions;

(h2) pλ(r) are bounded away from the boundary ∂Δ;

(h3) ∂tλ

∂r
(0) �= 0 and ∂tλ

∂r
(1) �= 0.

Without loss of generality, let one end point of the first path λ = 1 be (pu, 0).

9(A3) is used in Lemma 2 (i). The theorem can be proved without the condition. However, the

candidate homotpy path should be chosen such that its regularity (regularity of K2
σF at “bad” points)

could be ensured later, that is, the path drawing and the construction of the economy cannot be separated.
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(h4) (p1(0), t1(0)) = (pu, 0), which is the unique intersection of (pλ(r), tλ(r)) and

Δ × {0};
(h5) (p1(1), t1(1)) = (p1(1), 1) and p1(0) ∈ Δg; (pλ(0), tλ(0)) = (pλ(0), 1), (pλ(1), tλ(1)) =

(pλ(1), 1) and pλ(0) ∈ Δg, pλ(1) ∈ Δg for λ ≥ 2; these are all intersections of

(pλ(r), tλ(r)) and Δ × {1};
(h6) the number of r̄’s such that pλ(r̄) ∈ Δb is finite.

The paths (pλ(r), tλ(r)), λ = 1, . . . , Λ, in Δ× [0, 1] are the candidate paths of H−1(0).

To indicate the corresponding paths in Δ×R(S−J)J × [0, 1], which are candidate paths of

K−1
σ (0), we write g(p) ≡ 〈A(p)〉 and define gλ : [0, 1] → GJ(RS) for each λ = 1, . . . , Λ, as{

gλ(r) = g(pλ(r)) for r such that pλ(r) ∈ Δg

gλ(r̄) = limr→r̄g(pλ(r)) for r̄ such that pλ(r̄) ∈ Δb
.

Note that gλ is a smooth function, whereas g(pλ(r)) is not continuous at r̄ such that

pλ(r̄) ∈ Δb. It is clear that (pλ(r), ϕσ(g
λ(r)), tλ(r)) corresponds to (pλ(r), tλ(r)) with the

permutation σ satisfying gλ(r) ∈ Wσ. Similarly, we define Lλ : [0, 1] → G++ as{
Lλ(r) = L(pλ(r)) for r such that pλ(r) ∈ Δg

Lλ(r̄) = limr→r̄L(pλ(r)) for r̄ such that pλ(r̄) ∈ Δb
.

Note that Lλ(r) is a smooth function, whereas L(pλ(r)) is not continuous at r̄ such that

pλ(r̄) ∈ Δb. It is clear that Lλ(r) = L(pλ(r), gλ(r)) is the budget set corresponding to

each point (pλ(r), tλ(r)).

For a smooth map f : X → Y between smooth manifolds, let dfx : TxX → Tf(x)Y

denote the derivative of f at x ∈ X, where TxX and Tf(x)Y are the tangent spaces of

X and Y at x and f(x), respectively. For simplicity we often write df : TX → TY .

Furthermore when X is a (submanifold of) one dimensional Euclid space, we endow TxX

the natural coordinate system and identify dfx with dfx(1) ∈ Tf(x)Y , the image of 1 ∈ TxX.

In addition to (h1)–(h6), we require our candidate paths to satisfy the following con-

ditions.10

(h7) zu(pλ(r)) ∈ Lλ(r) for any λ and r;

(h8) Lλ′
(r′) = Lλ′′

(r′′) implies (λ′, r′) = (λ′′, r′′);

(h9) dLλ
r �= 0 for any λ and r.

10We can prove that (h7)–(h9) are also typical properties of the homotopy paths satisfied for almost

all endowments and asset structures in economies with smooth utility functions. We left the proof to

readers. In this paper, we select the paths to satisfy these conditions.
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To obtain an index not equal to +1, it is necessary for the paths to pass through

bad points. For simplicity of argument, we will make the index changes occur at all bad

points on our paths. Suppose that the index change occurs at every bad point in Figure

1. Then the possible index number of the picture is either +1 or −3. While the index

of the path with one end point on Δ × {0} should be determined unambiguously, there

are two possibilities for the index of each of the other paths that have both end points on

Δ × {1}. In this sense, our paths should be consistent with α.

(P1) Under the assumption that index changes occur at any bad points, the paths

(pλ(r), tλ(r)), λ = 1, . . . , Λ, are consistent with α.

To ensure the assumption in (P1), that is, for index changes occur at any bad points, the

following condition should be satisfied:

(P2) If pλ(r̄) ∈ Δb, then det[Qσ(pλ(r))] changes its sign at r̄, where σ ∈ Σ satisfies

〈A(pλ(r))〉 ∈ Wσ for r around r̄.

Further, the regularity of the paths should be ensured as reviewed in Section 4. Note that

however the regularity of the paths is not a condition on the paths themselves but rather

a condition on the aggregate demand function of constrained consumers, which will be

investigated in the next section. The following lemma, whose proof is given in Appendix,

shows the existence of paths satisfying the conditions.

Lemma 1. There exist (pλ(r), tλ(r)), r ∈ [0, 1], λ = 1, . . . , Λ, satisfying (h1)–(h9), (P1),

and (P2).

7 Characterization of homotopy paths

In the previous section, we drew a picture of candidate paths that is consistent with index

number α. The index number α is realized by suitably choosing index number (+1 or -1)

at one end point of the paths (pλ(r), tλ(r)), λ = 2, . . . , Λ, and ensuring the regularity of

the all paths. This section shows the existence of constrained consumers such that these

are satisfied.

Proposition 3. Suppose that (�1, ω1) is determined so that the consumer’s uncon-

strained excess demand function zu is smooth and pu ∈ Δg, the asset structure A satisfies

(A1)–(A3), and the candidate paths (pλ(r), tλ(r)), r ∈ [0, 1], λ = 1, . . . , Λ, satisfy (h1)–

(h9). Moreover, the index number (+1 or -1) is given arbitrarily at the end point (pλ(0), 1)

of each path λ = 2, . . . , Λ. Then, there exists a set of consumers {�i, ωi}i≥2 such that
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(i) H−1(0) coincides with the union of the paths (pλ(r), tλ(r)), r ∈ [0, 1], λ = 1, . . . , Λ;

(ii) if pλ(r) ∈ Δg, then Ĥ is regular at (pλ(r), tλ(r)); (iii) if pλ(r̄) ∈ Δb, then there exists

σ̄ ∈ Σ satisfying gλ(r̄) ∈ Wσ̄ and K̂σ̄ is regular at (pλ(r), ϕσ̄(g
λ(r)), tλ(r)) for r in the

neighborhood of r̄; and (iv) indexĤ(pλ(0), 1), λ = 2, . . . , Λ, coincide with the arbitrarily

given index numbers at the corresponding points.

It is clear that Lemma 1 and this proposition establish the paper’s theorem. The

proof of this proposition proceeds as follows. First, a candidate aggregate excess demand

function of constrained consumers is determined such that the statement of Proposition

3 is realized. Next, Proposition 2 shows the existence of a set of constrained consumers

with this aggregate excess demand function.

7.1 Candidate aggregate excess demand function of constrained

consumers

For a function F : Gk
++(RM) → RM , we define HF : Δg × [0, 1] → RM as HF (p, t) =

zu(p)+tF (L(p)) and define the index of HF analogously to that of H . Similarly, we define

KσF : Δ × R(S−J)J × [0, 1] → RM × R(S−J)J as KσF = (K1
σF , K2

σ), where K1
σF (p, Y, t) =

zu(p) + tF (L(p, ϕ−1
σ (Y ))).

In this subsection, we find a smooth function F : Gk
++(RM) → RM satisfying Walras’

law: F (L) ∈ L, and the following conditions:

(F1) (pλ(r), tλ(r)) ∈ H−1
F (0), r ∈ [0, 1], λ = 1, . . . , Λ;

(F2) if pλ(r) ∈ Δg, then ĤF is regular at (pλ(r), tλ(r));

(F3) if pλ(r̄) ∈ Δb, then there exists σ̄ ∈ Σ satisfying gλ(r̄) ∈ Wσ̄ and K̂σ̄F is regular

at (pλ(r), ϕσ̄(g
λ(r)), tλ(r)) for r in the neighborhood of r̄;

(F4) the index of HF at each (pλ(0), 1), λ = 2, . . . , Λ equals the arbitrarily given

index number (+1, or -1).

For obvious reasons, F is a candidate aggregate excess demand function of the con-

strained consumers. If F is indeed the aggregate excess demand function of the con-

strained consumers, then the economy satisfies (ii),(iii), and (iv) of Proposition 3.11

To consider the regularities of ĤF and K̂σF together, we define K1
F (p, g, t) = zu(p) +

tF (L(p, g)) and K̃1
F (p, g, t) = z̃1(L(p, g)) + tF (L(p, g)) for (p, g, t) ∈ Δ ×GJ(RS) × [0, 1].

We further define the asset (pseudo) equilibrium manifold as

V = {(p, g) ∈ Δ × GJ(RS)|〈A(p)〉 ⊂ g}
11At this stage, (F1) is slightly different from (i) in Proposition 3.
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and consider the function K̃1
F |V × [0, 1], the restriction of K̃1

F onto V × [0, 1]. Note that

any (p, g) ∈ V satisfies K2
σ(p, g) = 0 for any σ such that g ∈ Wσ. It is clear that our

candidate paths satisfy (pλ(r), gλ(r)) ∈ V . See Bich (2006) and Predtetchinski (2006)

for detailed investigations of the asset (pseudo) equilibrium manifold. In particular, note

that it is an M − 1-dimensional smooth manifold when (A3) is satisfied.12

The following lemmas show the relations between HF , KσF , K1
F |V ×[0, 1], and K̃1

F |V ×
[0, 1].

Lemma 2. Let F : Gk
++(RM) → RM be a smooth function satisfying F (L) ∈ L and let

(p, g, t) ∈ V × [0, 1] satisfy K1
F (p, g, t) = 0.

(i) For any σ such that g ∈ Wσ, KσF (p, ϕσ(g), t) = 0. Furthermore, if d(K1
F |V ×

[0, 1])(p,g,t) is surjective onto p⊥ and if (A3) is satisfied, then K̂σF is regular at (p, ϕσ(g), t).

(ii) If p ∈ Δg, then HF (p, t) = 0. Furthermore, if dK1
F,(p,g,t) is surjective onto p⊥, then

ĤF is regular at (p, t). In particular, dK1
F,(p,g,t)(v, w, a) = dHF,(p,t)(v, a) for (v, w, a) ∈

T(p,g,t)(V × [0, 1]).

Lemma 3. Let F : Gk
++(RM) → RM be a smooth function satisfying F (L) ∈ L and

let (p, g, t) ∈ V × [0, 1] satisfy K̃1
F (p, g, t) = K1

F (p, g, t) = 0. If d(K̃1
F |V × [0, 1])(p,g,t) is

surjective onto L(p, g), then d(K1
F |V × [0, 1])(p,g,t) is surjective onto p⊥.

See Appendix for the proofs of Lemmas 2 and 3. According to these lemmas, we

should find F such that K̃1
F (pλ(r), gλ(r), tλ(r)) = 0 and d(K̃1

F |V × [0, 1])(pλ(r),tλ(r),tλ(r)) is

surjective onto L(pλ(r), gλ(r)).13

We proceed as follows. For each λ = 1, . . . , Λ, we choose k−1 smooth maps r 
→ αλ
l (r),

l = 2, . . . k, such that αλ
l (r) ∈ dL(pλ(r),gλ(r))(T(pλ(r),gλ(r))V ); and dLλ

r , αλ
2(r), . . . , αλ

k(r) are

independent. See Claim 1 (vi) in Appendix for the existence of such maps.14

We also choose k − 1 smooth maps r 
→ βλ
l (r), l = 2, . . . , k, such that βλ

l (r) ∈ Lλ(r);

zu(pλ(r)), βλ
2 (r), . . . , βλ

k (r) are independent except at (λ, r) = (1, 0) where zu(p1(0)) =

zu(pu) = 0; and β1
l (0) = dz̃1

L1(0)(α
1
l (0)) for (λ, r) = (1, 0), l = 2, . . . , k. The following

lemma shows the existence of a desirable function F .

12For example, see Theorem 1 in Bich (2006).
13Because of (h7), the candidate paths satisfy zu(pλ(r)) = z̃1(L(pλ(r), gλ(r))). Therefore

K̃1
F (pλ(r), gλ(r), tλ(r)) = 0 implies K1

F (pλ(r), gλ(r), tλ(r)) = 0.
14For example, pick (vλ

l (r), wλ
l (r)) ∈ T(pλ(r),gλ(r))V , l = 2, . . . , k, smooth with respect to r so

that vλ
l (r) ∈ L(pλ(r), gλ(r)) and these vλ

2 (r), . . . , vλ
k (r) and the projection of dpλ

r onto L(pλ(r), gλ(r))

are independent on the k-dimensional space L(pλ(r), gλ(r)). Then, αλ(r) defined by aλ
l (r) =

dL(pλ(r),gλ(r))(vλ
l (r), wλ

l (r)), l = 2, . . . , k satisfy the requirements.
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Lemma 4. Suppose αλ
l (r) and βλ

l (r), l = 2, . . . , k, are chosen as explained above.

There exists a smooth function F : Gk
++(RM) → RM satisfying F (L) ∈ L such that (i)

z̃1(Lλ(r)) + tλ(r)F (Lλ(r)) = 0, and (ii) (dz̃1 + tλ(r)dF )Lλ(r) : TLλ(r)G
k
++(RM) → TRM

maps αλ
l (r) to βλ

l (r), l = 2, . . . , k.

See Appendix for the proof of Lemma 4. It can be observed that F is a desirable

function satisfying (F1)–(F4).

At the end point r = 0 of the first path λ = 1, (p1(0), t1(0)) = (pu, 0) satisfies (F1) and

(F2) regardless of the function F . We consider the other points on the paths (λ, r) �= (1, 0).

First, Lemma 4 (i) implies K̃1
F (pλ(r), gλ(r), tλ(r)) = 0. Since zu(pλ(r)) = z̃1(L(pλ(r), gλ(r)))

on the paths, KF (pλ(r), gλ(r), tλ(r)) = 0 also holds.

Next, from the choice of αλ
l (r), there exist (vλ

l (r), wλ
l (r)) ∈ T(pλ(r),gλ(r))V such that

αλ
l (r) = dL(pλ(r),gλ(r))(v

λ
l (r), wλ

l (r)), and Lemma 4 (ii) implies that d(K̃F |V ×[0, 1])(pλ(r),gλ(r),tλ(r))

maps (vλ
l (r), wλ

l (r), 0) ∈ T(pλ(r),gλ(r),tλ(r))(V × [0, 1]) to βλ
l (r), l = 2, . . . , k. It is clear that

it maps (0, 0, 1) ∈ T(pλ(r),gλ(r),tλ(r))(V × [0, 1]) to F (Lλ(r)), which is parallel to zu(pλ(r))

when (i) holds. Since βλ
l (r), l = 2, . . . , k, and zu(pλ(r)) are independent vectors in the

k-dimensional space Lλ(r), d(K̃F |V × [0, 1])(pλ(r),gλ(r),tλ(r)) is surjective onto Lλ(r). Then,

Lemmas 2 and 3 ensure that F satisfies (F1)–(F3).

We have not yet considered (F4). Select any λ = 2, . . . , Λ. (F4) is achieved by

suitably choosing βλ
l (r) or αλ

l (r), l = 2, . . . , k. For example, take −βλ
k (r) in the place of

βλ
k (r), leaving the other βλ

l (r), l = 2, . . . , k − 1, and αλ
l (r), l = 2, . . . , k, unchanged, and

construct a new function F . Then the index at (pλ(r), tλ(r)) changes its sign. A detailed

discussion follows.

Recall that the index of HF at (p, t) ∈ H−1
F (0) is determined according to whether or

not the map dHF,(p,t)(·, 0) : TpΔ → p⊥ preserves the orientations. Lemma 4 (i) implies

K̃1
F (pλ(r), gλ(r), tλ(r)) = 0. Therefore considering the derivative of this equality with

respect to r,

dK̃1
F,(pλ(r),gλ(r),tλ(r))(dpλ

r , dgλ
r , 0) = −F (Lλ(r))dtλr , (3)

holds as observed in the proof of Lemma 4 in Appendix. Further as we observed above,

Lemma 4 (ii) implies

dK̃1
F,(pλ(r),gλ(r),tλ(r))(v

λ
l (r), wλ

l (r), 0) = βλ
l (r), l = 2, . . . , k. (4)

Since zu(pλ(r)) = z̃1(L(pλ(r), gλ(r))), we have dzu(dpλ
r ) = dz̃1(dL(dpλ

r , dgλ
r )). Therefore,

(3) implies that

dK1
F,(pλ(r),gλ(r),tλ(r))(dpλ

r , dgλ
r , 0) = −F (Lλ(r))dtλr . (5)
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As seen in Claim 3 in Appendix, (4) implies the existence of (vλ′
l (r), wλ′

l (r)) ∈ T(pλ(r),tλ(r))V

such that

dK1
F,(pλ(r),tλ(r),tλ(r))(v

λ′
l (r), wλ′

l (r), 0) = βλ
l (r), l = 2, . . . , k. (6)

Note that the vectors −F (Lλ(r))dtλr and βλ
l (r), l = 2, . . . , k, are on Lλ(r). Furthermore,

as in the proof of Lemma 3 in Appendix, there exists M − k − 1 independent vectors

(v̄λ
l (r), w̄λ

l (r)) ∈ T(pλ(r),gλ(r))V , l = 1, . . . , M−k−1, such that dL(pλ(r),gλ(r))(v̄
λ
l (r), w̄λ

l (r)) =

0; hence,

dK1
F,(pλ(r),tλ(r),tλ(r))(v̄

λ
l (r), w̄λ

l (r), 0) = dzu
pλ(r)(v̄

λ
l (r)), l = 1, . . . , M − k − 1, (7)

and the vectors dz1
pλ(r)

(v̄λ
l (r)), l = 1, . . . , M − k − 1, are independent and not in Lλ(r).15

From Lemma 2 (ii), the above (5)–(7) imply that at pλ(r) ∈ Δg,

dHF,(pλ(r),tλ(r))(dpλ
r , 0) = −F (Lλ(r))dtλr ,

dHF,(pλ(r),tλ(r))(v
λ′
l (r), 0) = βλ

l (r), l = 2, . . . , k,

dHF,(pλ(r),tλ(r))(v̄
λ
l (r), 0) = dzu

pλ(r)(v̄
λ
l (r)), l = 2, . . . , M − k − 1.

In particular, at (pλ(0), 1), dHF (·, 0) maps independent M − 1 vectors, dpλ
0 , vλ′

l (0), l =

2, . . . , k, and v̄λ
l (0), l = 1, . . . , M − k − 1 to independent M − 1 vectors, −F (Lλ(0))dtλ0 ,

βλ
l (0), l = 2, . . . , k, and dzu(v̄λ

l (0)), l = 1, . . . , M − k − 1, respectively.

Therefore, if we take −βλ
k (r) in the place of βλ

k (r) leaving the others unchanged, and

construct a new F , then with the new F , dHF (·, 0) maps vλ′
k (0) to −βλ

k (0) at (pλ(0), 1);

hence the orientation is reversed and the index of HF at (pλ(0), 1) has a sign different from

the previous one. This ends the construction of a smooth function F : Gk
++(RM) → RM

satisfying Walras’ law and (F1)–(F4).

7.2 Modification of the candidate function

Although we consider the function F as a candidate aggregate excess demand function

of the constrained consumers, we cannot apply Proposition 2 to the function. First, F

might not satisfy (BB) and (BC) of Proposition 2. Second, (F1) is slightly different from

Proposition 3 (i) because (F1) does not exclude the case where HF (·, ·) = 0 has solutions

other than the concerned paths.

We first modify F to a continuous function F̄ , which equals F in the neighborhood

of
⋃

λ,r Lλ(r) and satisfies not only (W) but also (BB) and (BC). Let B and B′ be open

15Recall the M − k − 1-dimensional space W(p,g) ⊂ T(p,g)V in the proof of Lemma 3 in Appendix. We

take (v̄λ
l (r), w̄λ

l (r)) ∈ W(pλ(r),gλ(r)).
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subsets of Gk
++(RM) such that

⋃
λ,r Lλ(r) ⊂ B and B ⊂ B′, and define F̄ : Gk

++(RM) →
RM by

F̄ (L) = η(L)F (L) + (1 − η(L))f(L),

where η is a smooth function such that η(L) = 1 for L ∈ B, η(L) = 0 for L ∈ Gk
++(RM) \

B′, and f : Gk
++(RM) → RM is an arbitrary smooth function satisfying (W),(BB), and

(BC).

We next modify F̄ to z so that K1
z |V × [0, 1](p, g, t) = 0 does not have solutions

other than the paths (pλ(r), gλ(r), tλ(r)). Since the projection of (K1
z |V × [0, 1])−1(0)

onto Δ × [0, 1] coincides with H−1
z (0), if (pλ(r), gλ(r), tλ(r)) are all solutions of K1

z |V ×
[0, 1](p, g, t) = 0, then

⋃
λ,r(p

λ(r), tλ(r)) = H−1
z (0) holds.

Let D = {(pλ(r), gλ(r), tλ(r)) ∈ V × [0, 1]|r ∈ [0, 1], λ = 1, . . . , Λ} denote the set of

the candidate paths and let D′ = {(p, g, t) ∈ (V × [0, 1]) \ D|K1
F̄
(p, g, t) = 0} denote the

set of the solutions of K1
F̄
|V × [0, 1](p, g, t) = 0 other than these paths. Since we have

constructed F such that K̂1
F |V × [0, 1] is regular at any point on our paths, D and D′ are

disjoint closed sets.

Let D̃ =
⋃

λ,r L(pλ(r), gλ(r)) =
⋃

λ,r Lλ(r) ⊂ Gk
++(RM) denote the set of budget sets

that appear on our paths and let D̃′ =
⋃

(p,g,t)∈D′ L(p, g) ⊂ Gk
++(RM) denote the set of

budget sets that appear at other solutions of K1
F̄
|V × [0, 1](p, g, t) = 0. These D̃ and D̃′

are closed subsets of Gk
++(RM) as projections of the closed subsets D and D′.

We observe that D̃ and D̃′ are disjoint. To the contrary, suppose L̄ ∈ D̃
⋂

D̃′. Then

there exists (p̄, ḡ, t̄) ∈ D′ such that L̄ = L(p̄, ḡ) and

zu(p̄) + t̄F̄ (L̄) = 0 (8)

on the one hand, and L̄ = L(pλ̄(r̄), gλ̄(r̄)) for some λ̄ and r̄ and

zu(pλ̄(r̄)) + tλ̄(r̄)F̄ (L̄) = 0 (9)

on the other hand. Although (8) and (9) imply that zu(p̄) is parallel to zu(pλ̄(r̄)), this

holds true only if p̄ = pλ̄(r̄) and zu(p̄) = zu(pλ̄(r̄)) because of the revealed axiom of the first

consumer’s strictly convex preference. Note that p̄ = pλ̄(r̄) and L(p̄, ḡ) = L(pλ̄(r̄), gλ̄(r̄))

imply ḡ = gλ̄(r̄), as shown in Claim 1 in Appendix. Then, t̄ �= tλ̄(r̄) should hold for D and

D′ to be disjoint sets. However, (8) and (9) with t̄ �= tλ̄(r̄) implies zu(p̄) = zu(pλ̄(r̄)) = 0

and F̄ (L̄) = 0, and hence, zu(p̄) + tF̄ (L̄) = 0 holds for any t. This contradicts to that D

and D′ are disjoint. Thus, D̃ and D̃′ are disjoint.

Let t∗ denotes the minimum of t such that (p, g, t) ∈ D′. Note that t∗ is positive

because (p1(0), g1(0)) = (pu, 〈A(pu)〉) is the unique solution of K1
F |V × [0, 1](p, g, 0) = 0.
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Since D̃ and D̃′ are disjoint closed sets in Gk
++(RM), we let C be an open set such that it

includes D̃′ in its interior and its closure and D̄ are disjoint. We define a smooth function

φ : Gk
++(RM) → (0, 1] such that φ(L) = 1 for L /∈ C and φ(L) < t∗ for L ∈ D̃′, and we

define z : Gk
++(RM) → RM as

z(L) = φ(L)F̄ (L).

For (p, g, t) ∈ V × [0, 1] such that L(p, g) /∈ C, K1
z (p, g, t) = K1

F̄
(p, g, t). Therefore,

the paths (pλ(r), gλ(r), tλ(r)) are all solutions of K1
z |V × [0, 1](p, g, t) = 0 in {(p, g, t) ∈

V × [0, 1]|L(p, g) /∈ C}.
For (p, g, t) ∈ V ×[0, 1] such that L(p, g) ∈ C, if K1

z (p, g, t) = zu(p)+tφ(L(p, g))F (L(p, g)) =

0, then (p, g, tφ(L(p, g))) ∈ D′. However, tφ(L(p, g)) < t∗ from the definition of φ and

t ∈ [0, 1]. Therefore, (p, g, tφ(L(p, g))) ∈ D′ contradicts the definition of t∗. Thus,

K1
z |V × [0, 1](p, g, t) = 0 has no solution in {p, g, t ∈ V × [0, 1]|L(p, g) ∈ C}.
Thus, we have proved that the paths (pλ(r), gλ(r), tλ(r)) are all solutions of K1

z |V ×
[0, 1](p, g, t) = 0. It is clear from the construction that z : Gk

++(RM) → RM is a smooth

function that equals F in the neighborhood of
⋃

λ,r Lλ(r) and satisfies (W),(BB), and

(BC).

7.3 Construction of constrained consumers

We apply proposition 2 to z and obtain a set of constrained consumers that establishes

Proposition 3. According to Momi (2010), if (p, g) ∈ V , then L(p, g) ∈ G++, and if

L ∈ G++, then there exists (p, g) ∈ V such that L = L(p, g). That is, L(V ) = G++.16

We select a sufficiently small μ and, by applying Proposition 2 to the function z, we

obtain a set of a finite number of consumers {�i, ωi}i≥2 whose aggregate excess demand

function z∗ satisfies z∗|Gμ = z|Gμ and
∑

l z
∗
l (L) > 0 for L ∈ G++ \ Gμ. Without loss

of generality, we can assume that μ is sufficiently small so that
⋃

λ,r Lλ(r) ⊂ Gμ and∑M
l=1 z̃1

l (L) > 0 for L ∈ G++ \ Gμ.

Since L(V ) = G++, decompose V into V ′ = {(p, g) ∈ V |L(p, g) ∈ Gμ} and V ′′ =

{(p, g) ∈ V |L(p, g) ∈ G++ \ Gμ}.

16If p ∈ Δg, then g satisfying (p, g) ∈ V is uniquely determined as g = g(p) = 〈A(p)〉; hence, the

statement is trivial. Let p̄ ∈ Δb. If there exists a sequence of good prices converging to bad price p → p̄

whose budget set converges to L̄, then by defining g(p̄) = limp→p̄g(p), we have (p̄, g(p̄)) ∈ V . On the

other hand, if (p̄, ḡ) ∈ V , then L(p̄, ḡ)⊥ is an S − J + 1-dimensional space that includes p̄ and is included

in L(p̄)⊥. Thus, by Result 2 in Momi (2010), there exists a sequence of good prices converging to p̄ whose

budget set converges to L(p̄, ḡ), that is, L(p̄, ḡ) ∈ G++.
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If L ∈ G++ \ Gμ, then
∑M

l=1 z̃1
l (L) > 0 and

∑M
l=1 z∗l (L) > 0; hence, with any t ∈

[0, 1], z̃1(L) + tz∗(L) = 0 has no solution in G++ \ Gε. This implies that z̃1(L(p, g)) +

tz∗(L(p, g)) = 0 has no solution in V ′′ × [0, 1], and hence, zu(p) + tz∗(L(p, g)) = 0 has

no solution in V ′′ × [0, 1]. On the other hand, since z∗|Gμ = z|Gμ and
⋃

λ,r Lλ(r) ⊂ Gμ,

K1
z∗(p, g, t) = K1

z (p, g, t) for (p, g, t) ∈ V ′ × [0, 1], and the paths (pλ(r), gλ(r), tλ(r)) are

all solutions of Kz∗|V × [0, 1](p, g, t) = 0 in V ′ × [0, 1]. These establish that the set of

consumers {�i, wi}i≥2 satisfies Proposition 3 (i).

Since K1
z∗|V × [0, 1](p, g, t) = K1

z |V × [0, 1](p, g, t) = K1
F |V × [0, 1](p, g, t) for (p, g, t) in

the neighborhood of the paths (pλ(r), gλ(r), tλ(r)) and F is constructed to satisfy (F2)–

(F4), the set of consumers {�i, wi}i≥2 satisfies (ii)–(iv) of Proposition 3. This ends the

proof of Proposition 3.

A Appendix

A.1 Proof of Lemma 1

We show an example of paths satisfying the conditions.

We construct the paths such that the first path has no bad points whereas the other

paths pass through one bad point at r = 1
2
. Then, the index at the end point of the first

path on Δ × {1} is +1, and both the end points of the other paths have the same index

(+1 or -1) under the assumption that the index change occurs at the bad point at r = 1
2
.

Therefore, we determine the number of paths Λ to be |α−1|/2, which is the least number

to satisfy (P1).

First, we choose (p̃λ(r), tλ(r)), λ = 1, . . . , Λ, satisfying all the conditions except (h7).

We define p̃1(r) = (pu
0 , . . . , pu

S−1, p
u
S + rb), where pu = (pu

0 , . . . , pu
S) is the supporting

price of the indifference surface of the first consumer’s preference at her initial endowment

w1 and b = (b1, . . . , bN ) is a sufficiently small vector that is not parallel to pu
S. If b is

sufficiently small, then p̃1(r) is in the neighborhood of pu ∈ Δg for any r ∈ [0, 1]; hence,

the first path passes through no bad points.

For each path λ = 2, . . . , Λ, we define p̃λ(r) as follows. For state s = 0, we select

p̄2
0 = (p̄2

01, . . . , p̄2
0N), . . . , p̄Λ

0 = (p̄Λ
01, . . . , p̄Λ

0N), so that each of them is parallel to neither

the others nor pu
0 = (pu

01, . . . , pu
0N), and we define p̃λ

0(r) = p̄λ
0 , λ = 2, . . . , Λ. For other

states s = 1, . . . , S, we select a bad price p̄ = (p̄0, p̄1, . . . , p̄S) ∈ Δb and define p̃λ
s (r) = p̄s

for s = 1, . . . , S − 1, and p̃λ
S(r) = p̄S + (r − 1

2
)a for s = S, where a = (a1, . . . , aN) ∈ RN
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is a vector such that the determinant of the matrix D(a) defined as

D(a) =

⎡
⎢⎢⎢⎢⎢⎣
p̄S−J+1A

1
S−J+1 · · · p̄S−J+1A

J
S−J+1

...
...

p̄S−1A
1
S−1 · · · p̄S−1A

J
S−1

aA1
S · · · aAJ

S

⎤
⎥⎥⎥⎥⎥⎦

is not zero: detD(a) �= 0.

Let id ∈ Σ denote the identical permutation of {1, . . . , S}. Then, Qid(p) denotes a

matrix consisting of the last J rows of A(p). The determinant of this matrix for the paths

λ = 2, . . . , Λ, is then calculated as

det[Qid(p̃
λ(r))] = (r − 1

2
)detD(a),

which is of full rank for any r ∈ [0, 1] except r = 1
2

and changes its signs at r = 1
2
.

Finally, we define tλ(r) as arbitrary smooth functions whereby t1(0) = 0 and t1(1) = 1

for λ = 1; tλ(0) = tλ(1) = 1 for λ = 2, . . . , Λ; and 0 < tλ(r) < 1 for any r ∈ (0, 1) and

any λ.

It can be seen that the paths (p̃λ(r), tλ(r)), λ = 1, . . . , Λ, satisfy the conditions except

(h7). It is clear that (h1)–(h6) are satisfied. For (h8) and (h9), we apply the result given

by Bottazzi and Hens (1996) [Proposition 1 and its proof. Let p and p′ be price vectors

in Δ. Then, L(p) = L(p′) if and only if p′ ∈ L(p)⊥; further, p′ ∈ L(p)⊥ if and only if

p′ = tp + (0, β1p1, . . . , βSpS) with parameter t and a vector (β1, . . . , βS) ∈ RS such that

[β1, . . . , βS]A(p) = 0]. Note that if L(p) = L(p′), then the spot price of the former ps

should be parallel to that of the latter p′s at each states s = 0, . . . , S.

Returning to (h8), for a path λ′ and another λ′′, p̃λ′
0 (r) = p̄λ′

0 is not parallel to p̃λ′′
0 (r) =

p̄λ′′
0 . Therefore, L(p̃λ′

(r′)) �= L(p̃λ′′
(r′′)) if λ′ �= λ′′ for any r′ and r′′. For each λ = 2, . . . , Λ,

p̃λ
S(r) = p̄S + (r − 1

2
)a and p̄S and a are independent; therefore, p̃λ

S(r′) is not parallel to

p̃λ
S(r′′). For λ = 1, p̃1

S(r′) is not parallel to p̃1
S(r′′) because pu

S and b are not parallel.

Therefore, L(p̃λ(r′)) �= L(p̃λ(r′′)) if r′ �= r′′. These establish (h8).

As for (h9), observe that dp̃1
r = (0, . . . , 0, b), dp̃λ

r = (0, . . . , 0, a), λ = 2, . . . , Λ, b is not

parallel to p̃1
S(r) and a is not parallel to p̃λ

S(r), λ = 2, . . . , Λ. Thus dp̃λ
r /∈ L(p̃λ(r))⊥. In

other words, dL̃λ
r �= 0, where L̃λ(r) is defined as L̃λ(r) = Lλ(p̃λ(r)) for r such that pλ(r)

is a good price and L̃λ(r′) = limr→r′L(p̃λ(r)) for r′ such that pλ(r′) is a bad price.

As for (P2), each path, λ = 2, . . . , Λ, passes through one bad point at r = 1
2

and

det[Qid(p̃
λ(r))] changes its sign at r = 1

2
. To complete (P2), it is necessary to show that

〈A(p̃(r))〉 ∈ Wid for r around r = 1
2
. Thus it should be shown that Y ∈ R(S−J)J satisfying
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[I|Y ]A(p̃λ(r)) = 0 is well defined for r around r = 1
2
. From straightforward calculations

using Cramer’s rule, we obtain

Ykl = −detQkl
id(p̃

λ(r))

detQid(p̃λ(r))
, k = 1, . . . , S − J, l = 1, . . . , J,

where Qkl
id(p̃

λ(r)) is the matrix Qid(p̃
λ(r)) whose l-th row, [p̃λ

S−J+l(r)A
1
S−J+l, · · · , p̃λ

S−J+l(r)A
J
S−J+l],

is replaced with the k-th row of A(p̃λ(r)), [p̃λ
k(r)A

1
k, · · · , p̃λ

k(r)A
J
k ]. Then,

Ykl =

⎧⎨
⎩ −detDkl(a)(r− 1

2
)

detD(a)(r− 1
2
)

= −detDkl(a)
detD(a)

, for l �= J

0, for l = J
,

where Dkl(a) is the matrix D(a) whose l-th row is replaced with [p̄kA
1
k, · · · , p̄kA

J
k ]. Thus,

Y satisfying [I|Y ]A(p̃(r)) is well defined for any r and any λ = 2, . . . , Λ. This supports

our choice of (p̃λ(r), tλ(r)).

We next transform (p̃λ(r), tλ(r)) to (pλ(r), tλ(r)) satisfying all the requirements includ-

ing (h7). Let us define pλ(r) as the supporting price of the first consumer’s indifference

surface at z̃1(L̃λ(r)) + w1

It is clear that (h1)–(h4) and (h7) are satisfied with (pλ(r), tλ(r)), λ = 1, . . . , Λ. For

the other conditions, note that pλ(r) is perpendicular to L(p̃λ(r)) by definition. Then,

L(pλ(r)) = L(p̃λ(r)) from the proposition by Bottazzi and Hens (1996). Therefore, pλ(r)

is a good (bad) price when p̃λ(r) is a good (bad) price. This establishes (h5) and (h6).

If L(pλ′
(r′)) = L(pλ′′

(r′′)), then L(p̃λ′
(r′)) = L(p̃λ′′

(r′′)); hence, (λ′, r′) = (λ′′, r′′)

because p̃λ(r) satisfies (h8). Thus, (h8) is satisfied.

We observed (h9) for p̃λ(r). L(pλ(r)) = L(p̃λ(r)) and dL̃λ
r �= 0 implies dLλ

r �= 0, that

is, pλ(r) satisfies (h9).

As for (P2), pλ(r) is a bad price at r = 1
2

for λ = 2, . . . , Λ. Since pλ
s (r) is parallel to

p̃λ
s (r), s = 0, . . . , S, pλ

s (r) = αλ
s (r)(p̃λ

s (r)) with some non-zero parameter αλ
s (r) at each r.

Using these parameters, we can calculate that

detQid(p
λ(r)) = (ΠS

s=S−J+1α
λ
s (r))(r − 1

2
)detD(a),

which changes its sign at r = 1
2
. By the same calculations in the case of p̃λ(r), Y satisfying

[I|Y ]A(pλ(r)) = 0 for r around 1
2

is calculated as Ykl = detQkl
id(p

λ(r))/detQid(p
λ(r)),

k = 1, . . . , S − J , l = 1, . . . , J , that is,

Ykl =

{
−αλ

k (r)detDkl(a)

αλ
l (r)detD(a)

, for l �= J

0, for l = J
,

which is well defined for any r. Thus, (P2) is satisfied.
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A.2 Proof of Lemma 2

At any (p, t) ∈ Δg × [0, 1], HF (p, t) = zu(p) + F (L(p)) ∈ p⊥ because zu(p) ∈ p⊥ as

the result of utility maximization and F (L(p)) ∈ L(p) ⊂ p⊥ as F is assumed to satisfy

F (L) ∈ L. Hence dH(p,t) maps to p⊥ at (p, t) ∈ H−1(0). Therefore ĤF at (p, t) ∈ H−1(0)

is regular when dH(p,t) is surjective onto p⊥.

Similarly, K1
σF (p, Y, t) ∈ p⊥; hence dKσF,(p,ϕσ(g),t) maps to p⊥×TR(S−J)J at (p, ϕσ(g), t) ∈

K−1
σF (0) with g ∈ Wσ. Therefore K̂σF is regular at (p, ϕσ(g), t) ∈ K−1

σF (0) when dKσF,(p,ϕσ(g),t)

is surjective onto p⊥ × TR(S−J)J .

(i) From the definitions, K1
F (p, g, t) = K1

σF (p, ϕσ(g), t) for σ satisfying g ∈ Wσ and

K2
σF (p, ϕσ(g)) = 0 for (p, g) ∈ V . Therefore, if K1

F (p, g, t) = 0 for (p, g) ∈ V , then

KσF (p, ϕσ(g), t) = 0 for σ satisfying g ∈ Wσ.

Let us define Vσ = {(p, ϕσ(g)) ∈ Δ × R(S−J)J |(p, g) ∈ V, g ∈ Wσ}. It is clear from

K1
F (p, g, t) = K1

σF (p, ϕσ(g), t) that dK1
F,(p,g,t)(Tp,g,t(V ×[0, 1])) = dK1

σF,(p,ϕσ(g),t)(T(p,ϕσ(g),t)(Vσ×
[0, 1]). It is also clear that dK2

σF,(p,ϕσ(g))(T(p,ϕσ(g))Vσ) = 0. Moreover, from K2
σF,(p,ϕσ(g)) =

[I|ϕσ(g)]ΠσA(p), we have

[
∂K2

σF

∂pσ(1)

, . . . ,
∂K2

σF

∂pσ(S−J)

]
=

⎡
⎢⎢⎣
AT

σ(1)

. . .

AT
σ(S−J)

⎤
⎥⎥⎦ ,

where the J × N matrices

AT
σ(s) =

⎡
⎢⎢⎣
A1

σ(s)1 · · · A1
σ(s)N

...
...

AJ
σ(s)1 · · · AJ

σ(s)N

⎤
⎥⎥⎦ , s = 1, . . . , S − J,

line diagonally and other elements are zero’s. Therefore, if (A3) is satisfied, dK2
σF is

always surjective onto TR(S−J)J . These prove (i).

(ii) Let p ∈ Δg. Then, (p, g) ∈ V implies that g = g(p) ≡ 〈A(p)〉, and hence, L(p, g) =

L(p). Therefore, HF (p, t) = zu(p) + tF (L(p)) = zu(p) + tF (L(p, g)) = K1
F (p, g, t).

Similarly, (v, w) ∈ T(p,g)V implies w = dgp(v), where dgp denotes the derivative of

p → g(p) ≡ 〈A(p)〉 at p; hence, dL(p,g)(v, w) = dLp(v) for (v, w) ∈ T(p,g)V . There-

fore, d(K1
F |V × [0, 1])(p,g,t)(v, w, a) = dz1

p(v) + tdFL(p,g)dL(p,g)(v, dgp(v)) + F (L(p, g))a =

dz1
p(v) + tdFL(p)dLp(v) + F (L(p))a = dHF,(p,t)(v, a). These prove (ii).

A.3 Proof of Lemma 3

We first summarize preliminary results which are essentially same as the proposition in

Bottazzi and Hens (1996) we mentioned in the proof of Lemma 1.
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Claim 1. (i) For any p ∈ Δ and g ∈ GJ(RS), π ∈ L(p, g)⊥ if and only if π =

tp + (0, β1p1, . . . , βSpS) with the parameters t ∈ R and (β1, . . . , βS) ∈ g⊥, where g⊥

denotes the perpendicular space of g.

(ii) For any p ∈ Δ and g ∈ GJ(RS), L(p, g) = L(p, g′) if and only if g = g′.

(iii) For any p, p′ ∈ Δ and g, g′ ∈ GJ(RS), if L(p, g) = L(p′, g′), then p′ ∈ L(p, g)⊥.

(iv) For any price vector p′ ∈ L(p, g)⊥
⋂

Δ, there exists a unique g′ such that L(p′, g′) =

L(p, g). If 〈A(p)〉 ⊂ g, then 〈A(p′)〉 ⊂ g′.

(v) For any v ∈ L(p, g)⊥
⋂

TpΔ, there exists a unique w ∈ TgG
J(RS) such that

dL(p,g)(v, w) = 0. If (p, g) ∈ V , then (v, w) ∈ T(p,g)V .

(vi) If v, v′ ∈ L(p, g) are independent vectors, then dL(p,g)(v, w) and dL(p,g)(v
′, w′) are

independent vectors for any w, w′ ∈ TgG
J(RS).

Proof. (i) This is a restatement of Proposition 1 in Bottazzi and Hens (1996). We define

Π(p, g) = {π ∈ RM |π = tp + (0, β1p1, . . . , βSpS), t ∈ R, (β1, . . . , βS) ∈ g⊥} and prove that

Π(p, g) = L(p, g)⊥.

Recall the definition of the budget set L(p, g) = {z ∈ RM |pz = 0, p1�z1 ∈ g}.
The first condition pz = 0 implies that p is perpendicular to z ∈ L(p, g). The second

condition p1�z1 ∈ g implies that β1p1z1 + · · · + βSpSzS = 0 for any (β1, . . . , βS) ∈ g⊥,

that is, it implies that (0, β1p1, . . . , βSpS) is perpendicular to z ∈ L(p, g). Therefore

π ∈ Π(p, g), which is a linear combination of p and (0, β1p1, . . . , βSpS), is perpendicular

to L(p, g); hence Π(p, g) ⊂ L(p, g). On the other hand, recall that L(p, g)⊥ is an S−J +1-

dimensional linear space and note that Π(p, g) is also an S − J + 1-dimensional linear

space because g⊥ is an S − J-dimensional space in RS. These imply Π(p, g) = L(p, g)⊥.

(ii) L(p, g) = L(p, g′) implies L(p, g)⊥ = L(p, g′)⊥. Therefore, if L(p, g) = L(p, g′),

then, because of (i), for any (β1, . . . , βS) ∈ g⊥ there must exist (β ′
1, . . . , β ′

S) ∈ g′⊥ such

that (β1p1, . . . , β1pS) = (β ′
1p1, . . . , βSpS). This is satisfied only when (β1, . . . , βS) =

(β ′
1 . . . , β ′

S), that is, g = g′.

(iii) If L(p, g) = L(p′, g′), then L(p, g)⊥ = L(p′, g′)⊥. It is clear that p′ ∈ L(p′, g′)⊥.

Thus, p′ ∈ L(p, g)⊥.

(iv) When p′ ∈ L(p, g)⊥
⋂

Δ, p′ should be written, because of (i), as p′ = t̄p +

(0, β̄1p1, . . . , β̄SpS), where (β̄1, . . . , β̄S) ∈ g⊥, and t̄ should not be zero for p′ to be a price

vector in Δ. For any (β1, . . . , βS) ∈ g⊥, we define β ′
1, . . . , β ′

S as

(β ′
1p

′
1, . . . , β ′

Sp′S) = (β ′
1(t̄ + β̄1)p1, . . . , β ′

S(t̄ + β̄S)pS) = (β1p1, . . . , βSpS), (10)

that is, we define β ′
s = βs

t̄+β̄s
, s = 1, . . . , S. We then define g′ such that (g′)⊥ is the set of
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(β ′
1, . . . , β ′

S) ∈ RS:

(g′)⊥ =

{
(β ′

1, . . . , β ′
S) ∈ RS

∣∣∣∣β ′
s =

βs

t̄ + β̄s

, s = 1, . . . , S, (β1, . . . , βS) ∈ g⊥
}

.

Note that since g⊥ is an S − J-dimensional linear space, (g′)⊥ as defined above is also

S − J-dimensional; hence, g′ is a J-dimensional linear space in RS.

To prove L(p′, g′) = L(p, g), it is sufficient to show L(p, g)⊥ ⊂ L(p′, g′)⊥ because both

are the linear spaces of the same dimension. First, any vector (0, β1p1, . . . , βSpS) ∈
L(p, g)⊥ with any (β1, . . . , βS) ∈ g⊥ is in L(p′, g′)⊥ because (β ′

1, . . . , β ′
S) ∈ g′⊥ sat-

isfies (10) and (0, β1p1, . . . , βSpS) = (0, β ′
1p

′
1, . . . , β ′

Sp′S) ∈ L(p′, g′)⊥. Second, p′ =

t̄p+(0, β̄1p1, . . . , β̄SpS) is clearly in L(p′, g′)⊥ and (0, β̄1p1, . . . , β̄SpS) is also in L(p′, g′)⊥,

as shown above. Hence, p ∈ L(p′, g′)⊥. These prove L(p, g)⊥ ⊂ L(p′, g′)⊥; hence

L(p′, g′) = L(p, g). Uniqueness of g′ follows (ii).

To prove the last statement, it should be shown that (p1A
j
1, . . . , pSAj

S) ∈ g implies

(p′1A
j
1, . . . , p′SAj

S) ∈ g′ for any j = 1, . . . , J . If (p1A
j
1, . . . , pSAj

S) ∈ g, then, by any

(β1, . . . , βS) ∈ g⊥ and the corresponding (β ′
1, . . . , β ′

S) ∈ g′⊥ satisfying (10), we have

β1p1A
j
1 + . . .+βSpSAj

S = β ′
1p

′
1A

j
1 + . . .+β ′

Sp′SAj
S = 0. This implies (p′1A

j
1, . . . , p′SAj

S) ∈ g′.

(v) This is a restatement of (iv).

(vi) Suppose dL(p,g)(v, w) = tdL(p,g)(v
′, w′) with a scalar t. Then, dL(p,g)(v − tv′, w −

tw′) = 0, which happens only if v − tv′ ∈ L(p, g)⊥ as (iii) shows. However, that v and v′

are independent vectors in L(p, g) implies that v − tv′ is a non-zero vector in L(p, g), not

in L(p, g)⊥.

To consider the difference between K̃1
F (p, g, t) = z̃1(L(p, g))+tF (L(p, g)) and K1

F (p, g, t) =

zu(p) + tF (L(p, g)), we use the next result.

Claim 2. For any non-zero v ∈ TpΔ such that vT zu(p) = 0, vT dzu
p (v) < 0.

Proof. See Geanakoplos and Polemarchakis (1980) [Proposition A and Corollary A, p.

319].

Claim 3. Let (p, g, t) ∈ V × [0, 1] satisfy K̃1
F (p, g, t) = K1

F (p, g, t) = 0. For any

(v′, w′, a) ∈ T(p,g,t)(V ×[0, 1]), there exists (v′′, w′′) ∈ T(p,g)V such that dK̃1
F,(p,g,t)(v

′, w′, a) =

dK1
F,(p,g,t)(v

′′, w′′, a).

Proof. It is sufficient to prove that for any (p′, g′) ∈ V in the neighborhood of (p, g),

there exists (p′′, g′′) ∈ V in the neighborhood of (p, g) such that K̃1
F (p′, g′, t) = K1

F (p′′, g′′, t).

Suppose that (p′, g′) ∈ V is given. Let p′′ be the supporting price of the indifference

surface of the first consumer’s preference at z̃1(L(p′, g′)) so that z̃1(L(p′, g′)) = zu(p′′).
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Since p′′ is perpendicular to L(p′, g′), there is a unique g′′ such that (p′′, g′′) ∈ V and

L(p′′, g′′) = L(p′, g′) as seen in Claim 1 (iv); hence, F (L(p′, g′)) = F (L(p′′, g′′)). Thus,

K̃1
F (p′, g′, t) = K1

F (p′′, g′′, t).

When K̃1
F (p, g, t) = K1

F (p, g, t) = 0, zu(p) = z̃1(L(p, g)). That is, p is the supporting

price of the indifference surface of the first consumer’s preference at z̃1(L(p, g)). There-

fore, if (p′, g′) is in the neighborhood of (p, g), then L(p′, g′) is in the neighborhood of

L(p, g), and p′′ is in the neighborhood of p. Moreover, since L(p′, g′) = L(p′′, g′′) is in the

neighborhood of L(p, g), (p′′, g′′) should be in the neighborhood of (p, g).

Proof of Lemma 3. We suppose that d(K̃1
F |V × [0, 1]) is surjective onto L(p, g) at

(p, g, t) satisfying K̃1
F (p, g, t) = K1

F (p, g, t) = 0. From Claim 3, L(p, g) = dK̃1
F,(p,g,t)(T(p,g,t)(V ×

[0, 1])) ⊂ dK1
F,(p,g,t)(T(p,g,t)(V × [0, 1])). We define

W(p,g) = {(v, w) ∈ T(p,g)(Δ × GJ(RS))|v ∈ L(p, g)⊥, dL(p,g)(v, w) = 0}.

For any v ∈ L(p, g)⊥
⋂

TpΔ, the w ∈ TgG
J(RS) satisfying dL(p,g)(v, w) = 0 is determined

uniquely and (v, w) ∈ T(p,g)V is satisfied, as seen in Claim 1 (v). Therefore, W(p,g) is an

M − k − 1-dimensional linear space in T(p,g)V .

Since dK1
F,(p,g,t) maps to p⊥, all we have to show for its surjectivity is that dK1

F,(p,g,t)(W(p,g)×
0) is an M − k − 1-dimensional space such that dK1

F,(p,g,t)(W(p,g) × 0)
⋂L(p, g) = 0.

For any (v, w) ∈ W(p,g), vT zu(p) = 0 because v ∈ L(p, g)⊥ and zu(p) = z1(L(p, g)) ∈
L(p, g), where the equality is derived from K̃1

F (p, g, t) = K1
F (p, g, t) = 0. In addition,

for any (v, w) ∈ W(p,g), dK1
F,(p,g,t)(v, w, 0) = dzu(v) + tdF (dL(p,g)(v, w)) = dzu(v) because

dL(p,g)(v, w) = 0. However, dzu(v) /∈ L(p, g) because dzu(v) /∈ v⊥ as shown in Claim 2.

Thus, dK1
F,(p,g,t)(W(p,g) × 0)

⋂L(p, g) = 0. For any independent v′ and v′′ in TpΔ, dzu
p (v′)

and dzu
p (v′′) are independent because of the revealed axiom of the first consumer’s strictly

convex preference. Thus, dK1
F,(p,g,t)(W(p,g) × 0) is M − k − 1-dimensional.

A.4 Proof of Lemma 4

Let {Bi}i be an open cover of Gk
++(RM): Gk

++(RM) ⊂ ⋃i Bi. We first show that all

we have to prove is the existence of a function F i : Bi → RM defined on each open

subset satisfying Walras’ law F i(L) ∈ L, (i’) z̃1(Lλ(r)) + tλ(r)F i(Lλ(r)) = 0, and (ii’)

(dz̃1 + tλ(r)dF i)Lλ(r) maps αλ
l (r) to βλ

l (r), l = 2, . . . , k.

Suppose that we have obtained such F i’s. Each F i can be extended to a smooth

function F̄ i : Gk
++(RM) → RM satisfying F̄ i|Bi = F i and F̄ i(L) ∈ L. Let {ξi} be a

partition of unity subordinate to {Bi}i, that is, ξi : Gk
++(RM) → R is a smooth function

such that
∑

i ξi(L) = 1, 0 ≤ ξi(L) ≤ 1 for any L, and ξi(L) = 0 when L /∈ Bi. Note that
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for any L,
∑

i:L∈Bi ξi(L) = 1, where
∑

i:L∈Bi
denotes the sum over i’s such that L ∈ Bi.

We define F as F (L) =
∑

i ξi(L)F̄ i(L).

It is clear that this F satisfies Walras’ law. In addition, z̃1(Lλ(r)) + tλ(r)F (Lλ(r)) =∑
i:Lλ(r)∈Bi

ξi(L
λ(r))(z̃1(Lλ(r)) + tλ(r)F̄ i(Lλ(r))) = 0 because F̄ i(Lλ(r)) = F i(Lλ(r))

when Lλ(r) ∈ Bi and each F i satisfies (i’); hence, (i) is satisfied.

To verify (ii), we first show
∑

i F̄
i(Lλ(r))dξi,Lλ(r) = 0. Note that dξi,Lλ(r) = 0

for i such that Lλ(r) /∈ Bi because for such i, ξi(L) = 0 for any L in the neigh-

borfood of Lλ(r). Further, note that if (i’) is satisfied, then F i(Lλ(r)) = z̃1(Lλ(r))
tλ(r)

,

which is independent of i. Then,
∑

i F̄
i(Lλ(r))dξi,Lλ(r) =

∑
i:Lλ(r)∈Bi

F i(Lλ(r))dξi,Lλ(r) =
z̃1(Lλ(r))

tλ(r)

∑
i:Lλ(r)∈Bi

dξi,Lλ(r) = 0 because
∑

i:Lλ(r)∈Bi
ξi(L) = 1 for any L in the neighbor-

hood of Lλ(r).

Applying this result with the F defined above, we have (dz̃1+tλ(r)dF )Lλ(r) = dz̃1
Lλ(r)+

tλ(r)
∑

i(F̄
i(Lλ(r))dξi,Lλ(r) + ξi(L

λ(r))dF̄ i
Lλ(r)) = dz̃1

Lλ(r) + tλ(r)
∑

i ξi(L
λ(r))dF̄ i

Lλ(r) =∑
i:Lλ(r)∈Bi

ξi(L
λ(r))(dz̃1

Lλ(r) + tλ(r)dF i
Lλ(r)). Thus, (ii) is satisfied when each F i satis-

fies (ii’).

We let {Bi} be an open cover of Gk
++(RM) where each Bi is sufficiently small. Let us

pick a Bi and find F i : Bi → RM satisfying Walras’ law, (i’), and (ii’). If Bi includes no

budget set belonging to the paths, that is, if Lλ(r) /∈ Bi for any λ and r, then (i’) and

(ii’) are insignificant with respect to F i. It is easy to find F i satisfying Walras’ law.

Let Lλ(r) ∈ Bi for some λ and r. Since Bi can be sufficiently small, without loss of

generality, we assume that Bi includes no budget set belonging to other paths. We let

φ : Bi → R(M−k)k be the coordinate function such that φ(Lλ(r)) = (r, 0, . . . , 0) = re1

for Lλ(r) ∈ Bi, where e1 ∈ R(M−k)k is the vector whose first element is 1 and the other

elements are 0’s.

Note that (i’) restricts the value of F i at Lλ(r) ∈ Bi and (ii’) restricts the derivative dF i

at Lλ(r) ∈ Bi. However, if (i’) is satisfied, then dz̃1(dLλ
r )+tλ(r)dF i(dLλ

r ) = −F i(Lλ(r))dtλr

holds; hence, the derivative dF i should satisfy

(dz̃1 + tλ(r)dF i)Lλ(r)(dLλ
r ) = −F i(Lλ(r))dtλr (11)

in addition to (ii’). Using the Jacobian with the coordinate system, the conditions (11)

and (ii’) on dFL(r) can be summarized as

[
∂(z̃1 ◦ φ−1)

∂y
+ tλ(r)

∂(F i ◦ φ−1)

∂y

] [
e1, dφ(αλ

2(r)), . . . , dφ(αλ
k(r))

]
=

[
−F i(Lλ(r))

∂tλ

∂r
(r), βλ

2 (r), . . . , βλ
k (r)

]
, (12)
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where the Jacobian on the left-hand side is evaluated at (r, 0, . . . , 0) = re1 ∈ R(M−k)k,

y = (y1, . . . , y(M−k)k) denotes the coordinate of R(M−k)k, and dφ is the derivative of φ at

Lλ(r). Note that dφ(dLλ
r ) = e1 because φ(Lλ(r)) = (r, 0, . . . , 0).

Recall that L ∈ Gk
++(RM) is a k-dimensional linear space in RM . Since Bi can

be sufficiently small, without loss of generality, we can assume that any vector x =

(x1, . . . , xM) ∈ RM satisfying x ∈ L for L ∈ Bi can be determined uniquely from its first k

elements x = (x1, . . . , xk) ∈ Rk by relabeling the coordinates of RM if needed. For a vector

x ∈ RM , we let x̌ = (x1, . . . , xk) denote the first k elements and ẋ = (xM−K+1, . . . , xM )

denote the last M −k elements. Using these symbols, it can be assumed that there exists

a function X : Bi → R(M−k)k such that X(L) is an (M − k) × k matrix and ẋ = X(L)x̌

if and only if x =∈ L for L ∈ Bi.

We construct F i as follows. First, we let Ψ : R → Rk be a smooth function satisfying

ˇ̃z1(Lλ(r)) + tλ(r)Ψ(r) = 0 for r ∈ [0, 1] such that Lλ(r) ∈ Bi. (13)

In fact, we define Ψ(r) = − ˇ̃z1(Lλ(r))
tλ(r)

for tλ(r) > 0. Since tλ(r) = 0 when λ = 1 and r = 0,

we define Ψ(0) = limr→0 − ˇ̃z1(Lλ(r))
tλ(r)

if the Bi includes the terminal point of the first path:

L1(0) ∈ Bi.

Second, we let Φ : R → Rk×(M−k)k be a smooth function such that[
∂( ˇ̃z1 ◦ φ−1)

∂y
+ tλ(r)Φ(r)

] [
e1, dφ(αλ

2(r)), . . . , dφ(αλ
k(r))

]

=

[
−Ψ(r)

∂tλ

∂r
(r), β̌λ

2 (r), . . . , β̌λ
k (r)

]
. (14)

The existence of such an Φ(r) follows from the fact that Φ(r) is a k × (M − k)k ma-

trix while (14) consists of only k × k equations and that the (M − k)k × k matrix[
e1, dφ(αλ

2(r)), . . . , dφ(αλ
k(r))

]
is of full column rank by our choice of αλ

l (r).

Finally, we define F i = (F̌ i, Ḟ i) as

F̌ i(L) = Ψ(φ1(L)) + Φ2(φ1(L))φ2(L) + · · · + Φ(M−k)k(φ1(L))φ(M−k)k(L), (15)

and

Ḟ i(L) = X(L)F̌ i(L)

where φj(L) denotes the j-th element of φ(L) and Φj(r) denotes the j-th column vector

of Φ(r).

We should observe that this F i is a desirable function. It is clear that F i satisfies

Walras’ law.
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Since φ(Lλ(r)) = (r, 0, . . . , 0), F̌ i(Lλ(r)) = Ψ(r); hence, ˇ̃z1(Lλ(r)) + tλ(r)F̌ i(Lλ(r)) =

0 is satisfied because of (13). Since z̃1(Lλ(r)) ∈ Lλ(r) and F i(Lλ(r)) ∈ Lλ(r), ˙̃z1(Lλ(r))+

tλ(r)Ḟ i(Lλ(r)) = X(Lλ(r))( ˇ̃z1(Lλ(r)) + tλ(r)F̌ i(Lλ(r))) = 0. Thus (i’) is satisfied.

To verify (ii), we observe a relation between Ψ(r) and Φ(r) satisfying (13) and (14).

From (13), d ˇ̃z1(dLλ
r ) + tλ(r)∂Ψ

∂r
(r) = −Ψ(r)dtλr , that is,[

∂( ˇ̃z1 ◦ φ−1)

∂y

]
e1 + tλ(r)

∂Ψ

∂r
(r) = −Ψ(r)

∂tλ

∂r
(r).

Comparing this with (14), we have ∂Ψ
∂r

(r) = Φ(r)e1 = Φ1(r).

Because of φ(Lλ(r)) = (φi1(L
λ(r)), φ2(L

λ(r), . . . , φ(M−k)k(L
λ(r))) = (r, 0, . . . , 0), the

derivative of (15) at φi(L
λ(r)) with respect to the coordinate system is calculated as[

∂F̌ i◦φ−1

∂y1

]
= ∂Ψ

∂r
(r) = Φ1(r) and

[
∂F̌ i◦φ−1

∂yj

]
= Φj(r), j = 2, . . . , (M − k)k, that is,[

∂F̌ i◦φ−1

∂y

]
= Φ(r). Therefore, (dˇ̃z

1
+ tλ(r)dF̌ i)Lλ(r)(α

λ
l (r)) = β̌λ

l (r) is satisfied because

of (14).

Since z̃1(L) + tF i(L) ∈ L for any t and L ∈ Bi, (dz̃1 + tdF i)L maps to L at (L, t)

satisfying z̃1(L) + tF i(L) = 0. In particular, (dz̃1 + tλ(r)dF i)Lλ(r) maps to Lλ(r). Hence,

(dz̃1 + tλ(r)dF i)Lλ(r)(α
λ
l (r)) ∈ Lλ(r). The first k elements of this vector are (dˇ̃z

1
+

tλ(r)dF̌ i)Lλ(r)(α
λ
l (r)) and the last M−k elements of the vector are (d ˙̃z

1
+tλ(r)dḞ i)Lλ(r)(α

λ
l (r)).

we have shown (dˇ̃z
1
+ tλ(r)dF̌ i)Lλ(r)(α

λ
l (r)) = β̌λ

l (r). Then, (d ˙̃z
1
+ tλ(r)dḞ i)Lλ(r)(α

λ
l (r)) =

X(Lλ(r))(dz̃1 + tλ(r)dF i)Lλ(r)(α
λ
l (r)) = X(Lλ(r))β̌λ

l (r) = β̇λ
l (r) because βλ

l (r) ∈ Lλ(r)

from our choice. Thus, (ii’) is satisfied.

References

[1] Bich, P., 2006. On the orientability of the asset equilibrium manifold. Journal of

Mathematical Economics 42, 452–470

[2] Bottazzi, J.M., Hens, T., 1996. Excess demand functions and incomplete markets.

Journal of Economic Theory 68, 49–63.

[3] Brown, D.J., DeMarzo, P.M., Eaves, B.C., 1996. Computing equilibria when asset

markets are incomplete. Econometrica 64, 1–27.

[4] DeMarzo, P.M., Eaves, B.C., 1996. Computing equilibria of GEI by relocalization on

a Grassmann manifold. Journal of Mathematical Economics 26, 479–497.

[5] Dierker, E., 1972. Two remarks on the number of equilibria of an economy. Econo-

metrica 40, 951–953.

30



[6] Duffie, D., Shafer, W., 1985. Equilibrium in incomplete markets I. Journal of Math-

ematical Economics 14, 285–300.

[7] Garcia, C., Zangwill, W., 1981. Pathways to Solutions, Fixed Points, and Equilibria.

Prentice-Hall, Englewood Cliffs, NJ.

[8] Geanakoplos, J., Polemarchakis, H., 1980. On the disaggregation of excess demand

functions. Econometrica 48, 315–331

[9] Mas-Colell, A., 1977. On the equilibrium price set of an exchange economy. Journal

of Mathematical Economics 4, 117–126.

[10] Mas-Colell, A., Whinston, M.D., Green, J.R., 1995. Microeconomic Theory. Oxford

Univ. Press, New York.

[11] Momi, T., 2003. Index theorem for a GEI economy when the degree of incompleteness

is even. Journal of Mathematical Economics 39, 273–297.

[12] Momi, T., 2010. Excess demand function around critical prices in incomplete markets.

Journal of Mathematical Economics 46, 293–302

[13] Predtetchinski, A., 2006. A new proof of the index theorem for incomplete markets.

Journal of Mathematical Economics 42, 636–635

31



+1(-1)

-1(+1)

+1(-1)

Δg

Figure 1: Example of homotopy paths

pu

+1
+1(-1)

+1(-1)

t = 1t = 0

-1

0

(p′′′, t′′′)

(p′, t′)
(p′′, t′′)

32


